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l. INTRODUCTION
Let M °be a five-dimensional smooth manifold and F° =(M?® L) be a five-dimensional Finsler

space equipped with a metric function L(X,y) on M > The normalized supporting element, the metric tensor,
the angular metric tensor and Cartan tensor are defined by

. 1. - ., .. 1.
I, =0,L, 9 =§8i aj L, hij = Lo, ajL and Cijk =§8kgij
respectively.
The torsion vector C' is defined by C' =C} g™
Throughout the paper, we use the symbols 5i and 0, for 8/6yi and 0/ Ox’ respectively. The Cartan
connection in the Finsler space is given as CI” = (Fjik, G},C}k). The h— and v—covariant derivatives of a

covariant vector X, (X, y) with respect to the Cartan connection are given by

Xi; =0, X, —(0,X,)G] —=F/X,, (L.1)
and
X, | = 6 X, C X,. 1.2)
In 1972, H. Kawaguchi [1] and M. Matsumoto [2] independently found an important tensor
T = LChijlk +Chij|k +Chik|j +Chkjli +Ckijlh. (1.3

This is called the T—tensor. It is completely symmetric in its indices. The vanishing of T—tensor is called
T—condition.
U. P. Singh et al. [3, 4] studied three-dimensional Finsler spaces with T—tensor of the following forms:

(A) Thik = p(hyh Jk+hhjhlk+hhkhij)
(B) Thi = Py + 0y B +hy By + Ry + 0y By +hy By
(C) T =~C.CCC +aCC,C, +aCC,C +a,CCC, +aCCC,,

where B; are the components of a tensor field, &, are the components of a covariant vector field and o is a

scalar. Present authors studied the theory of five-dimensional Finsler space. In this paper [9-11], we discuss
five-dimensional Finsler spaces with T—tensor of such forms.

. FIVE-DIMENSIONAL FINSLER SPACE
The Miron frame for a five-dimensional Finsler space is constructed by the unit vectors

(el‘),eiz),e;),ejl),e;)). The first vector eli) is the normalized supporting element I' and the second eiz), is the
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normalized torsion vector m' = C' /C , the third e;) =n', the fourth ei) = pi and the fifth ef.)) = qi are
constructed by gijeil)e[j,) = 5aﬁ. We suppose that the length C of the vector C' does not vanish, i.e., the space

is non-Riemannian. With respect to this frame, the scalar components of an arbitrary tensor TJ.i are defined by

_Ti i
T =T€0i € 2.1)
from which, we get
i_ [
T =T Bp)j (2.2)

where summation convention is also applied to Greek indices. The scalar components of the metric tensor g
are 8.

Let H,,, and V, ,|L be scalar components of the h— and v—covariant derivatives eim)| ; and eL)|j

respectively of the vectors €y then
i i
€ = Hayp 98, (23)
and
i i
Lepli= Vs € €5 24)
Ha) e and Va) 5 are called h— and v—connection scalars respectively and are positively homogeneous of
degree zero in y. Orthogonality of the Miron frame yields [5] H ), =—H,, andV,,, ==V, . Also, we
have H,); =0 and Vy,, =6, =69, -
Now, we define Finsler vector fields:
hi = H2)3ﬁ €sir Ji= H2)4ﬂeﬁ)i’ ki = HZ)Sﬁeﬂ)i’
h'=Hyuplp, ' =Hgsp  K'=Hyg®y,
and
Ui =Voss€sin Vi =Vayufyi Wi =Vays5€011
U'=Vauspin Vi =Vaelpin W=Vl

Definition. The Finsler vector fields (h.,J;, k., h',J.",k.") are called h—connection vectors and the vector
fields (u.,Vv,, W, u.",V.",W.") are called v—connection vectors.
The scalars H 35, Hyyupy Hopspn Hayups Hapsgo Haysp and Voyas, Vayass Vayss Vayass Vaysg, Vayss are

