
International Journal Of Engineering Research And Development  

e-ISSN: 2278-067X, p-ISSN: 2278-800X, www.ijerd.com  

Volume 13, Issue 12 (December 2017), PP.63-71 

 

63 

Five-Dimensional Finsler Spaces with T-Tensor of Some Special 

forms 
 

Anamika Rai* ,S. K. Tiwari 
Department of Mathematics 

K. S. Saket Post Graduate College Ayodhya, Faizabad-224123 (INDIA) 

 

ABSTRACT: The T−tensor played an important role in the Finsler geometry. In this paper, we discuss a five-

dimensional Finsler space whose T−tensor is of special forms.  

Keywords : Finsler space, Ttensor.  

2000 Math Subject Classification: 53B40. 

--------------------------------------------------------------------------------------------------------------------------------------- 

Date of Submission: 27 -11-2017                                                                          Date of acceptance: 16-12-2017 

-------------------------------------------------------------------------------------------------------------------------------------- 

 

I. INTRODUCTION 

  Let 
5M be a five-dimensional smooth manifold and 

5 5( , )F M L  be a five-dimensional Finsler 

space equipped with a metric function ( , )L x y  on 
5M . The normalized supporting element, the metric tensor, 

the angular metric tensor and Cartan tensor are defined by  

   
21 1

, , and
2 2

i i ij i j ij i j ijk k ijl L g L h L L C g                

respectively.  

The torsion vector 
iC  is defined by  

i i jk

jkC C g . 

  Throughout the paper, we use the symbols 
i

  and i  for / iy   and / ix   respectively. The Cartan 

connection in the Finsler space is given as ( ,i

jkC F  , )i i

j jkG C . The h− and v−covariant derivatives of a 

covariant vector ( , )iX x y  with respect to the Cartan connection are given by 

       
| ( ) ,h r

i j j i h i j ij rX X X G F X                 (1.1) 

and 

       | .r

i j j i ij rX X C X                  (1.2) 

   In 1972, H. Kawaguchi [1] and M. Matsumoto [2] independently found an important tensor  

      | .hijk hij k hij k hik j hkj i kij hT LC C l C l C l C l               (1.3) 

This is called the T−tensor. It is completely symmetric in its indices. The vanishing of  T−tensor is called 

T−condition. 

  U. P. Singh et al. [3, 4] studied three-dimensional Finsler spaces with T−tensor of the following forms: 

(A)  ( )hijk hi jk hj ik hk ijT h h h h h h   ,  

(B)  hijk hi jk hj ik hk ij ij hk ik hj jk hiT h P h P h P h P h P h P      ,  

(C)  hijk h i j k h i j k i h j k j h i k k h i jT C C C C a C C C a C C C a C C C a C C C     ,  

where ijP  are the components of a tensor field, ha  are the components of a covariant vector field and   is a 

scalar. Present authors studied the theory of five-dimensional Finsler space. In this paper [9-11], we discuss 

five-dimensional Finsler spaces with T−tensor of such forms.  

 

II. FIVE-DIMENSIONAL FINSLER SPACE 
  The Miron frame for a five-dimensional Finsler space is constructed by the unit vectors 

1) 2) 3) 4) 5)( , , , , )i i i i ie e e e e . The first vector 
1)

ie  is the normalized supporting element 
il  and the second 

2)

ie , is the 
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normalized torsion vector /i im C C , the third 
3)

i ie n , the fourth 
4)

i ie p  and the fifth 
5)

i ie q  are 

constructed by 
) )

i j

ijg e e   . We suppose that the length C of the vector 
iC  does not vanish, i.e., the space 

is non-Riemannian. With respect to this frame, the scalar components of an arbitrary tensor 
i

jT  are defined by  

        
) ) ,

i j

j iT T e e                  (2.1) 

from which, we get  

        
) ) ,i i

j jT T e e                 (2.2) 

where summation convention is also applied to Greek indices. The scalar components of the metric tensor ijg  

are  . 

  Let )H   and ) |V L   be scalar components of the h− and v−covariant derivatives 
)|

i

je  and 
)|

i

je  

respectively of the vectors 
)

ie , then  

       
)| ) ) ) ,i i

j je H e e                   (2.3) 

and  

       
) ) ) )| .i i

j jLe V e e                    (2.4) 

)H   and )V   are called h− and v−connection scalars respectively and are positively homogeneous of 

degree zero in y. Orthogonality of the Miron frame yields [5] ) )H H      and ) )V V     . Also, we 

have 1) 0H    and 1) | |V        . 

