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I. INTRODUCTION 
Fixed point theory is one of the most dynamic research subjects in nonlinear sciences. Regarding the 

feasibility of application of it to the various disciplines, a number of authors have contributed to this theory with 

a number of publications. The most impressing result in this direction was given by Banach, called the Banach 

contraction mapping principle: Every contraction in a complete metric space has a unique fixed point. In fact, 

Banach demonstrated how to find the desired fixed point by offering a smart and plain technique. This 

elementary technique leads to increasing of the possibility of solving various problems in different research 

fields. This celebrated result has been generalized in many abstract spaces for distinct operators. 

 In 2000, P. Hitzler and A. K. Seda [9] introduced the notion of dislocated metric space in which self 

distance of a point need not be equal to zero.They also generalized the famous Banach contraction principle in 

this space. The study of common fixed points of mappings in dislocated metric space satisfying certain 

contractive conditions has been at the center of vigorous research activity. Dislocated metric space plays very 

important role in topology, logical programming and in electronics engineering. C.T. Aage and J. N. Salunke [2, 

3], A. Isufati [1] established some important fixed point theorems in single and pair of mappings in dislocated 

metric space. K. Jha, D Panths[7] established a common fixed point theorem in dislocated metric spaces. 

 

The purpose of this paper is to establish a common fixed point theorem for two pairs of weakly 

compatible mappings in dislocated metric space.  

 

II. PRELIMINARIES 
For convenience we start with the followings definitions, lemmas and theorems. 

Definition 2.1:[4] Let X be a non empty set and let d: X × X → [0,∞) be a function Satisfying the following 

conditions: 

i. d(x, y) = d(y, x) 

ii. d(x, y)= d(y, x) = 0 implies x = y. 

iii. d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X. 

Then d is called dislocated metric (or simply d-metric) on X. 

Definition 2.2[9]: A sequence {Xn} in a d-metric space (X, d) is called a Cauchy sequence if for 0 , there 

corresponds n0∈ N such that for all m, n ≥ n0, we have   nm xxd ,  

 

Definition 2.3[9]: A sequence in d-metric space converges with respect to d (or in d) if there exists x ∈ X such 

that    nasxxd n          0, . 

In this case, x is called limit of {xn} (in d) and we write xn → x. 

 

Definition 2.4[9]: A d-metric space (X, d) is called complete if every Cauchy sequence in it is convergent with 

respect to d. 
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Definition 2.5[9]: Let (X, d) be a d-metric space. A map T: X → X is called contraction if there exist a number 

  with 0 ≤  < 1 such that    yxdTyTxd ,, 
 

We state the following lemmas without proof. 

Lemma 2.6: Let (X, d) be a d-metric space. If T: X → X is a contraction function, then   0xT n

 
is a Cauchy 

sequence for each x0∈ X. 

 

Lemma 2.7 [9]: Limits in a d-metric space are unique. 

 

Definition 2.8[5]: Let A and S be mappings from a metric space (X, d) into itself, then A and S are said to be 

weakly compatible if they commute at their coincident point; that is, Ax = Sx, for some x ∈ X implies ASx = 

SAx. 

 

Theorem 2.9[8]: Let (X, d) be a complete d-metric space and let T: X → X be contraction mapping, and then T 

has a unique fixed point. 

 

III. MAIN RESULT 
Theorem 3.1: Let (X, d) be a complete d-metric space. Let A, B, S, T: X → X be continuous mappings 

satisfying, 

i. T(X) ⊂ A(X), S(X) ⊂ B(X) 

ii. The pairs (S, A) and (T, B) are weakly compatible and 

iii.            SxBydTyBydSxAxdByAxdTyAxdTySxd ,,,,,,    

for all x, y ∈ X where .1220 and 0,,,,   Then A, B, S, and T have a 

unique common fixed point. 

Proof: Using condition (i) we define sequences   nn yandx     in X by the rule  

nnn SxBxy 2122      

and   122212   nnn TxAxy
 
, n = 0, 1 2. …… 

If 122  nn yy for some n then 1222   nn TxBx
 
 

Therefore 12 nx  is coincidence point of B and T also if 2212   nn yy for some n then 2222   nn SxAx . Hence 

22 nx is a coincidence point of S and A. Assume that 122  nn yy  for all n then we have  

   12,2122 ,   nnnn TxSxdyyd
 

         nnnnnnnnnn SxBxdTxBxdSxAxdBxAxdTxAxd 2,1212,122,212,212,2   

 

 

         nnnnnnnnnn yydyydyydyydyyd 2,212,22,122,1212,12     
 

            12,22,1212,22,122,1212,12   nnnnnnnnnnnn yydyydyydyydyydyyd 

 

       12,22,12   nnnn yydyyd 
 

 

   nnnn yydyyd 2,1212,2
1











 
 

    1
1

h    where          2,1212,2 







  nnnn yyhdyyd

 

This shows that  

     1,0

n

,11, h    ............  yydyyhdyyd nnnn    
For any integer q > 0, we have 
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         
   1,

2

,13,22,11,,

.......1

.......









nn

n

qnqnnnnnnnqnn

yydhhh

yydyydyydyydyyd

 

    1,0,
1

yyd
h

h
yyd

n

qnn




   

 

Since  nhh n  as  0  ,10 
 
, So we get   0, qnn yyd . This implies that  ny is a Cauchy 

sequence in a complete dislocated metric space. So there exist a point z in X such that   zyn   therefore the 

subsequences  zSx n 2 ,  zBx n 12 ,   zTx n 12 ,    zAx n 22 .   