H ! ! !
considered as the scalar components hﬂ, Js kﬁ, hﬂ P kﬂ and Uy, V,, W

5 uﬁ’, vﬁ’, wﬂ' of the

h— and v—connection vectors respectively with respect to the orthonormal frame.
From (2.4), we get

i i [ [ [ i [
(@ Ley|;=LI"[;=m'm;+n'n;+p'p;+qq;=h;,
[ i i [ [ [
(b) Le,|;=Lm'|;=~I'm; +n'u; +p'v; +q'w,,
i A — ] i TR N
() Leyl|;=Ln'|;=-I'n;—m'y; + p'u; +q'v,, (2.5)
i Al i PN
(d) Le,l;=Lp'|j=—1"p; —mv, —n'u; +q'w;,
i A — ] i iy, ivns
(e) Le,l;=Lg [j=-I'q;—m'w, —n'v, —p'w,.
Since m;, n;, P;, {; are homogeneous function of degree zero in y', we have
Lm'|, P =Ln'; 1" =Lp], I’ = Ld| jI' =0.
These imply U, =V, =W, =U," =V," =Ww," = 0. Consequently, we have
Proposition 2.1. The first scalar components U, V;, W,, U,", V;", W," of v—connection vectors U;, V,, W;,

U, V;, W, vanish identically.
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Let C,,, be the scalar components of LC;, with respect to the Miron frame, i.e.,

LCii = Crp80i€s)i€ - (2.6)

The main scalars of a five-dimensional Finsler space are given by [9-10]

Cp,=H, Cus=1, Coa =K, Cus =M, Cos =1,
C344:‘]" C444: H’, C334: I, 0234: K’ Csss =J",
Cups =M, Coes =H", Cas = 1", Cus = K", Cps =N,
Cus =N, Cos =M,
we have
Copp=—(J+3'+3"), Cpy=—(H'+1I"+M’), Cps=—(H"+1"+M")
and
H+ 1+ K+M=LC 2.7)
The scalar components T, of LTji|k are written in the form [5]
> k
Taﬁ.;y = L(akTaﬂ)ey) +TﬂﬁVW7 +TaﬂVﬂﬁ7. (2.8)

The explicit form of Caﬂm is obtained as follows:
Corps=Hs+3(@+3 +3"Uug+3(H + 1"+ M")v; +3(H" + 1"+ K")w;,
Cras=—(F+I3"+3");+(H-21u, —2K'v, —=2Nw,; +(H'+ 1"+ M")u,’
+(H"+1"+M "),
Cous=—(H" +1"+M").; =2K"u; +(H - 2K)v, =2N'w; — (J +J"+J")u,’
+(H"+ 1"+ K")w,',
Coss =—(H"+1"+K").;—2Nu; = 2N'vy +(H - 2M)w; — (I + 3"+ J")v,’
—(H'+ 1"+ M")wy’,
Craas = 1y — (83 +23"+23")u; — I'v; — "W, — 2Nv," - 2K'u,’,
Coans =K' =Q2I"+H'+M")u,; = (23" + I +J")vs—M"w; — (K- 1)u,'
—N'v,"—Nw,’,
Coss =Ny —(I"+H"+K")u; =M"vy— (I +J3"+23")w;
—N'uy"—=(M = )v," + K'wy',
Cous =Ks—=J3Us—BH'"+21"+ 2M")v, + 2Ku," — K""w,; = 2N"w/,
Coss =Ny =M"u; —(H" + 1"+ 2K" v, + Nuy" = (H'+ 1"+ 2M ")w;
+K'v;" + (K = M)wy',
a5 = M.z —J3"U; =MV, —(BH" + 21" + 2K")w, + 2Nv," + 2N"w,’,
33,5 = 955 7 3(1Us; = 1'Us" = | ',V,;):
saas = bs' T2K'U;+ IV, + (3 =20")u," = 2M ""v" = 1w,
asis = bs” +2NU; =2M U+ (3 = 23" )v," + Iw, + 1wy,
sags = J.5 + KUy +2K'vy —(H =21")u," = K"v," = 2M"w,’,
asis = Mg+ N'Ug+ N + (1" = K" )u,"+ K'wy + (1" = M)y’
+(J"=J3")w;y,

(2.9)