  Now, we define Finsler vector fields:  

    
2)3 ) 2)4 ) 2)5 )

3)4 ) 3)5 ) 4)5 )

, , ,

, , ,

i i i i i i

i i i i i i

h H e J H e k H e

h H e J H e k H e

     

     

  

     
  

and  

     
2)3 ) 2)4 ) 2)5 )

3)4 ) 3)5 ) 4)5 )

, , ,

, , ,

i i i i i i

i i i i i i

u V e v V e w V e

u V e v V e w V e

     

     

  

     
 

Definition. The Finsler vector fields ( , , , , , )i i i i i ih J k h J k    are called h−connection vectors and the vector 

fields  ( , , , , , )i i i i i iu v w u v w    are called v−connection vectors.  

The scalars 2)3H  , 2)4H  , 2)5H  , 3)4H  , 3)5H  , 4)5H   and 2)3V  , 2)4V  , 2)5V  , 3)4V  , 3)5V  , 4)5V   are 

considered as the scalar components h , J  , k , h  , J  , k   and u , v , w , u  , v  , w   of the 

h− and v−connection vectors respectively with respect to the orthonormal frame. 

  From (2.4), we get  

  
1)(a) | | ,i i i i i i i

j j j j j j jLe Ll m m n n p p q q h       

  
2)(b) | | ,i i i i i i

j j j j j jLe Lm l m n u p v q w        

  
3)(c) | | ,i i i i i i

j j j j j jLe Ln l n m u p u q v                (2.5) 

  
4)(d) | | ,i i i i i i

j j j j j jLe Lp l p m v n u q w        

  
5)(e) | | .i i i i i i

j j j j j jLe Lq l q m w n v p w        

  Since im , in , ip , iq  are homogeneous function of degree zero in 
iy , we have  

     | | | | 0.i j i j i j i j

j j jLm l Ln l Lp l Lq jl     

  These imply 1 1 1 1 1 1 0u v w u v w         . Consequently, we have 

Proposition  2.1.  The first scalar components 1u , 1v , 1w , 1u  , 1v  , 1w   of v−connection vectors iu , iv , iw , 

iu  , iv 
, iw 

 vanish identically. 



Five-Dimensional Finsler Spaces with T-Tensor of Some Special forms 

65 

  Let C  be the scalar components of  ijkLC  with respect to the Miron frame, i.e.,  

        ) ) ) .ijk i j kLC C e e e                 (2.6) 

The main scalars of a five-dimensional Finsler space are given by [9-10]  

  

222 233 244 255 333

344 444 334 234 355

455 555 335 445 235

245 345

, , , , ,

, , , , ,

, , , , ,

, ,

C H C I C K C M C J

C J C H C I C K C J

C M C H C I C K C N

C N C M

    

         

        

   

 

we have  

      322 224 225( ), ( ), ( )C J J J C H I M C H I M                     

and  

       H+ I + K + M = LC              (2.7) 

   The scalar components ;T   of |ij kLT  are written in the form [5] 

       
; )( ) .k

kT L T e T V T V                    (2.8) 

The explicit form of ;C   is obtained as follows:  

   

222; ;

223; ;

224; ;

3( 3( ) 3( ) ,

( ) ( 2 ) 2 2 ( )

( ) ,

( ) 2 ( 2 ) 2 ( )

( ) ,

C H J J J u H I M v H I K w

C J J J H I u K v Nw H I M u

H I M v

C H I M K u H K v N w J J J u

H I K w

    

     



     



                

                 

      

                  

      

225; ;

233; ;

234; ;

( ) 2 2 ( 2 ) ( )

( ) ,

(3 2 2 ) 2 2 ,

(2 ) (2 ) ( )

         ,

C H I K Nu N v H M w J J J v

H I M w

C I J J J u I v I w Nv K u

C K I H M u J J J v M w K I u

N v Nw

     



      

     

 

                 

      

              

                 

    

 

   

235; ;

244; ;

245; ;

255, ;

(2 ) ( 2 )

( ) ,

(3 2 2 ) 2 2 ,

( 2 ) ( 2 )

( ) ,

C N I H K u M v J J J w

N u M I v K w

C K J u H I M v Ku K w N w

C N M u H I K v Nu H I M w

K v K M w

C M

    

  

      

     

 

 

             

        

               

                 

     

 

333, ;

334; ;

335; ;

344; ;

(3 2 2 ) 2 2 ,

3( ),

2 ( 2 ) 2 ,

2 2 ( 2 ) ,

2 ( 2 )

J u M v H I K w Nv N w

C J Iu I u I v

C I K u Iv J J u M v I w

C I Nu M u J J v Iw I w

C J Ku K v H I u

    

    

      

      

   



             

      

              

             

       

345; ;

2 ,

( ) ( )

( ) ,

K v M w

C M N u Nv I K u K w I M v

J J w

  

      



      

                

    

  (2.9) 
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355; ;

444; ;

445; ;

455; ;

555; ;

2 ( 2 ) 2 ,

3( ),

2 2 ( 2 ) ,

2 2 ( 2 ) ,

3(

C J Mu M u Nw H I v M w

C H Kv J u K w

C K N v M u Kw J v H M w

C M Mv J u N w M v H K w

C H Mw

      

    

      

      

  



              

       

               

               

   

1 ;

).