Since T(X) ⊂ A(X) there exist a point u in X such that z = Au, so  

   

         SuBxdTxBxdSuAudBxAudTxAud

TxSudzSud

nnnnn

n

,,,,,

,,

1212121212

12










 

          SuBxdTxBxdSuzdBxzdTxzd nnnnn ,,,,, 1212121212     

Now taking limit as n→ ∞ we get 

           
 Suzd

SuzdzzdSuzdzzdzzdzSud

,)(

,,,,,,








 

Which is a contradiction since 1)(  . So we have Su= Au= Z 

Again since S(X) ⊂ B(X) there exist a point v in X such that z=Bv, We claim that z=Tv. If Z≠Tv then 

   
         SuBvdTvBvdSuAudBvAudTvAud

TvSudTvzd

,,,,,

,,

 


 

         
   Tvzd

zzdTvzdzzdzzdTvzd

,

,,,,,








 

A contradiction, since   1 so we get Tv=z . Hence we claim that  

 z =  Bv = Tv =Au  =Su  

Since the pair (S, A) are weakly compatible so by definition  

Az = Sz ASu  =SAu     

Now we show that z is fixed point of S. If zSz  then 

   
         SzBvdTvBvdSzAzdBvAzdTvAzd

TvSzdzSzd

,,,,,

,,

 


 

          SzzdzzdSzSzdzSzdzSzd ,,,,,    

    zSzd ,   

This is a contradiction. So we have zSz  . This implies that zSzAz   

Again the pair (T, B) are weakly compactible so by definition BzTzBTvBv T  

Now we show that z is fixed point of T.  If zTz  then 

                 

   
         
            

   Tzzd

SzTzdTzTzdSzTzdTzAzdTzzdTzzd

SzBzdTzBzdSzAzdBzAzdTzAzd

TzSzdTzzd

,2

,,,,,,

,,,,,

,,















 

This is a contradiction. This implies that zz T  hence we have zSzAz  TzBz . This shows that z 

is common fixed point of self mapping A, B, S and T. 

Uniqueness: Let vu  be two common fixed points of the mappings A, B, S & T then we have  

 

   
         uvdvvduudvudvud

TvSudvud

,,,,,

,,

 



 

 
   vud , 
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A contradiction this shows that d(u, v) = 0. Since (X, d) is a dislocated metric space. So we have u = v 
This establishes the theorem. 

Example: Let X =[0, 1] and d be a usual metric space. Let the mappings A, B, S and T be defined by  

xBx
x

Tx
x

AxSx       &     
6

    
2

   ,0   then for 
8

1
 , 

7

1
 , 

8

1


9

1
 and 

9

1
  the 

mappings A ,B ,S and T satisfies all the conditions of above theorem  ( 3.1 )and  So x = 0 is unique common 

fixed point of the four mappings A, B, S and T. 

Corollary 3.2: Let (X, d) be a complete d-metric space. Let S, T: X → X be continuous mappings satisfying, 

   Sxyd ,Tyy,dSx) d(x,+ y) d(x,  + Ty) d(x, Ty) d(Sx,   , for all x, y ∈ X, 

where α, β, γ, η, δ ≥ 0, 0 ≤ 2α + β +γ+η+2δ <1, Then S and T have a unique common fixed point. 

Proof: If we take A = B = I an identity mapping in above theorem 3.1 and Follow the similar proof as that in 

theorem, we can establish this corollary 3.2. 

If we take S = T then the corollary 3.2 is reduced to  

Corollary 3.3: Let (X, d) be a complete d-metric space. Let T: X → X bea continuous mapping satisfying, 

   Txyd ,Tyy,dTx) d(x,+ y) d(x,  + Ty) d(x, Ty) d(Tx,  
,
for all x, y ∈ X, 

where α, β, γ,η,δ ≥ 0, 0 ≤ 2α + β +γ+η+2δ <1. Then T has a unique fixed point.  

Corollary 3.4: Let (X, d) be a complete d-metric space. Let S, T : X → X be continuous mappings satisfying, 

   SxSyd ,TySy,dSx) d(Tx,+ Sy) d(Tx,  + Ty) d(Tx, Ty) d(Sx,   , 

For all x, y ∈ X, whereα, β, γ, η, δ ≥ 0 and 0≤ 2α+ β +γ+η+2δ <1. Then S and T have aunique common fixed 

point. 

Proof: If we take A = T and B = S in Theorem 3.1 and apply the similar proof, we can establish this corollary 

3.4. 
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