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ABSTRACT: The Special Problems of E-geometry [47] consist the ,Mould Quantization, of Euclidean Geometry in it , to become
—Monad, through mould of Space —Anti-space in itself ,which is the Material Dipole in monad Structure —Linearly, through mould of
Parallel Theorem [44- 45],which are the equal distances between points of parallel and line — In Plane , through mould of Squaring the
circle [46] , where two equal and perpendicular monads consist a Plane acquiring the common Plane-meter, &,—and in Space (volume) ,
through mould of the Duplication of the Cube [46], where any two Unequal perpendicular monads acquire the common Space-meter V2 ,
to be twice each other.[44-47] . Now is added the , Stores of Quantization , which is the Regular-Polygons Mechanism .
The Unification of Space and Energy becomes through [STPL] Geometrical Mould Mechanism , the minimum Energy-Quanta ,In monads
— Particles, Anti-particles, Bosons, Gravity —Force, Gravity-Field , Photons, Dark Matter, and Dark-Energy ,consisting the Material Dipoles
in inner monad Structures[39-41] .
Euclid’s elements consist of assuming a small set of intuitively appealing axioms , proving many other propositions . Because nobody until
[9] succeeded to prove the parallel postulate by means of pure geometric logic , many self consistent non-Euclidean geometries have been
discovered , based on Definitions , Axioms or Postulates , in order that non of them contradicts any of the other postulates .It was proved in
[39] that the only Space-Energy geometry is Euclidean , agreeing with the Physical reality, on ABSegment which is Electromagnetic field of
the Quantized on ABEnergy Space Vector , on the contrary to the General relativity of Space-time which is based on the rays of the non-
Euclidean geometries. Euclidean geometry elucidated the definitions of geometry-content ,i.e.{[ for Point, Segment, Straight Line, Plane ,
Volume, Space [S] , Anti-space [AS] , Sub-space [SS] , Cave, The Space-Anti-Space Mechanism of the Six-Triple-Points-Line , that
produces and transfers Points of Spaces , Anti-Spaces and Sub-Spaces in Gravity field [MFMF] , Particles]} and describes the Space-Energy
vacuum beyond Plank’s length level [ Gravity's Length 3,969.10762 m ], reaching the absolute Point=
L,= ei-(NTH)b:m “N=-o=0m, which is nothing and the Absolute Primary Neutral space PNS .[43-46] .
In Mechanics , the Gravity-cave Energy Volume quantity [wr] is doubled and is Quantized inPlanck’s-cave Space quantity (h/2r) = The
Spin = 2.[wr]® —i.e. Energy Space quantity,wr ,is Quantized , doubled, and becomes the Space quantityh/xfollowing Euclidean Space-
mould of Duplication of the cube, in Sphere volume V=(47/3).[wr]? following theSquaring of the circle,r,and in Sub-Space-Sphere volume
372 , and theTrisectingof the angle .
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Preface :

This article is the completion of the prior [44] and [45-47] .With pure Geometrical logic is presented the Algebraicand
Geometric Solution , and the Construction of all the n-Regular Polygons of this very interested problem. A new method for the Alternate
Interior angles,The Geometrical - Inversion , is presented as this issues forRight - Angles .In article [62B] is presented the new Geometrical
Proof . Thenew article is based on the Geometrical logic with a short procession in Mechanics , without any presuppositionto geometric
knowledge on coupler points .

The concept of , The Relation , Mould , of Angles and Lengths ,is even today the main problemin science, Mechanics and
Physics .Althoughthe Mould existed in the Theory of Logarithm and in the Theory of Means thisNew Geometrical-Method is the Master key
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of Geometry and in Algebra andconsequently to the Relation between Geometry and Nature , for theirin between applications .The New
Regular Polygons Mechanism , exhibits The How and Where Work ( Energy — Kinetic or Dynamic ) produced from any Removal , is
Stored .The Programming of the Methods is very simple and very interesting for Computer-Programmers . In the next article [64] is
prepared the Unification of Energy-monads , The Spin of Black Holes ,with Geometry-Monads , in Black Matter ,through the Material -
Geometry — monadsand the Geometrical Inversion.

1.. Definition ofQuantization.

Quantization is the concept (the Process) that any, Physical Quantity — [PQ] of the objective reality (Matter, Energy or Both) is
mapping the Continuous Analogous,the points, to only certain Discrete
values. Quantization of Energy is done in Space-tanks, on the materialpoints, tiny volumes and on points consisting the Equilibrium,all the
Opposite Twin,of Space Anti-space. [61] In Geometry [PQ] are the Points,the nothing , only , transformed into Segments , Lines , Surfaces
, Volumes and to any other Coordinate System such as (x,y,z) , (i,j,k) and which are all quantized . Quantization of E-geometry is the way
of Points to become as — (Segments, Anti-segments =Monads = Anti-monads),(Segments,Parallel-segments = Equal monads), ( Equal
Segments and Perpendicular-segments = Plane Vectors), ( Un-equal Segments twice — Perpendicular -segments = The Space Vectors =
Quaternion ) .[46]

In Philosophy [PQ] are the concepts of Matter and of Spirit or Materialismand Idealism.

a).. Anaximander , claimed that non of the elements could be, Arche and proposed , apeiron , an infinitive substance from which all things
are born and to which all will return. b).. Archimedes ,is very clear regarding the definitions, that they say nothing as to whether the things
defined exist or not , but they only require to be understood . Existence is only postulated in the case where [PQ] are the Points to Segments
(magnitudes = quantization process). In geometry we assume Point , Segment , Line , Surface and Volume , without proving their existence ,
and the existence of everything else has to be proved .

The Euclid’s similar figures correspond to Eudoxus’ theory of proportion .

¢).. Zenon, claimed that ,Belief in the existence of many things rather than , only one thing , leads to absurd conclusions and for , Point and
its constituents will be without magnitude . Considering Points in space are a distinct place even if there are an infinity of points , defines the
Presented in [44] idea of Material Point .

d).. Materialism or and Physicalism , is a form of philosophical monism and holds that matter ( without defining what this substance is ) is
the fundamental substance in nature and that all phenomena , including mental phenomes and consciousness , are identical with material
interactions by incorporating notions of Physics such as spacetime , physical energies and forces , dark matter and so on .

e).. Idealism , such as those of Hegel , ipso facto , is an argument against materialism

( the mind-independent properties can in turn be reduced to the subjective percepts ) as such the existence of matter can only be assumed
from the apparent ( perceived ) stability of perceptions with no evidence in direct experience .

Matter and Energy are necessary to explain the physical world but incapable of explaining mind and so results , dualism .The Reason
determined in itself and its relation to the world creates the very old question as, what is the ultimate purpose of the world?.

f).. Hegel's conceive for mind , Idea , defines that , mind is Arche and it is retuned to [PQ] the subjective percepts , while Materialism holds
just the opposite .

