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l. INTRODUCTION

Fixed point theory is one of the most dynamic research subjects in nonlinear sciences. Regarding the
feasibility of application of it to the various disciplines, a number of authors have contributed to this theory with
a number of publications. The most impressing result in this direction was given by Banach, called the Banach
contraction mapping principle: Every contraction in a complete metric space has a unique fixed point. In fact,
Banach demonstrated how to find the desired fixed point by offering a smart and plain technique. This
elementary technique leads to increasing of the possibility of solving various problems in different research
fields. This celebrated result has been generalized in many abstract spaces for distinct operators.

In 2000, P. Hitzler and A. K. Seda [9] introduced the notion of dislocated metric space in which self
distance of a point need not be equal to zero.They also generalized the famous Banach contraction principle in
this space. The study of common fixed points of mappings in dislocated metric space satisfying certain
contractive conditions has been at the center of vigorous research activity. Dislocated metric space plays very
important role in topology, logical programming and in electronics engineering. C.T. Aage and J. N. Salunke [2,
3], A. Isufati [1] established some important fixed point theorems in single and pair of mappings in dislocated
metric space. K. Jha, D Panths[7] established a common fixed point theorem in dislocated metric spaces.

The purpose of this paper is to establish a common fixed point theorem for two pairs of weakly
compatible mappings in dislocated metric space.

1. PRELIMINARIES
For convenience we start with the followings definitions, lemmas and theorems.
Definition 2.1:[4] Let X be a non empty set and let d: X x X — [0,00) be a function Satisfying the following
conditions:

. d(x,y) =d(y, x)
ii. d(x, y)=d(y, x) =0 implies x = y.
iii. d(x,y)<d(x,z)+d(z,y) forall x,y,z € X.
Then d is called dislocated metric (or simply d-metric) on X.
Definition 2.2[9]: A sequence {X,} in a d-metric space (X, d) is called a Cauchy sequence if fore> 0, there

corresponds nge N such that for all m, n> no, we have d (Xm VX, ) <e

Definition 2.3[9]: A sequence in d-metric space converges with respect to d (or in d) if there exists x € X such
thatd(x,,x) >0 as n— o,
In this case, x is called limit of {x,} (in d) and we write X, — x.

Definition 2.4[9]: A d-metric space (X, d) is called complete if every Cauchy sequence in it is convergent with
respect to d.
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Definition 2.5[9]: Let (X, d) be a d-metric space. A map T: X — X is called contraction if there exist a number
A with 0< A< 1 such thatd(Tx, Ty) < Ad(x, y)

We state the following lemmas without proof.

Lemma 2.6: Let (X, d) be a d-metric space. If T: X — X is a contraction function, then {T " (XO )} is a Cauchy
sequence for each xg€ X.

Lemma 2.7 [9]: Limits in a d-metric space are unique.

Definition 2.8[5]: Let A and S be mappings from a metric space (X, d) into itself, then A and S are said to be
weakly compatible if they commute at their coincident point; that is, Ax = Sx, for some x € X implies ASx =
SAX.

Theorem 2.9[8]: Let (X, d) be a complete d-metric space and let T: X — X be contraction mapping, and then T
has a unique fixed point.

1. MAIN RESULT
Theorem 3.1: Let (X, d) be a complete d-metric space. Let A, B, S, T: X — X be continuous mappings
satisfying,
i. T(X)c A(X), S(X) c B(X)
ii. The pairs (S, A) and (T, B) are weakly compatible and

iii. d(Sx,Ty)< ad(AX,Ty)+ Bd(Ax, By)+ d(Ax, Sx)+,d(By,Ty )+ & (By, Sx)
for all x, y € X where «,53,7,17,06>20and0<2a+ f+y+n+25 <1.Then A B, S, and T have a
unique common fixed point.
Proof: Using condition (i) we define sequences {Xn } and {yn } in X by the rule

Yan = BXpn = SX;,
and Yons = Aonio = TXopna n=0,12.......
If Yon = Yon.ifor somenthen BX,,., =TX, 4
Therefore X,, ; is coincidence point of B and T also if Y,,.; = Y., for some n then AX, ., = SX,,.,. Hence

X,n+2 Is @ coincidence point of S and A. Assume that Y, # Y,,; forall n then we have

d (yZn 1 y2n+l) = d (SXZn,TX2n+1)
< (Zd (AXZn,TX2n+l)+ ﬁd (AXZn, BX2n+1 )+ 7d (AXZn, SXZn )+ 77d (Bx2n+1,TX2n+l )+ &j (BX2n+l, SXZn )

< Old (y2n—1, y2n+l)+ ﬂd (y2n—1, y2n )+ 7’d (y2n—1, y2n )+ 77d (y2n, y2n+1 )+ &j (y2n, y2n )
<ad (yZn—l, Yona )"' A (Y2n71, Yon )"‘ yas (yZn—l, Yon )+ nd (yzn, y2n+1)+ 5|.d (Yanl, Yon )+ d (yZn, Yona )J

< (a + ﬁ + 7/ + 5)d (yZn—l, y2n )+ (OK + 77 + 5)d (yZn, y2n+1)

a+pP+y+o

1—0{—77—5 d(yZn—l,yZn)

d (yZn, y2n+1) <

05+ﬂ+;/+5<
l-a—-n-o0

d (yZn, y2n+1)S hd(yZn—l, yzn) where h = 1

This shows that
d(yn’ym)g hd(yn_lyyn)g............ < h"d(yoyyl)

For any integer g > 0, we have
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d (yn yn+q )S d (yn yn+1)+ d (yn+1, yn+2 )+ d (yn+2, yn+3)+ et d (yn+q—l, yn+q )