,

J v M w

C C

 

  

    

 

 

where 
; )( ) k

kH L H e   . From (2.7) and (2.9), we get            

  

222; 233; 244; 255; ; ; ; ;

; ;

322; 333; 344; 355;

224; 334; 444; 455;

225; 335; 445; 555;

( ) ( )

,

,

.

C C C C H I K M

H I K M LC

C C C C LCu

C C C C LCv

C C C C LCw

       

 

    

    

    

      

    

   

   

   

      (2.10) 

From (2.6), it follows that  

      
2

; ) ) ) )| ,ijk h ijk h i j k hL C LC l C e e e e        

which implies  

      
2

; 1 ) ) ) )| ( ) .ijk h i j k hL C C C e e e e                  (2.11) 

From (1.3) and (2.11), we get  

    ; 1 1 1 ) ) ) )( ) .hijk h i j kLT C C C C e e e e                        (2.12) 

Since the tensor |hij kC  is completely symmetric in its indices, from (2.11), we get  

       ; ; 1 1 .C C C C                    (2.13) 

In view of (2.13), equation (2.10) gives  

     

2 322;2 333;2 344;2 355;2 222;3 233;3 244;3 255;3 ;3

2 224;2 334;2 444;2 455;2 222;4 233;4 244;4 255;4 ;4

4 322;4 333;4 344;4 355;4 224;3 334;3 444;3 455;3

( ) ,

( ) ,

(

LCu C C C C C C C C LC

LCv C C C C C C C C LC

LCu C C C C C C C C LC

        

        

         3

5 322;5 333;5 344;5 355;5 225;3 335;3 445;3 555;3 3

5 224;5 334;5 444;5 455;5 225;4 335;4 445;4 555;4 4

2 225;2 335;2 445;2 555;2 222;5 233;5 244;5 255;5

) ,

( ) ,

( ) ,

v

LCu C C C C C C C C LC w

LCv C C C C C C C C LC w

LCw C C C C C C C C

        

        

        ;5( ) .LC

 (2.14) 

Since 
;3 3)( ) 0i i

i iL L L e Ll n    , 
;4 4)( ) 0i i

i iL L L e Ll p     and 
;5 5)( ) i

iL L L e   
i

iLl q  0 , 

we have  

Proposition  2.2. The scalar components 2u , 2v  and 2w  of the v−connection vectors iu , iv  and iw  of a five-

dimensional Finsler space are given by  

      
1 1 1

2 ;3 2 ;4 2 ;5, , ,u C C v C C w C C      

and the scalar components 4u , 5u , 3v , 5v , 3w  and  4w  are related by  

        4 3 5 3 5 4, , .u v u w v w    

    

III. T–TENSOR OF FORM (A) 

  A Finsler space is C−reducible if and only if the T−tensor is of the form (A) for 
6 70  . Let 

5F  be 

a five-dimensional Finsler space with T−tensor of the form (A). The scalar components of the angular metric 

tensor ijh  are given by  

         1 1 ) )( ) ,ij i jh e e         
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therefore in view of (2.12) and (A), we have  

 ; 1 1 1 1 1 1 1( ) {( )( ) (C C C C L                                

       1 1 1 1 1 1 1 1)( ) ( )( )},                          

which gives 

  

222; 2 233; 2 244; 2 255; 2

322; 3 333; 3 344; 3 355; 3

224; 4 225; 5 444; 4 334; 4

335; 5 455; 4 555

3 ,  ,  ,  ,

,  3 ,  ,  ,

,  ,  3 ,  ,

,  , 

C L C L C L C L

C L C L C L C L

C L C L C L C L

C L C L C

       

       

       

   

       

       

       

   

   

   

   

  ; 5 445; 53 ., L C L       

    (3.1) 

Putting (3.1) into (2.10), we get  

   ; 2 3 4 5( ) 6 , 6 , 6 , 6 .LC L LCu L LCv L LCw L                   

Again from the first equation of (3.1), we get  

 222; ; 23( ) 3( ) 3( ) 3 .C H J J J u H I M v H I K w L                          

  Thus, we have 

Theorem  3.1. If the T−tensor of a five-dimensional Finsler space is of the form (A), then   is given by  

      
;2

;2 3 4 5

1 1 1 1
.