In Physics [PQ] are The , Electrical charge , Energy , Light, Angular momentum , Matter which are all quantized on the microscopic level .
They do not seem quantized in the macroscopic scale because the size of the steps between each possible value is so small.

a)..De Broglie found that ,light and matter at subatomic level display characteristics of both waves and particles which move at specific
speeds called Energy-levels .

b)..Max Planck found that, Energy and frequency of the Electromagnetic radiation is quantized asthe relation E = h.f .

In Mechanics , Kinematics describes the motion while, Dynamics causes the motion.
c)..Bohr modelfor Electrons in free-Atoms is the Scaled Energy levels , for Standing-Waves is the constancy of Angular momentum , for
Centripetal-Force in electron orbit , is the constancy of Electric Potential , for the Electron orbit radii , is the Energy level structure with the
Associated electron wavelengths.
d).. Hesiod Hypothesis [PQ] is Chaos, i.e.the Primary Point from which is quantized to Primary Anti-Point . [ From Chaos came forth
Erebus ,the Space Anti-space, and Black Night ,The [STPL] Mechanism , but of Night were born Aether ,The rest Gravity dipole Field
connected by the Gravity Force, and Day , Particles Anti-particles, whom she conceived and Bare , TheEquilibrium
of Particles Anti-particles , in Spaces Anti-spaces , from union in love with Erebus ] . [43-46]
e).. Markos model for Physical Quantity — [PQ] is the Energy-Monad produced from Chaos ,which
is the Zero-point 0 = & ={@+O}= The Material-point = The Quantum = The Positive Space and

the Negative Anti-Space , between Opposites = The equilibrium of opposite directions —«— [58-61]

In article is shown the How and Where this Physical Quantity is stored .

The Special Greek Problems .
1.. The Squaring of the Circle .
The Plane Procedure Method . [45-46]
The property ,of Resemblance Ratio to be equal to 2 on a Square , is transferred simultaneously by the equality of the two
areas, when square is equal to the circle,where that square is twice of the inscribed.
This property becomes from the linear expansion in three spaces of the inscribed ( O, 0G,) to the circumscribed (O ,OM) circle , in a
circle (O, OA) asin.F.1-(1).
1..The Extrema method of Squaring the circle F.1
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(1) ) 3)
F.1 — The steps for Squaring any circle[O0,0A] or (E,EA = EC = EO) ondiameterCA through the —

The Expanding of the Inscribed circleO,0G,— to the circle O,0A and to thecircumscribed O,0M and the Four Polar O, A, C, P,
Procedure method :

In (1) isExpanding Inscribed circle O,0G,— to circle O, OA and to circumscribed O,0M .

In (2') The Inscribed square CBAO is Expanding to squareCMNHandto circumscribedCAC'P

In (3 ) The Inscribed square CBAO and itsldol CB°PO , Rotatethrough the pole C, Expand

through Pole O on OB line , and Translate through pole P on PN chord . Extrema Edgepoint B,  of circle O,0B, Rotate to A,point,
forming extrema square CMNH=NH2 = n.EA? .

The Plane Procedure method :

It isconsisted of twoequal and perpendicular vectors CA , CP, the Mechanism , whereCA = CP and CALCP, such, sothat
the Workproducediszero and thisbecauseeach area iszero, withthe three conjugate Poles A, C, P related to central O, withthe three Pole-
lines CA ,CP ,AP and the three perpendicular Anti -Pole-lines OB , OB, OC , and isConverting the Rectilinear motion in (1) , on the
Mechanism , to Four - Polar Expanding rotationalmotion.

The formulated Five Conjugate circleswith diameters - CA=0B ,CP=0OB',EB,=0B, PC=0B" ,P,G,;=P,G ;=CA
and also the circumscribed circle on them « define A System of infinite Changable Squares from— the Inscribed CBAO to —
CMNH and to — the Circumscribed CAC'P , through the Four - Poles of rotation .

The Geometrical construction : F.2
1.. Let E be the center,and CA isthe diameter of any circle ( E,EA=EC).
2.. Draw CP = CA perpendicular at point C and also the equaldiameter circle (P", P°"C=P 0).

3..Frommid-point O of hypotynuse AP as center, Draw the circle (O, OA=0P =0C ) and complete squares, OCBA, OCB'P.

On perpendicular diameters OB, OB™ and from points B, B® draw thecircles, (B, BE = Be) , ( B", B'P") intersecting (O, OA) = (O,
OP) circle at double points [G,G;], [G, G'4] respectively, and OB, OB" produced at points B,, B, respectively.

4.. Draw on the symmetrical to OC axis , lines GG; and GG';intersecting OC axis at point P,. 5.. Draw the edge circle ( O, 0B, )
intersecting CA produced at point Ae and draw PA, line intersecting the circles , (O, OA), (P, P'P) at points N-H ,respectively.

6.. Draw line NA produced intersecting the circle (E, EA) at point M and draw Segments

CM, CH and completequatrilateralCMNH ,callingit theSpace = the System . Draw line CM " and line M P produced intersecting circle
(0O,0A) at point N and line AN " intersecting circle (E, EA) at point H', and completequatrilateral CM"N'H", callingit heAnti-space =
Idol = Anti — System .P ;

7.. Draw the circle (Py, P4E) of diameter PE intersecting OA at pointl,,and (E,EA) circle at pointl,,

A.. Show that quadrilaterals CMNH , CM"N"H" are Squares.

B.. Show that it is an Extrema Mechanism , on Four Poles where , The Two dimensional Space ( the Plane ) is Quantized to a System of
infinite Squares - CBAO — CMNH — CAC'P,

and toCMNH square of side CM =HN , where holds CM 2= CH2= x. EA?2= . EQ?

C.. Show that, incircle ( E, EA=EC = EO =EB) the Inscribed square CBAO , the square CMNH whichisequal to the circle , and the
Circumscribed square CAC'P , Obey , Rotation of Squares through pole P, Translation of circle ( E , EO )on OB Diagonal ,and Expansion
in CA Segment.
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F.2 — The steps for Squaring the circle (E, EA = EC) on diameterCA through Plane Procedure Mechanism

1..Draw on any Orthogonal - System OA -1 OC , the circle (O, OA = OC ) suchthatintersects the system at points P, C" respectively .

2..Draw ( E, EA = EC) circle on CA hypotynousa , intersecting OE line at point B , and from
point B draw the circle (B ,BE = BB,) and draw on CP hypotynousa circle (P*, P "C=P'P)
3.. Draw circle (O, OB, ) intersecting CA line produced at points at point A,, and Draw A,P
intersecting (O, OA) circle atpoint N ,and (P*, P " P)circleat point H .

4.. Draw NA produced at point M on (E, EA)circle, and joinchord MC on circle .
5..Square CMNH isequal to the circle (E, EA) andissues — n.CE2>=CM.CH
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F.2-Al] A Presentation of the Quadrature Method on Dr. Geo-Machine Macro - constructions .

The Inscribed Square CBAO , with Pole-line AOP , rotatesthrough Pole P, to the—
Circle-SquareCMNH with Pole-line NHP ,and to the— Circumscribed SquareCAC'P ,
with Pole-lineC'PP = C'P ,of the circleE,EO= EC.

The limiting Position of circle (E, EB )to ( B, BE =BB,)definesB, point, and 0B,=04,
radius , such that CMNH Square beequalto m.OA?2 .