OO0 0000
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Cyss.s = J.5" +Mu; —M'uy" +2Nw,; — (H" = 21")v," +2M "'w,’,
Cauas = H,y' +3(Kvy + 3'uy" — K""wy),
Cuss = K" +2N'v, +2M "u" + Kwg + J'v," + (H' = 2M ")w,’,
Cusss = M5+ Mv,; +3"U;"+2N'W; +2M v, — (H" = 2K"")w;’,
Coss.s = H.;"" +3(Mw; + 3"V + M'wy").
C C/M’
where H.; = L(ékH)eg). From (2.7) and (2.9), we get
Coros +Cosao ¥ Cosss ¥ Cosss = His+ 1+ K+ M
=(H+1+K+M),=(LC),
Car5 + Caags + Cosss + Cogsy = LCU,, (2.10)
C224;5 + C334;5 + C444;5 + C455;5 = LCV&'
Cosis + Casss + Cuass + Cogss = LCW.
From (2.6), it follows that
L’Cyly +LCyily =Cp.s800i€ €, sh-

By s

ofyi6-a)ip) |
which implies
2
L Cijk |h= (Caﬁy;5 _Caﬂyé‘lé) ea)ieﬁ)jey)keﬁ)h' (2.11)
From (1.3) and (2.11), we get
LThijk = (Caﬂ}/§5 + Cﬁ'}’b‘é‘la + Ca}/ﬁé‘lﬁ' + Caﬁﬁé‘ly) ea)heﬂ)iey) jeé‘)k : (212)
Since the tensor Chijlk is completely symmetric in its indices, from (2.11), we get
Caﬂy;é" _Caﬂé‘;y = Caﬂ7515 - Caﬂé‘ 1y (2.13)

In view of (2.13), equation (2.10) gives

LCuU, = Cypp + Cagzo + Casar + Casso = Corps + Coaga + Conag + Cssy = (LC)5,

LCv, = C224;2 + C334;2 + C444;2 + C455;2 = szz;4 + C233;4 + C244;4 + 0255;4 = (LC);4’

LCu, = C322;4 + C333;4 + C344;4 + C355;4 = C224;3 + C334;3 + C444;3 + C4553 =(LC)vs,

LCuy = C322;5 + C333;5 + C344;5 + C355;5 = C225;3 + C335;3 + C445;3 + C5553 = (LC)w;,

LCv, = C224;5 + C334;5 + C444;5 + C455;5 = C225;4 + C335;4 + C445;4 + Csss;4 = (LC)W4!

LCW, = Cppsp + Cusso + Cussz + Cosso = Cops + Coas + Cosgs + Cosss = (LC):S'
since L, = L(J,L)e}, =LIn'=0, L, =L(o,L)e} =LLp' =0 and Ly=L( L)€}, =Llg" =0,
we have
Proposition 2.2. The scalar components U,, V, and W, of the v—connection vectors U;, V; and W, of a five-
dimensional Finsler space are given by

u,=C*C,, v,=C'C,, w,=C7C,

and the scalar components U,, Uy, V;, Vo, Wy and W, are related by

(2.14)

Uy =Vg,  Ug=W, V=W,

M. T-TENSOR OF FORM (A)
A Finsler space is C—reducible if and only if the T—tensor is of the form (A) for p # 0%". Let F° be
a five-dimensional Finsler space with T—tensor of the form (A). The scalar components of the angular metric
tensor hij are given by

hy = (8.5 = 01,0.5) €0)i€p)
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therefore in view of (2.12) and (A), we have
(C +C, 50, + Ca755lﬁ + Cap551y) = pL{(é‘aﬁ - 5la51ﬁ)(575 - 51}/515) + (50”

afy:é pré
- 51a51}/)(5ﬁ5 - 51ﬁ515) + (0 — 51a51§)(5ﬁ;/ - 51ﬂ51}/ )+
which gives
Cons =3PL0s1  Chugas =PLOsss  Cosss =PLOys1  Coss = pLoys,
Cans = PLOss,  Cagys =3pLdys, Cayps = PLOss,  Cosss = pLOy,, (3.1)
Corss = PLOs:  Copss = PLOsss  Cuugs =3pL0450  Cogus = PLOys,
Cassis = PLOss,  Cugss = pLOyss  Cosss =30L0ss,  Cuyss = pLOGs.

Putting (3.1) into (2.10), we get
(LC), =6pLS,;, LCu,=6pLS,;, LCv,=6pL5,;, LCw,=6pL5,,.
Again from the first equation of (3.1), we get
Crpps=H +3(F+I" +I"U;+3(H + 1"+ M )V +3(H" + 1" + K" )w; = 3pLJ,.