3 6 6 6 6

H
C Cu Cv Cw

L
       

Theorem 3.2. The scalar components of v−connection vectors iu  and iv  of a five-dimensional Finsler space 

with T−tensor of the form (A) are given by  

  

1

1 2 3 ;2 4 5

1

1 2 3 4 ;2 5

1

1 2 3 4 5 ;2

0, 0, , 0, 0,

0, 0, 0, , 0,

0, 0, 0, 0, .

u u u C C u u

v v v v C C v

w w w w w C C







    

    

    

 

 

IV. T–TENSOR OF FORM (B) 
Ikeda [8] showed that for an n−dimensional Finsler space with T−tensor of the form (B)  

     ,hijk hi jk hj ik hk ij ij hk ik hj jk hiT h P h P h P h P h P h P       

we get 

       
1

,
3 2( 1)
{ }ij ij ij

T
P T h

n n
 

 
 

where 
hk

ij hijkT T g  and  
ij

ijT T g . 

Therefore (B) becomes  

   
1

( )
3

hijk hi jk hj ik hk ij ij hk ik hj jk hiT h T h T h T h T h T h T
n

     


 

     ( ).
( 1)( 3)

hi jk hj ik hk ij

T
h h h h h h

n n
  

 
 

Thus, for a five-dimensional Finsler space, we have  

 
1

[( ) ( )].
8 6

hijk hi jk hj ik hk ij ij hk ik hj jk hi hi jk hj ik hk ij

T
T h T h T h T h T h T h T h h h h h h            (4.1) 

Let T  be the scalar components of hiLT , i.e.,  

         ) ) .hi h iLT T e e    

In view of (2.12) and (4.1), we get  
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; 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1

1
( ) [{( ) ( )

8

( ) ( ) ( ) ( ) }

[{( )( ) ( )( )
6

(

C C C C T T

T T T T

LT

               

               

           

  

        

           

           

  

      

       

     

  1 1)( )},    

 

which gives  

     

222; 2 22 2 2

233; 33 2 2 23 3 2

244; 44 2 2 24 4 2

255; 55 2 2 25 5 2

322; 22 3 3 33 2 3

333; 3

1 1
[3 3 ],

8 2

1 1
[ 2 ],

8 6

1 1
[ 2 ],

8 6

1 1
[ 2 ],

8 6

1 1
[ 2 ],

8 6

1
[3 3

8

C T T LT

C T T T LT

C T T T LT

C T T T LT

C T T T LT

C T

   

    

    

    

    

 

 

  

  

  

  

  

   

   

   

   

  33 3 3

344; 44 3 3 34 4 3

355; 55 3 3 35 5 3

224; 22 4 4 24 2 4

1
],

2

1 1
[ 2 ],

8 6

1 1
[ 2 ],

8 6

1 1
[ 2 ],

8 6

T LT

C T T T LT

C T T T LT

C T T T LT

 

    

    

    

 

  

  

  



   

   

               (4.2) 

     

225; 22 5 5 25 2 5

444; 4 44 4 4

334; 4 34 3 33 4 4

335; 5 35 3 33 5 5

1 1
[ 2 ],

8 6

1 1
[3 3 ],

8 2

1 1
[ 2 ],

8 6

1 1
[ 2 ],

8 6

C T T T LT

C T T LT

C T T T LT

C T T T LT

    

   

    

    

  

 

  

  

   

  

   

   

 

     

455; 4 45 5 55 4 4

555; 5 55 5 5

445; 5 45 4 44 5 5

1 1
[ 2 ],

8 6

1 1
[3 3 ],

8 2

1 1
[ 2 ].

8 6

C T T T LT

C T T LT

C T T T LT

    

   

    

  

 

  

   

  

   

 

Putting (4.2) into (2.10), we get  
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; 2 22 33 44 55 2 23 3 24 4 25 5 2

3 33 22 44 55 3 23 2 34 4 35 5 3

4 44 22 33 55 4 24 2 34 3 45 5 4

1
( ) [6 (3 ) 2 2 2 ],

8

1
[6 (3 ) 2 2 2 ],

8

1
[6 (3 ) 2 2 2 ],

8

LC T T T T T T T T LT

LCu T T T T T T T T LT

LCv T T T T T T T T LT

      

      

      

    

    

    

        

        

        

5 22 33 44 55 5 25 2 35 3 45 4 5

1
[6 ( 3 ) 2 2 2 ].