The Initial relation Position CE2 = EB.EO = EOQ2 = (CTA)Z becomes —>(CTN)2= b3 .(CTA)Z,

for all Squares C M,N,H, on circles of Expanding radius OG, to OB , to OB, and to OZ .
This hasa Special-reason for square CE2 to becomeequal tonumber 7.

1. ANALYSIS:

In (1) -F.2, RadiusEA = EC and the unique circle (E, EA) of Segment AC, where AC, CA is The monad the Anti-monad.

In (2) - F.2, Since circles (E,EA), (P, P'P) are symmetrical to OC axis (line) then are equal (conjugate) and since
they are Perpendicular so , — No work is executed for any motion «— .
In (3) Points A ,C, P and O are the constant Poles of Rotation , and OB ,0B" ,0C-C A,CP, AP the Six, Pole and Anti— Pole, lines, of
sliding points Z , Z*, andA4 ;,A" ;, while CA , CP are the constant Pole —lines {PA ,PA, ,PA,, PC'}, of Rotation through pole P . In (4)
Circles (E, EO), (P*, P°O) on diameters OB, OB follow, My Theorem of the three circles on any Diameters on a circle ,where the pair of
points G, Gyand G’,G";consist a Fix and Constant system of lines GG,and G°G', . When Points Z,Z" coincide with the Fix points B,B™ and
thus forming the inscribed Square CBAO or CZAO , ( this is because pointZ is at point A ). The PA , Pole-line , rotates through pole P
where G, , B, ,are the Edge points of the sliding poles on thisRectilinear-Rotating System . In (5) When point Point Z=B , Z'=B"on lines
OB,0B", then points A, , A*, , are the Sliding points while CA,CP , are the constant Pole-lines {PA, PA,, PA ., PC'}, of Rotation through
poleP.Sliding points Z, Z°, A, ,A’,, are forming Squares CMNH , CM'N'H" , and this as in Proof [A-B]below ,where PN , AN are
thePole-lines rotating through poles P, A , and diamesus HM passes through O .The circles (E, EO),(P", P°O) on diameters OB, OB’, blue
color, follow also , my Theorem of the Diameters on a circle which follows.

In (6) , Sliding poles Z,Z" being at Edge point G,= Z formulatesCBAO Inscribed square, at Edge
point B,, B,= Zformulates CMNH equal square to that of circleand , at Edge point Beo,
formulates CAC'P square , which is the Circumscribed square.
In (7) , are holding— CBAO the Inscribed square , CMNH , The equal to the ( E, EO = P°0)
Circle - square, and CAC'P the Circumscribed square .

Markos Theorem on any diameter OB

E, EB = B, BE = The circle on OB Diameter
| 0. OA = OE 4 2 = The Circumscribed circle
A E,EAl = 0E /v 2 = The Inscribed circle

G, G1 = The Common Points of Intersection
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F.3. — Markos Theorem, on any OB diameter on a circle .

Theorem : [ F.1-(2)], F.3

On eachdiameterOEB of any circle (E , E B) we draw,

1.. the circumscribed circle( O, OA=OE \2) atthe edge point O as center,
2.. the inscribed circle(E ,OE/N 2 = OA/2 = EG)at the mid-point E as center ,

3..thecircle(B, BE =B ,Be) = (E, EO) at the edge point B as center ,

Then the threecirclespassthrough the common points G ,G1, and the symmetrical to OB point Giforming an axis perpendicular to OB,
which has the Properties of the circles , wherethe tangent frompoint B to the circle (O , OA = OC) is constant and equal to 2.EB 2, and
has to do with ,Resemblance Ratio equal to 2 . Circle issquared on thisGeometric Procedure by Rotation ,Expantion and Translation.

The Common-Proofs [ A-B-C] :

InF.1-(2) ,F.2-(5),

Angle < CHP =90° becauseis inscribed on the diameter CP of the circle (P, P'P).

The supplementary angle < CHN =180 — 90 = 90° . Angle < PNA = PNM =90° becauseis inscribed on the diameter AP of the circle (O
, OA) and Angle < CMA =90 ° becauseis inscribed on the diameter

CA ofthecircle (E,EA=EC).

The upperthree angles of the quadrilateral CHMN are of a sum of 90+90+90 =270 , and from the total of 360° , the angle < MCH =
360 — 270 = 90° , Therefore shape CMNH is rightangledand exists CM L CH .

Sincealso CM LCH and CA L CP therefore angle < MCA = HCP.

The rightangled triangles CAM , CPH are equalbecause have hypotynousa CA = CP and also angles < CMA=CHP =90°, < MCA =
HCP , thereforeside CH = CM , and Because CH = CM , the rechtangleCMNH is Square . The same for Square CM'N'H®
(0.€.8),(q.e.d) .

This is the General proof of the squares on this Mechanism without any assumptions .

From the equal triangles COH,CBM angle < CHO = CHM = 45- because lie on CO chord ,

and so points H,O,M lie on line HM i.e.

On CAline, Any segment PA — PA ,— PA, — PC' =CA , drawn from Pole , P,beginning from A to c, is intersecting the circumscribed
(O,0A) circle , and the circle (P*, P'P = P°"C = EO = EC ) at the points N,H, andFormulates SquaresCBAO, CMNH, CM,N,H,, CAC'P
respectively , which are ,

Thelnscribed , In-between, Circumscribed Squares ,of circle(O,0E) = (E,EO = EB) = (P, P°0O).

Since angles < CA,P , HCP have their sides CA,-- CP, A,PLCH, perpendicular each other , then are equal so angle < PA,C = PCH,, and
S0 point4, , is common to circle 0,0Z , Pole-line CA, and Pole-axis PN , where the perpendicular to CM .

Since PE isdiameter on (P1,P1P) circle , therefore triangle E.1g.P is right-angled and segment ,Ely, perpendicular to OA and equal to OE/A2
= OA/2 , the radius of the Inscribed circle . Sincealso point Iy, lies on PA , therefore moves on (P1,P1 P) circle and point A on CA Pole-line
, and sopoint B is on the same circle as 4 z , while point B moves on circle E,EB .

B.. Proof (1): F.2-(5), F.2-A

(1)AnyPoint Z , whichmoves on diameter OB produced , BeginningfromEdge-pointGe of the first circle , Passing from center B of the
second circle , Passing fromEdge-pointBe of the third circle , and Ending to infinite o , — Creates onthe threecircles(0,0A) , (E,EO) ,
(B,BE) , withtheircenters on the diameter OB , the Changeable moving Squares

a)..The Inscribed  CBAO, when point Z = G,and center point O,

b)..The In-between = CM,N,H,when point Z = Band center point E ,

¢)..The Extrema CMNH,  whenpoint Z= B, and center point B,

d)..The Circumscribed CAC'P . when point Z= B,, and center point o,

(2). Through the four constant Poles A,C,P — O of the Plane Procedure Mechanism , Squares Rotate

through P, the Sides and Diamesus Slide on OB as Squares , Anti-Squares.Point Zmovingfrom

Edge points Ge( forming Inscribed square CBAO) , to in-between points Ge ~Be (formingsquares

CM,N,H, )  to Extrema point Be (formingsquareCMNHequal to the circle ) ,and toBe - co .