Thus, we have
Theorem 3.1. If the T—tensor of a five-dimensional Finsler space is of the form (A), then p is given by

H, 1 1 1 1
p=—2=-C,==Cu,==Cv, = =Cw,.
3L 6 ° 6 6 6
Theorem 3.2. The scalar components of v—connection vectors U; and V; of a five-dimensional Finsler space

with T—tensor of the form (A) are given by

u, =0, u,=0, u,=C7C,, u,=0, u, =0,
v, =0, v, =0, v, =0, v,=C7C,, v=0,
w,=0, w,=0, w,=0, w, =0, w, =C~'C,,.

IV. T-TENSOR OF FORM (B)
Ikeda [8] showed that for an n—dimensional Finsler space with T—tensor of the form (B)

Thijk = hhi ij + hhj Py + hhk Pij + hij P + hik Phj + hjk P

1 T
Pij {Ti' - 2(n+1) hij},

n+3
where T, =Thijkghk and T =Tijgij.
Therefore (B) becomes

1
Thijk = m (hhiTjk + hthik + hhkTij + hijThk + hikThj + hjkThi)

we get

T
(n+1D)(n+3)

Thus, for a five-dimensional Finsler space, we have

1 T
Thijk = g[(hhiTjk + hthik + hhkTij + hijThk + hikThj + hjkThi ) _g (hhihjk + hhj hik + hhk hij )] O

(hhihjk + hhj hik + hhk hij)'

Let T,, be the scalar components of LT, i.e.,

LThi = Taﬁea)h €si-

In view of (2.12) and (4.1), we get

67



Five-Dimensional Finsler Spaces with T-Tensor of Some Special forms

1
(Caﬂy; 5 Cps01, T CosOrp + Caﬁg%) = 5[{(5ap -0,,0, ﬂ)Tﬁ + (§W — 3,0, )TM
+(0,5 — 510:515)Tﬁy + (5ﬁy - 61ﬂ§17 Mo+ (§ﬁ5 - §lﬁ515)Tay + (5}/5 - §1y§lb')Taﬁ}
LT
_?[{(5043 - 51a51ﬁ)(5y5 - 5ly516) + (5a7 - 510551}/)(6,6'5 - 51/3515)

+(§a5 - 5la61§)(5ﬁy - 5lﬁ51y )}’
which gives

1 1
C222;§ = §[3T2§ + 3T2252§ - E LT 525]1

1 1
Czea;& = §U33525 +T25 + 2T23535 - E LT 525]'

1 1
C244;§ = §U44525 +T25 + 2T24545 - E LT 525]’

1 1
Czss;& = gl.T55525 +T25 + 2T25555 - E LT 525]'

1 1
Cszz;s = g[T22535 +T35 + 2T33525 - E LT §3a]a

1 1
C333;5 = §[3T35 + 3T33535 - E LT 535]7

1

1

C344;§ = §U44535 +T3§ + 2T34545 - g LT é‘35]’

1

1

C355;5 = §[T55536 +T36 + 2T35555 - g LT 535]'

1

1

C224;§ = §U22545 +T45 + 2T24525 - g LT 545]:

1

1

(4.2)

C225;5 = §|.T22555 +T55 + 2T25525 - g LT 555]’

1 1
C444;5 = §[3T45 + 3T44545 - E LT 545]'

1 1
C334;5 = g[T4§ + 2T34535 +T33545 - E LT 545]’

1 1
C335;5 = §[T5(5 + 2T35§35 +T33§55 - g LT 555]1

1 1
C455;6 = 5”45 + 2T45555 +T55545 - E LT 545]’

1 1
C555;5 = §[3T55 + 3T55555 - E LT 555]’

1 1
C445;5 = gﬁsa + 2T45545 +T44555 - g LT 555]'

Putting (4.2) into (2.10), we get
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1
(LC).; = §[6T25 + (BT + Ty + T, +Te) 0y 5 + 2T,30,5 + 2T,,0,5 + 21,50, 5 — LT 0,51,
1
LCu, = §[6T35 +(8Tas + Ty, + Ty +T55) 035+ 2Ty30,5 + 213465 + 2Ty 055 — LT 655,
1
LCv; = §[6T45 + BTy + Ty +Tig +T55) 8,5 + 2154655 + 2Ty 05 + 2T 5055 — LT 6451,