8
LCw T T T T T T T T LT                  

 

Therefore,  

   

;2 22 33 44 55

;3 23 ;4 24 ;5 25

2 23 3 22 33 44 55

4 34 5 35 2 24

1
( ) {9 },

8

( ) ,            ( ) ,         ( ) ,

1
,              { 9 },  

8

,             ,            ,            

LC T T T T LT

LC T LC T LC T

LCu T LCu T T T T LT

LCu T LCu T LCv T

    

  

     

   3 34 ,LCv T

  (4.3) 

   

4 22 33 44 55 5 45

2 25 3 35 4 45

5 22 33 44 55

1
{ 9 },   ,

8

,              ,  ,

1
{ 9 }.

8

LCv T T T T LT LCv T

LCw T LCw T LCw T

LCw T T T T LT

     

  

    

  

From 
ij

ijT T g , we find  

       22 33 44 55.LT T T T T T T         

Thus, in view of (4.3), we have 

Theorem  4.1.  If the T−tensor of a five-dimensional Finsler space is of the form (B), the scalar components of 

the tensor ijT  are given by  

   

1 22 ;2 33 3

44 4 55 5 23 2 ;3

24 2 ;4 25 2 ;5 34 4 3

0, ( ) ,  ,

, , ( ) ,

( ) , ( ) , ,

T T LC T LCu

T LCv T LCw T LCu LC

T LCv LC T LCw LC T LCu LCv

   

   

     

  

   35 5 3 45 4 5, ,T LCu LCw T LCw LCv     

and          ;2 3 4 5T C Cu Cv Cw    . 

 

V. T–TENSOR OF FORM (C) 
  U. P. Singh et al. [4] showed that the T−tensor of a C−2 like Finsler space is of the form (C)  

    .hijk h i j k h i j k i h j k j h i k k h i jT C C C C a C C C a C C C a C C C a C C C      

Let a  be the scalar components of iLa , i.e.,  

         ) .i iLa a e   

Since 2) /i ie C C , we get  2 )i iC C e  . 

Therefore in view of (2.12) and (C), we have  

 
4 3

; 1 1 1 2 2 2 2 2 2 2( ) (C C C C LC C a                               

           2 2 2 2 2 2 2 2 2 ),a a a                       

which gives 
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3 3

222; 2 2 233; 244; 255;

3

322; 3 2 333; 344; 355;

3 3

224; 4 2 225; 5 2 444; 3

( 3 ) , 0,          0, 0,

,                            0, 0, 0,

,                            , 0,

C C LC a C a C C C

C C a C C C

C C a C C a C C

     

    

    

 



 

     

   

   34;

335; 455; 555; 445;

0,

0,                           0, 0, 0.C C C C



   



   

 (5.1) 

Putting (5.1) into (2.10), we get  

     

3 3 3

; 2 2 3 2

3 3

4 2 5 2

( ) ( 3 ) ,    ,

,                      .

LC C LC a C a LCu C a

LCv C a LCw C a

    

   

  

 

   

 
 

Since hijkT  is an indicatory tensor, from (C) it follows that 1 0i

ia a y  . Thus, we have: 

 

Theorem  5.1.  If the T−tensor of a five-dimensional Finsler space is of the form (C), the scalar components a  

of the iLa  are given by  

       

3 1 3

1 2 ;2 3 2 ;3

2 3 2 3

4 2 ;4 5 2 ;5

0,     ( ),      ( ) ,
4

( ) ,   ( ) .

L
a a C C C a LC u C LC

a LC v C LC a LC w C LC

  

   

    

   

 

 

Theorem  5.2. In a five-dimensional Finsler space with T−tensor of the form (C), the scalar components of 

v−connection vectors iu , iv  and iw  are given by  

    
3 3 3

3 2 4 2 5 2, , .LCu C a LCv C a LCw C a           

 

Corollary  5.1. In a five-dimensional Finsler space with T−tensor of the form (C), the v−connection vectors iu , 

iv  and  iw  vanish if the scalar components 3a , 4a  and 5a  of iLa  vanish.  

 

VI. T–2 LIKE FINSLER SPACE 

  A non-Riemannian Finsler space ( 2)nF n   is called T−2 like Finsler space if the T−tensor hijkT  is 

written in the form  

         .hijk h i j kT C C C C           (6.1) 

Theorem 6.1. In a T−2 like five-dimensional Finsler space, the v−connection vectors iu , iv  and  iw  vanish. 

Theorem 6.2.  In a T−2 like five-dimensional Finsler space,   is given by  

          
4

;2.C C   
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