(3). Point Iy belongs to the Inscribed circle (E,EO) and isRotating ,expanding, Inscribed Edgepoind

on (P1,P1P ) circle to Ig» I leand to — P point . The othertwo , Sliding , Edgemoving points

B,Aslide on OB, CA, Pole-linesrespectively .In Initial square COAB and rightangled triangle COB the side CE squaredis CE 2=EB.EO
[V2CB/2] . [V2CB/2] = CB? /2 . In Edge square CMNH and rightangled triangle CHM the side CN/2 squaredisCEe? = E.M E.H,
[V2CM/2] . [V2CM/2] = CM? /2. In Infinite square CAC'P and rightangled triangle CPA the side CC'/2 =COsquaredisCO’ = OA.OP =
[V2CA/2] . [N2CAJ2] = CA2 [2 .Fromabove relations and sinceCE=OE ,CE.= (HM/2),CO=CC"/2then ,

OE2=CB?%2=2.CE2/2=[2/2] .CE?2 =k.CE? ,where k=[2/2]=1

CE.? = cM2/2 = k.(CB2/2 ) wherek = CM2/ CB2 = CM2/ 2CE2

CO*=CA?/2=2.[CB?/2] = 2.CE2=k .CE2, where k =[2/2/2] =2

A-Proof (2) : F-2-(8),F.2-A

Since BC L CO , the tangent from point B to the circle (O, OA) isequal to :

BC?=BO%* OC?= (2. EB )~ (EB .V2)?=2.EB*=(2.EB).EB = (2.BG).BG and since 2.BG = BGi thenBC2=BG . BG1 , where
point G1 lies on the circumscribed circle , and thismeansthatBG producedintersects circle (O, OA) at a point Gitwice as muchas BG . Since
E is the mid-point of BO

and also G midpointof BG1, so EGis the diamesus of the twosides BO,BG1 of the triangle BOG1 and equal to 1/2 of radius 90Gi = OC ,
the base , and since the radius of the inscribed circle ishalf('2)

of the circumscribed radius then thecircle (E , EB/N2 = OA/2) passes through point G .Because

BC is perpendicular to the radius OC of the circumscribed circle , so BCis tangent and equal to

BC?=2. EB? i.e. the above relation .

Proofs F.(2) : (5-6) :
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Following again prior A-B common proof ,

Angle < CHP = 90° becauseis inscribed on the diameter CP of the circle ( P’,P'P ) . The supplementary angle < CHN =180 — 90 = 90° .
Angle < PNA = PNM = 90° becauseis inscribed on the diameter AP of the circle ( O, OA ) and Angle < CMA =90 ° becauseis
inscribed on the diameter CA of the circle ( E, EA = EC ) . The upperthree angles of the quadrilateral CHMN are of a sum of
90+90+90 =270 , and from the total of 360° , the angle <MCH =360-270 = 90°, thereforeshape CMNH is rightangled and exists CM
1CH.

Sincealso CM L CH and CA L CP therefore angle < MCA =HCP.

The rightangled triangles CAM , CPH are equalbecause have hypotynousa CA = CP and also angles < CMA=CHP = 90°, <MCA=
HCP and side CH=CM therefore , rechtangle CMNH is Square onCA,CP Mechanism , through the three constant Poles C,A,P of
rotation . The same for squarecp*N*H® .From the equal triangles COH , CBM angle < CHO = CHM = 45 then points H,O,M lie on line
HM .i.e. Diagonal HM of squares CMNH on Mechanism passes through central Pole O.

The twoequaland perpendicular vectors CA , CP , whichis the Plane Mechanism , of theseChangableSquares through the two constant
Poles C, P of rotation , isconvertingthe Circular motion to Four-Polar Rotational motion , and aslinear motionthroughpoints O,A .
Transferring the above property to [F.2 —(5)] then when point Z moves on OB line — Point 4 ,

moves on CA and — PA zSegment rotates through point P,defining on circle (P Py p =P; E ) ,

the Idol ,[ the points I,on circles O,0A = The Circumscribed P"P"O = The Circle] ,and points H,N such that shapes — CHNM are all
Squares between the Inscribed and Circumscribed circle . i.e.
Archimedes trial , The Central — Expansion of the Inscribed to the Circumscribed circle,
is altered to the equivalent as, Polar and Axial motion on this Plane Mechanism .
The areas of above circles are—
Area of Inscribed = %n.OE 2= n.%z [kT”] .CB?
Area of Circle =1 nOE?=1 m %ZZ km. %22[%”] .CB?
Area of Circumscribed= 2 wOE? = 2. %22 2 km. %22[%”] .CB?
and those of corresponding squares , then one square of Plane Mechanism is equal to the circle ,
but which one ??.
—That square whichisformed in Extrema Case of The Plane Mechanism :
The radius of the inscribed circle is AB/2 and equal to the perpendicular distance between center E
and OA, soany circle of EP diameter passes through the edge-point (1) , and point (I,) is the
Edge common point of the two circles .G,,
The Common Edge —Point of the three circles is ( I,) belongs to the Edge point Be of circle
(B,BE=BB,), soexists,
Case : [1] [2] [3]1 [4]
PointZ at —G, B B.,B,,
Point A at — A A(l) A, A
Pointlg at — I I;=I,I, P
L ! l
Square CBAO, CM;N;H;,CMNH , CAC'P
i.e. Square CMNH of case [ 3] is equal to the circle, andCM 2= CH2= n.EA2= . EO?
On the threeCircles(E,EO), (P1,P1,P), (O, 0Z) and Lines OB,CAexists — F.2 - (5)
a)..Circle (0,0Z = 0G)is Expanding to — (0,0Z = 0Be) Circumscribed circle , for the
Inscribed CBAO square ,
b).. PointA , to — (A-Az) is The Expanding Pole-line A-Azfor the In-between CM;N;H;square ,
c).. Circle (P1,P1lg) is Expanding to — (P1,P1ls) Inscribed circle (E,E.l5) to s and Iepoint.
d).. Circle (0,0B —0Bw, Pole-lines (A ~Ade—4c) and(P —Ple= PP — P) , for CAC'P square, Point N on (O,0A) , belongs to
Circumscribed circle Point!e, on circle withdiameter ,PE , belongs
to the Inscribed circle (E ,Ely = EG) Point H , on (P",P°0), belongs to the Circle.
i.e. It wasfound a Mechanism where the Linearly Expanding Squares — CBAO — CMNH — CAC'P , and circles — (P1,P1iE) — (B, BE) —
(0,0A),which are between the Inscribed and Circumscribed ones , arePolarly—Expanded as Four — Polar Squares .
The problemis in two dimensions determining an edge square between the inscribed and the circumscribed circle. A quick measure for
radius r=2694 m givessideof square 4775 m
and ©=3,1416048 — 11/10/2015
The Segments CM =CM °, is the Plane Procedure Quantization of radius
EC = EO=CP’ in Euclidean Geometry, through this Mould , the Mechanism.
The Plane Procedure Method is called so , because it is in two dimensions — CA LCP , as this happens also in , Cube mould , for the
three dimensions of the spaces ,which is a Geometrical
machine for constructing Squares and Anti -Squares and that one equal to the circle .
This is the Plane Quantization of , E-Geometry, i.e.The Area of square CMNH is equal to that of one of the five conjugate circles , or
CM2=g. CE 2 ,and System with numberztobe a constant .