1
LCW5 = §[6T5a + (T22 +T33 +T44 + 3-|-55)6‘55 + 2T25525 + 2T35§35 + 2T4554§ - LT 555]'
Therefore,

1
(LC);2 = §{9T22 +T+T, +T, — LT},

(LC);s =Ty, (LC);4 =Ty, (LC);S =T, (4.3)
LCu, =T,,, LCu, = %\{_T22 +9T,, + T, + T, — LT},
LCu, =T,,, LCu, =T, LCv, =T,, LCv, =T,,,

1
LCyv, = §{T22 +T,,+9T,+T,, — LT}, LCv,=T,,
LCw, =T, LCw, =T, LCw, =T,
1
LCw, = §{TZZ +T3+T, +9T,, — LT}

From T :'I'ij gij , we find
LT = Taﬂ5aﬁ = Taa = T22 +T33 +T44 +T55-

Thus, in view of (4.3), we have
Theorem 4.1. If the T—tensor of a five-dimensional Finsler space is of the form (B), the scalar components of

the tensor T;; are given by
T, =0, T,, =(LC),, T, = LCu,,
T, =LCv,, T, = LCw;, T, = LCu, = (LC),,
T,,=LCv,=(LC),, Ts=LCw,=(LC);, T, =LCu,=LCy,,
T =LCu, =LCw,, T, =LCw,=LCy,,

and T=C,+Cu;+Cv, +Cw;.

V. T-TENSOR OF FORM (C)
U. P. Singh et al. [4] showed that the T—tensor of a C—2 like Finsler space is of the form (C)

Tux = PCCCC, +a,CC,C +aC,C,C, +a,C,CC, +3,C,CC,;.
Let &, be the scalar components of La, , i.e.,
La, =a,e,;.
Since &, =C, /C ,weget C,=C5,,e,,.

Therefore in view of (2.12) and (C), we have

(Caﬁy;o‘ + Cﬂyé‘é;a + Caydé;.ﬂ + Caﬂa‘é;_y) = pLC452a52ﬂ52y525 + C3 (aa52ﬂ52;/§25
+ aﬂ52a52;/525 + ay52a§2ﬂ525 + a'5§2a52ﬂ§27)’
which gives
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Cors = Cs(PLC +3a,)0,5 + C3a5’ Coass =0, Couss =0, Cps5 =0,
Cszz;a‘ = C3a3525, C333;5 =0, C344;5 =0, C355;5 =0, (5.1)
C224;5 = C3a45251 C225;5 = C3a5525’ C444;5 =0, C334;5 =0,
C335;§ =0, C455;5 =0, C555;5 =0, C445;5 =0.

Putting (5.1) into (2.10), we get
(LC),, =C3(pLC +3a,)5,, +C%a,, LCu, =C’a3,,,
LCv, = C’a,5,,, LCw, = C*a.5,,.

Since Thijk is an indicatory tensor, from (C) it follows that &, = aiyi = 0. Thus, we have:

Theorem 5.1. If the T—tensor of a five-dimensional Finsler space is of the form (C), the scalar components a,,

of the L@, are given by
a=0, 8,=7(C%C,~pC), 2,=LC",=C(LC),
a, =LC?,=C*(LC),, a; = LC?w, =C°(LC),.

Theorem 5.2. In a five-dimensional Finsler space with T—tensor of the form (C), the scalar components of
v—connection vectors U;, V; and W, are given by

LCu, =C%a,5,,, LCv,=C%,0,;, LCw,=C’a.0,,.

Corollary 5.1. In a five-dimensional Finsler space with T—tensor of the form (C), the v—connection vectors U, ,

Vv, and W, vanish if the scalar components a,, @, and a, of La, vanish.

VI.  T-2 LIKE FINSLER SPACE
A non-Riemannian Finsler space F"(n > 2) is called T-2 like Finsler space if the T—tensor Ty, is
written in the form
Thi = PCLCC G, (6.1)
Theorem 6.1. In a T2 like five-dimensional Finsler space, the v—connection vectors U;, V; and W; vanish.
Theorem 6.2. In a T-2 like five-dimensional Finsler space, o is given by

p=C7C,.
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