£(1+h+h2+ ....... + h”)d(yn’yml)
hn
@ dly, Yoo )< T dlvoy)
Since 0<h=<1 h" >0 asn—>wo , So we getd(ynyqu)—)O. This implies that {yn}is a Cauchy
sequence in a complete dislocated metric space. So there exist a point z in X such that {yn } — Z therefore the

subsequences {SXZn}—) z ,{BXZnﬂ}—) z, {TX2n+1}_> z, {szmz}_) Z.
Since T(X) c A(X) there exist a point u in X such that z = Au, so
d(Su,z)=d(Su,Tx,,,,)
< Ofd (AU’TX2n+1)+ ﬂd (AU, BX2n+1)+ 7’d (AU, SU)+ 77d (BX2n+l’TX2n+1)+ aj (BX2n+1’ SU)
< OKd (Z’TX2n+l)+ ﬁd (Z’ BX2n+l)+ 7'd (Z’ SU)+ 77d (Bx2n+l’TX2n+l)+ & (Bx2n+1’ SU)
Now taking limit as n— o we get
d(Su,z) < ad(z,2)+ Bd(z,2)+ yd(z,Su)+nd(z,z)+ &d(z,Su)
< (y +0)d(z,Su)
Which is a contradiction since ( + &) <1. So we have Su= Au=Z
Again since S(X) c B(X) there exist a point v in X such that z=Bv, We claim that z=Tv. If Z#Tv then
d(z,Tv)=d(Su,Tv)
< ad(Au,Tv)+ Ad(Au, Bv)+ yd(Au, Su)+7d (Bv,Tv)+ & (Bv, Su)
<ad(z,Tv)+ pd(z,2)+ d(z,2)+7d(z,Tv)+ &d(z, 2)
<(a+n)(z,Tv)
A contradiction, since (a + 77) <1sowe getz = TV. Hence we claim that
Su=Au=Tv=Bv =z
Since the pair (S, A) are weakly compatible so by definition
SAU=ASU =Sz=Az
Now we show that z is fixed point of S. If Sz # Z then
d(Sz,z)=d(Sz,Tv)
< ad(Az,Tv)+ Bd(Az,Bv)+ yd(Az,Sz)+ nd(Bv,Tv )+ &d(Bv, Sz)
<od(Sz,2)+ Ad(Sz,z)+ yd(Sz,Sz)+ md(z,2)+ (2, Sz)
<(a+p+5)(Sz,2)
This is a contradiction. So we have SZ =z . This impliesthat Az =Sz =72
Again the pair (T, B) are weakly compactible so by definition TBv=BTv=Tz =Bz
Now we show that z is fixed point of T. If TZ# Z then
d(z,Tz)=d(Sz,Tz)
< od(Az,Tz)+ pd(Az,Bz)+ yd(AzSz)+7d(Bz,Tz)+ &d(Bz,Sz)
<ad(z,T2)+ pd(z,T2)+ y[d(Az,Tz)+d(Tz,S2)]+ 7d (T2, Tz) + &d(Tz,Sz)
<(a+p+2y+0)(z,T2)

This is a contradiction. This implies that Z =TZ hence we have AZ = Bz=Sz =Tz =z . This shows that z
is common fixed point of self mapping A, B, Sand T.
Uniqueness: Let U # V be two common fixed points of the mappings A, B, S & T then we have

d(u,v)=d(Su,Tv)
<ad(u,v)+ Ad(u,v)+yd(u,u)+7d(v,v)+ &d(v,u)
<(a+p+y+5)d(u,v)
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A contradiction this shows that d(u, v) = 0. Since (X, d) is a dislocated metric space. So we have u=v
This establishes the theorem.
Example: Let X =[0, 1] and d be a usual metric space. Let the mappings A, B, S and T be defined by

X X 1 1 1 1 1
SX=0, Ax==— Tx=—= & Bx=Xx then for a=—, ==, y=—n=—and 6 =— the

2 6 8 7 8 9 9
mappings A ,B ,S and T satisfies all the conditions of above theorem (3.1 )and So x = 0 is unique common
fixed point of the four mappings A, B, Sand T.

Corollary 3.2: Let (X, d) be a complete d-metric space. Let S, T: X — X be continuous mappings satisfying,

d(Sx Ty)<ad(x Ty)+ Bd(x y)+d(x SX) +7d(y, Ty)+&d(y,Sx), for all x, y € X,

where a, B, y,n, >0, 0 <2a + B +y+tn+25 <1, Then S and T have a unique common fixed point.

Proof: If we take A = B = | an identity mapping in above theorem 3.1 and Follow the similar proof as that in
theorem, we can establish this corollary 3.2.

If we take S = T then the corollary 3.2 is reduced to

Corollary 3.3: Let (X, d) be a complete d-metric space. Let T: X — X bea continuous mapping satisfying,

d(Tx Ty) < ad(x Ty) + Sd(x y)+d(x T +7d(y, Ty)+&d(y, Tx) for all x, y € X,

where o, B, y,n,0 >0, 0 <2a + B +y+n+23 <1. Then T has a unique fixed point.
Corollary 3.4: Let (X, d) be a complete d-metric space. Let S, T : X — X be continuous mappings satisfying,

d(Sx Ty)<ad(Tx Ty)+ B d(Tx Sy) +d(Tx SX) +7d(Sy, Ty)+&(Sy, Sx),
For all x, y € X, wherea, B, y,n, 8 > 0 and 0< 20+ B +y+n+28 <1. Then S and T have aunique common fixed
point.
Proof: If we take A =T and B = S in Theorem 3.1 and apply the similar proof, we can establish this corollary
3.4.
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