CB?_
2

.

I =

I11. Remarks

Since Monads AC =ds =0 — oo are simultaneously (actual infinity) and ( potential infinity ) in Complex number form , this
defines that the infinity exists also between all points which are not coinciding , and ds comprises any two edge points with imaginary part
, for where this property differs between the infinite points between edges . This property of monads shows the link between Space and
Energy which Energy is between the points and Space on points. In plane and on solids , energy is spread as the Electromagnetic field in
surface .The position and the distance of points , can be calculated between the points and so to perform independent Operations (
Divergence, Gradient, Curl , Laplacian ) on points .

This is the Vector relation of Monads , ds = CA ,( or, as Complex Numbers in their general formw =a + b. i= discrete and
continuous ) , and which is the Dual Nature of Segments = monads in Plane,tobe discrete and continuous). Their monad —meter in Plane
,and in two dimensions is CM , the analogous length ,in the above Mechanism of the Squaring the circle with monad the diameter of the
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circle . Monad isds = CA= OB , the diameter of the circle (E,EA) with CBAO Square , on the Expanding by Transportation and Rotation
Mechanismwhich is — {Circumscribed circle (0,0A) — Inscribed circle (E , EG = El,) - Circle (B,BE) }«In extended moving System —
{OB Pole-line — CA Pole-line — Circle (PlyPlgzPl.Ig)} ,andis quantizedto CMNH square.

The Plane Ratio square of Segments —CE , CM- is constant and Linear , and for

any Segment CN / 2on circle in Square CMNH exists another one CE such that ,

— EC2/(CN/2)2= k=constant—

i.e. the Square Analogy of the Heights in any rectangle triangleCOB is linear to Extrema Semi-segments (CN/2) orto ( CA/2), or the
mapping of the continuous analog segment CE to the discrete segment ( CN/2).

The Physical notion of Quadrature :

The exact Numeric Magnitude of number ,z, may be found only by numeric calculations.[44] All magnitudes existon the
<Plane Formation Mechanism of the first dimentional unit AB >as geometricalelementsconsisting , the Steady Formulation , (The Plane
System of the Isosceles Right-angle triangle ACPwith the threeCircles on the sides ) and the movingand Changeable Formulation of
the twin , System-Image , (This Plane Perpendicular System of Squares , Anti-squares issuchthat, the Workproduced in a betweenclosed
area to beequal to zero) .

Starting from this logic of correlation upon Unit, we can control Resemblance Ratio and construct all Regular Polygons
on the unit Circle as this is shown in the case of squares .

On this System of these three circles F.3 ( The Plane ProcedureMechanism which is a Constant System ) is created also, a
continues and , a not continues Symmetrical Formation , the changeable System of the Regular Polygons , and the Image ( Changeable
System of Regular anti-Polygons) theldol ,as much this in Space and also in Time , and was proved that inthis Constant System ,the
Rectilinear motion ofthe Changeable Formation is Transformed into a twin and Symmetrically axial-centrifugal Pole rotation ( this is
the motion on System) .

The conservation of the Total Impulse and Momentum , as well as the conservation of the Total Energy in this Constant
System with all properties included , exists in this Empty Space of the un-dimensional point Units of mechanism. All the forgoing
referred can be shown ( maybe presented ) with a Ruler and a Compass , or can be seen , live, on any Personal Computer .The method
is presented on Dr.Geo machine . The theorem of Hermit-Lindeman that number , pi, is not algebraic , is based on the theory of
Constructible numbers and number fields ( on number analysis ) and not on the <Euclidean Geometrical origin-Logic onunit elements
basis >The mathematical reasoning (the Method) is based on the restrictions imposed to seek the solution <i.e. with a ruler and a
compass > . By extending Euclid logic of Units on the Unit circle to unknown and now proved Geometrical unit elements ,thus the
settled age-old question for the unsolved problems is now approached and continuously standing solved . All Mathematical
interpretation and the relative Philosophical reflections based on the theory of the non-solvability must properly revised .

Application in Physics :
From math theory of Elasticity , Cauchy equations of Stresses in three dimensions are ,

0 il 0
aax+ ryx+arzx +X=0 61:xy+ oy+ dtxy +Y =0 arxz dtyz. +m£ +7 =0 where are ,

ox 9y oz ox 0y o0z 23 ay
oX ,0Y ,0z =Principal stresses in Xx,y,z axis ,txy,txz,tyz= shear stresses in xy,xz,yzPlane,
ﬂ 6
X,Y,Z =The components of external forces and of Strain , —+ %u_yg , L op L - g
az? ox 3)’ 'ox 9z

where u = u (y,z) — are Deformation components , the dlsplacements iny,z axis .

v = x z = the Rotation on z, axis

w =-c XYy Anti-rotation iny axis .

Applying above equations on an orthogonal section of a solid , then exist the differential equations of
equilibrium , and for the boundary conditions is found that , the Stress function is satisfying equations ,
M_ﬁrzx 6}'yx+6yzx 9% L i av+ FEN Pu 0 9 ow =0 (1)

dy 9z dy 9z 0y® 0xdy 9z®> 9x 0z

and the boundary conditions on solid’s surface , a—" dz - ‘7—“ dy+y dy+z.dz=0 ........ 2
Bv

where ,yxy ,yxz,yyz= the slip components where is, yxy = 5 A

Equations show that the resultant shear-stress at the boundary is directed along the tangent to the boundary and that , the Stress
function u =u(yz) must be constant along the boundary of the cross section . i.e. each cross section on X, axis is rotated as a disk in its plane ,
from which points follow relation u = u(yz) and since stress function are constant , then from equation (2) y.dy + z.dz =0 or y2 + z2 =
constant , meaning that , a Cross-section under Stress stays Plane only in circle circumference , or a Plane Space , under Energy Stress ,
remains Flat only when the Plane becomes a circle, i. e follows the Plane Mould which is the squaring of the circle.

The same is seen in Laplace’s equatlon—z +— = vau = 0 which is termed a harmonic function.

Placing V2u = 0 in both parts of the equation of the cnrcle , becomes Identity and V2u.(y2+z2) = vau.(c),

or any Monad = Quaternion , consisted of the real part the Plane Space , and under Energy Stress the imaginary part , remains in Flat only
when the Plane becomes a circle , i.e. theEnergy-Space discrete continuum follows extrema E-geometry Mould ,x, which is the squaring of
the circle.

If Potential Energy is zero then vector 7 is on the surface indicating the conjugate function. [49]. In Electricity , when an electric current
flows through a conductor , then a transverse circular Electromagnetic field is produced around itself following the vector — cross-product
Plane mould ,m. Because , the nth- degree - equations are the vertices of the n-polygon in circle so , @, is their mould .

2.. The Duplication of the Cube ,

Or the Problem of the two Mean Proportionals , The Delian Problem.

The Extrema method for the

Duplication of the cube ? [44-45]

This problem is in three dimensions as this first was set by Archytas proposed by determining a certain point as the intersection of three
surfaces , a right cone , a cylinder,a toreor anchoring with inner diameter nil. Because of the three master-meters where there is holdingthe
Ratio of two or three geometrical magnitudes , is such that they have a linear relation ( continuous analogy ) in all Spaces,

the solution of this problem , as well as that of squaring the circle, is linearly transformed .

The solution is based on the known two locusof a linear motion of a point .

The geometrical construction Step — By — Step in F-4 :
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The Presentation of the method on Dr-Geo machine for macro constructions in F.4-A.

(1 [ (1)
=200 I—Do+[Ko,Kal] KoD'_
P-TBHB,B]  foh?

o @ ®) 4 ®)

F.4.. —> The Mechanical Extrema Constant Poles Z, K, P of rotationin any circumcircle of triangle ZKoB

1.. Draw on any Orthogonal - System K,Z-K,B, Segment K,Z = 2.K,B and on BZ as hypotynousa the circle (O, 0B =0Z).
2..Draw on K,Z produced K,A,=K,B and form the square B C,D,A,, . 3.. Draw the circles (K, ,K,Z), (B, BZ) which are
intersected at points Z, A, ,and D,C, produced atpoint Z",and D,A,produced at point P .

4..Drawon ZP as diameter the circle ( K, KZ = KP ) intersectingK, D,produced at point D and join DZ, DP intersecting the circle
(0,0Z) and line K,A,produced at point A . 5..0n Rectangle BCDA , the Cube of Segment K,D is twice the Cube of Segment
KoA and, existsk,D3 = 2. K,A3

F4-A. — A Presentation of the Dublication Method on Dr.Geo - Machine Macro - constructions

B C,D,A, , Is the initial Basic Quadrilateral ,square , on K,Z, K,B Extrema-lines mechanism.
BCDA is the In-between Quadrilateral , on (K,KZ) Extrema-circle , and on K,Z-K,B Extrema
lines of common poles Z, P, mechanism . The Initial Quadrilateral BC,D,A, , with Pole- lines

D,A,P-D,C,Z", rotatesthrough Pole P and the moveable Pole Z ' on Z'Z arc,to the — Extreme
Quadrilateral BCDA through Pole-lines DAP - DCZ with pointD, , sliding on BK,D,Pole-line .
The Final Position of the Rotation — Translation isQuadrilateralBCDA whereK,D 3= 2. K,A3
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2.1. The Processus of The Duplication of Cube : F-4, F4 —Al.Draw Line segment K,Z tobe perpendicular to its half segment K,B
oras K,Z=2.K,B 1K,B

and the circle (O, BZ/2) of diameter BZ . Line -segment ZK, produced to K,A,= K,B (or and

K,X, # K,B) is forming the Isosceles right-angled triangle A,K,B.

2.. Draw segments BC, , A,D, equalto BA, and be perpendicularto A,B such that points C, ,D, meet the circle (K,,K,B ) in points
C, ,D, respectively, and thus forming the inscribed square B C,D,A,. Draw circle (K,,K,Z ) intersecting line D,C,produced at point Z°
and draw the circle

(B, BZ) intersecting diameter Z "B, produced at point P (the constant Pole ) .

3.. Draw line ZP intersecting (O, OZ) circle at point K, and draw the circle (K, KZ) intersecting line BD, produced at point D .
Draw line DZ intersecting (O, OZ) circle at point C and Complete Rectangle CBAD on the diamesus BD .
Show that this is an Extrema Mechanism on where ,
The Three dimensional Space KoA— is Quantized toK,D as — K,D3=2.K,A3.
Analysis :
In(1)-F4, K,Z =2.K,B and K,A,=K,B, K,B LK,Z and K,Z/K,B=2.
In (2) Circle (B, BZ) with radius twice of circle (O, OZ) isthe extremacase where circles with
radius KZ = KP are formulated and are the locus of all moving circles on arc BK as in F4-(2) , F.5
In (3) Inscribed square B C,D,A,. passes through middle point of K,Z so C,K, =C,Z and
since angle < ZC,0 =90-, then segment OC, // BK, and BK, =2.0C, .
Since radius OB of circle (O,0B =0Z)is % of radius OZ of circle (B,BZ =2.BO) then ,D, is
isExtrema case where circle(O,02) is the locus of the centersof all circles (K, K,Z) , (B, BZ)
moving on arc K, B, as this was proved in F.5.

All circles centered on this locus are common to circle (K, K,Z) and ( B,BZ) separately. The only case of being together is the
common point of these circles which is their common point P, where then — centered circle exists on the Extrema edge , ZP diameter.
In (4) , F4-(4) Initial square 4,BC,D, , Expands and Rotates through point B, while segment D,C,limits to DC, where extrema point Z°
moves to Z . Simultaneously , the circle of radius K,Z moves to circle of radius BZ on the locus of % chord K,B . Sinceangle< Z
'D,A,P is always 90° so, exists on the diameter Z'P of circle (B, BZ ") and is the limit point of chord D,A, of the rotated square
BC,D,A, , and not surpassing the common point Z.

Rectangle BA,D,C, inangle < PD,Z " is expanded to Rectangle BADC in angle < PDZ by existing on the two limit circles (B,BZ’=
BP) and (K,, K,Z) and point D, by slidingtoD .

On arc K,B ofthese limits is centered circle on ZP diameter, i.e. Extrema happens to —

the common Pole of rotation through a constant circle centered on K,B arc, and since point Do is the intersection of circle (K, ,K,B =
K,D,) which limit to D, therefore the intersection of the common circle (K, KZ=KP) and line K,D, denotes that extrema point ,
where the expanding line D,C,Z" with leverarm D,A,P isrotating through Pole P, and limits to line DCZ ,and Point P is the common
Pole of all circles on arc ,K,B,for the Expanding and simultaneously Rotating Rectangles.

In (5) rectangle BCDA formulates the two right-angled perpendicular triangles ADZ , ADB which solve the problem. Segments K,D ,
K,A,= KB are the two Quantized magnitudes in Space (volume) such that Euclidean Geometry Quantization becomes through the
Mould of Doubling of the Cube .

[This is the Space Quantization of E-Geometry i.e. The cube of Segment K,D is the double magnitude of K,A cube, or monad K,D3 =
2 times the monad K ,A3] .About Poles in [5] .
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The Proof : F.4.(3)-(4)-(5) .
1..Since K,Z = 2.K,B then (K,Z/ K,B) =2, and since angle < ZK,B = 90° then BZ is the
diameter of circle (O,0Z) and angle <ZK,B =90° on diameterZB
2.. Since angle < ZK,A, = 180° and angle< ZK,B =90° therefore angle < BK,A,=90° also.
3..Since BK,1ZK, then K, isthe midpoint of chord on circle (K,,K,B) which passes through Rectangle (square) B A,D,C, . Since
angle< ZDP =90° (because exists on diameter ZP) and since also angle <BCZ =90° ( because exists on diameter ZB ) therefore triangle
BCD is right-angled
and BD is the diameter .
Since Expanding Rectangles B 4,D,C,, BADC rotate through Pole ,P, then points A4,,A
lie on circles with BD, , BD diameter , therefore point D is commonto BD, lineand (K,KZ =KP) circle,and BCDA is Rectangle .
F.4-(2) i.e. Rectangle BCDA possess AK, 1 BD and DCZa line passing through point Z .
4.. From right angle triangles ADZ , ADB we have ,
Ontriangle A ADZ — KD2=KA.KZ ...(a)
On triangle A ADB — KA?2=KD .KB ...(b)
and by division (a)/(b) then —
KD? = KA.KZ KD? KA.KZ KD?3KZ
= [l | orf-----[=]-----|= 2
KA?>=KD.KB KA? KD.KBKA: KB (0.€.9),(q.e.d)
i.e. >K,D3=2.K,A3 which is the Duplication of the Cube .
In terms of Mechanics, Spaces Mould happen through , Mould of Doubling the Cube , where for
any monad ds =K,A analogous toK,A,, the Volume or The cube of segment K,D is double the volume of K,A cube ,or monad K D3
=2.K,A3.This is one of the basic Geometrical Euclidean Geometry Moulds , which create the METERS of monads —where Linear is the
Segment MA,, Planeis the square CMNH equal to the circle and in Space, is volume K,D? = K D3in all Spaces , Anti-spaces and Sub -
spaces of monads = Segments « i.e
The Expanding square B A,D,C, is Quantized to BADC Rectangle by Translation
to pointZ °, and by Rotation , through pointP(the Pole of rotation) to point Z.

The Constructing relation between segments K, X , K, A is — (K,X)? = (K,A)2(XX; /AD)
such that X X;// AD, asin Fig.6(4), F7.(3). All comments are left to the readers, 30/8/2015.

i () 2
®)
F.5. — For any point Aon , and POut-On-Incircle [O,0A] and O'P = O O,exists O"M=0A/ 2 .[16]

2.2The Quantization of E-Geometry,{Points,Segments, Lines, Planes, and the Volumes} ,

to its mouldsF-6 .

Quantization of E-geometry is the Way of Points to become asa — ( Segments , Anti-segments = Monads = Anti-monads ) , ( Segments ,
Parallel-segments = Equal monads ) , ( Equal Segments and Perpendicular-segments = Plane Vectors) , ( Non-equal Segments and twice-
Perpendicular-segments = The Space Vectors = Quaternion ) , by defining the mould of quantization .

The three Ways of quantizationare— for Monads= The Material points , the Mouldis the Cycloidal Curl Electromagnetic field,for Linesthe
Mould isthat of Parallel Theorem with the
least constant distance ,for Plane the Mould is the Squaring of the circle,x,and ,for Spaceis
the Mould of the Duplication of cube*V2 .All methods in, F-6below .
In [61] The Glue-Bond pair of opposites [©@] ,creates rotation with angular velocity w = v/r,
2 1+V5]).0
r

and velocity v=w.r= 7" =2mrf = [%].(1+\/§) , frequency f="-""", Period T=

4nr
a(1+V5)

where + ¢ are the two Centripetal F,, and Centrifugal F forces .
Odd and Even number of opposites , on a Regular Polygon , defines the Quality of Energy- monad.
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Monad ds = A ds = MAL =M'BI i = BA Area=tBA' gocn voume=KAY
Quantized Monad ~~ dg = MM J/ AB elo= QM= g BAY  do=KDY= KA
dq: m:-EA ' N

Monad - Antimonad Linear Space - Anfispace  Plane Space = Antispace Space = Antispace = Subspace
MONAD QUANTIZATION  LINEAR QUANTUATION ~ PLANE QUANTIZATION SPACE. (Volume) QUANTIZATION
@ @ E) @)

F.6. — Quantization for Point E , for Linear ds = MA,, for Plane ,n, Space (volume) V2 .

Moulds for E-geometry Quantization are ,ofmonad EA to Anti-monad EC — ofAB line to Parallel lineMM - of AE Radius to
the CM side of Square of KASegment to KD
Cube Segment .

The numeric METERS of Quantization of anymaterialmonadds = AB are as — Inany point A , happens through Mould in
itself (The material point as a — + dipole) in [43] In monad ds = AC, happens through Mould in itself for two points ( The material
dipole in inner monad Structure as the Electromagnetic Cycloidal field which equilibrium in dipole by the Anti-Cycloidal field as in [43] ).
For monad ds = EA the quantized and Anti-monad is dgq=EC =+ EA
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Remark 1: The two opposite signs of monads EA , EC represent the two Symmetrical equilibrium monads of Space-Antispace , the
Geometrical dipoleAC on points A,C whichconsistspaceAC as in F6 - (1) Linearly , happens through Mould of Parallel Theorem
where for any point M not on ds = + AB, the Segment MA;=Segment M"B= Constant. F6 - (1-2)

Remark 2 : The two opposite signs of monads represent the two Symmetrical monads in the Geometrical machine of the equal and Parallel
monads [ MM'//AB whereMA; L AB ,

M'B;L AB and MA; = M'B; Jwhich are — The MonadMA;— AntimonadM™B; , or — The InnermonadMAL1 Structure —The Inner
Anti monad structure M'B; = - MA; = Idle , and

{ The Space = line AB , Anti-space = the Parallel line MM" = constant }.

The Parallel Axiomis no-more Axiombecausethis has been proved as a Theorem [9-32-38-44].

Plainly , happens through Mould of Squaring of the circle , where for any monad ds=CA=CP, the Area of square CMNH is equal to
that of one of the five conjugate circles and = =constant , or as CM2=mx.CE?2.

On monad ds=EA=EC, the Area =n.EC? and the quantized Anti-monad dgq=CM 2 = + . EC%and thisbecause are perpendicular
and produceZeroWork.F6-(3)

Remark 3 :
The two opposite signs represent the two Symmetrical squares in Geometrical machine of the equal and perpendicular monads as , [
CAL CP, and CA = CP ] ,whichare — The Square CMNH — Antisquare CM'N'H', or — The Space — Idol= Anti-Space . In
Mechanicsthispropety of monads isveryuseful in Work area , wheretwo perpendicular
vectorsproduceZeroWork .{Space = square CMNH ,Anti-space = Anti-square CM"N"H'}. In three dimensional Space , happens through
Mould Doubling of the Cube, where for any monad ds = KA, the Volume or, The cube of asegment KD is the double the volume
of KA cube, or monad KD 3= 2.KAS3.
On monad ds = KA the Volume = KA3 and the quantized Anti-monad ,dq = KD 3 = + 2. KA? .F6-(4) Remark 4 :
The two opposite signs represent the two Symmetrical Volumes in Geometrical machine oftriangles [A ADZ LA ADB] ,whichare — The
cube of asegment KD is the double the volume of KA cube — The Anti-cube of asegment K'D" is the double the Anti-volume of
K'A™ cube , Monad ds = KA , the Volume = KA3 and the quantized Anti-monaddg = KD 3 =+ 2. KA3.
{The Space = the cube KA3 , TheAnti-Space = the Anti- CubeKD? }.
In Mechanicsthisproperty of Material monads isveryuseful in the Interactions ofthe ElectromagneticSystemswhereWork of two
perpendicular vectorsis Zero .
{Space =Volume of KA, Anti-space=Anti—Volume of KD, and this in applied to Dark-matter, Dark - Energy in Physics}. [43]

Radiation of Energy is enclosed in a cavity of the tiny energy volume A ,( which isthe cycloidal wavelength of monad ) with perfect
and absolute reflecting boundaries wherethis cavity may become infinite in every direction and thus getting in maxima cases ( the edge
limits) the properties of radiation in free space .

(Y &) (©)
KoA L KoD XX1/ AD KoA L KoX XX1// AD KoX | KoB KoX/KoA=KoX1/KeD =XX1/AD
KoX /KoA =KoX1/KoD OA=0X=0Ko OX L AD LXXl KoX ?/KoA?=KoX12/KoD2=XX12/AD?
KoA /KoX = AD / XX1 (KoA)?*/(KoX)?= AD / XXl (KoD)?/(KoA)?*=KoX1?/KoX*=KoZ/KoB=2
KoD / KoXl s

~

N
THALIS MOULD FOR THE EUCLID MOULD FOR THE PLANE MARKOS MOULD FOR THE SPACE
LINEAR AND PARALLEL PARALLEL RATIO EXTREMA IN PARALLEL RATIO EXTREMA IN THE
RATIO EXTREMA Markos SEMI - STPL Line DUPLICATION OF THE CUBE

F.7.— The Thales ,Euclid ,Markos Mould , for the Linear — Plane - Space , Extrema Ratio Meters

The electromagnetic vibrations in this volume is analogous to vibrations of an Elastic body ( Photo-elastic stresses in an elastic material
[18]) in this tiny volume , and thus Fringes are a superposition of these standing ( stationary ) vibrations .[41]

Above are analytically shown , the Moulds ( The three basic Geometrical Machines )

of Euclidean Geometry which create the METERS of monads i.e.

Linearly is the Segment MA, , In Plane the square CMNH , and in Space is volume KD?3

in all Spaces , Anti-spaces and Sub-spaces .

This is the Euclidean Geometry Quantization in points to its constituents , i.e. the

1.. METER of Point A is the Material Point A , the,

2..METER of line isthe discrete Segment ds=AB = monad = constant , the

3..METER of Plane is that of circle ,number 7 , on Segment = monad , which is the Square
equal to the area of the circle , and the

4.. METER of Volume isthat of Cube *\2, of any Segment =monad , which is the Double
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Cube of Segmentand Thus is the measuring of the Spaces , Anti-spaces and Sub-spaces

in this cosmos .
5.. In Physics , METER of Mass is the Reaction of Matter , anything material , against Motion ,
the contrast Inertia of matter againstkinetic effects , and it is a number only without any other
Physical meaning . [39-40]
The meter of mass during a Parallel -Translation is a constant magnitude for every Body ,while
for Moment of Inertia during a Rotational - motion is not , except it is referred to the same axis
of the Body . markos 11/9/2015 .

2.3 The Three Master - Meters in One , for E-geometry Quantization , F-7

Master - meter is the linear relation of the Ratio , (continuous analogy) of geometrical magnitudes , of all paces and Anti-spaces in any
monad .This is so because of the , extrema - ratio - meters . Saying master-meters , we mean That the Ratio of two or three geometrical
magnitudes , is such that they have a linear relation ( continuous analogy ) in all Spaces , in one in two in three dimensions, as this happens
to the Compatible Coordinate Systems as these are the Rectangular [ x,y,z ], [i,j,k] , the Cylindrical and Spherical -Polar . The position and
the distance of points can be then calculated between the points , and thus to perform independent Operations ( Divergence , Gradient ,
Curl, Laplacian’) on points only .This property issues on material points and monads .

This is permitted because , Space is quaternion and is composed of Stationary quantities , the position 7(t) and the kinematic quantities , the
velocity — v =dr/dt and acceleration — a = dv/dt = d2r/dt2 .

Kinematic quantities are also the tiny Energy volume caves ( cycloid is length ,A, the Space of velocity 7, and @consist in gravity's
fieldthe infinite Energy dipole Tanks in where

energy is conserved ) . In this way all operations on edge points are possible and applicable . Remarks :

In F7-(1) ,The Linear Ratio, for Vectors , begins from the same Common point K , of the two concurring and Non-equal , Concentrical
and Co-parallel Direction monads Ky,X —K,A and

becomes Ky X;- K,D .

In F7-(2) ,The Linear Ratio , for Plane , begins from the same Common point K,, of the two Non-equal , Concentrical and Co-
perpendicular Direction monads.

Proof :

Segment K,ALKy,X because triangle AKX is rightangled triangle and K,Z LAX . Radius

OK,=0OA=0X . Since DA, X; X are also perpendicular to AX , therefore K,Z//X;X //DA. According to Thales theorem ratio (ZA/ZX) =
(K,DIKyX;) and since tangentDA = DK, and X; K,=X; X then AZ/ZX = DA/XX; . From Pythagorean theorem (Lemma 6)— K,A%/K,X?=
(AZ/zX) = (DAIXX;) = (K,DI KyX;) i.e. The ratio of the two squares K,A?, K,X? are proportional to line segmentsk,D, K, X;) . (0..3).
In F7-(3) ,The Linear Ratio , for Volume , begins from the same Common point K, , of the two Non-equal , Concentrical and Co-
perpendicular Direction monads.

In (1) — Segment K,A 1L K,D , Ratio K,X/ Ky)A= K,X;/! K,D , and Linearly (in one dimension) the Ratio of K,A/ K,X= AD/
X X1, i.e. in Thales linear mould [X X; //AD] , Linear Ratio of Segments X X; , AD is, constant and Linear , and it is the Master key
Analogy of the two Segments, monads .

In (2) — Segment K, AL K, X, O K, =OA= OX and since O X;, OD are diameters of the two circles then K,D = AD, K,X; =X X;,and
Linearly (in one dimension) the Ratio of K,A/K,X=AD/X X, , in Plane (in two dimensions) the Ratio [ K,A] 2/ [ K,X]2=AD /X X;
, e

in Euclids Plane mould [ K, AL K, X] ,

The Plane Ratio square of Segments — K, A, K, X- is constant and Linear , and

for any Segment K, Xon circle(O,0 K, ) exists another one K, A such that ,

— KoA?] KoX2=AD/X X;= K, DI KoX{—

i.e. the Square Analogyof the sides in any rectangle triangleA K, X is linear to Extrema Semi-segments AD , X X;or to K, D,
Ko X monads, or

the mapping of the continuous analog segment K, X to the discrete segment K, A .

In (3) — Segment K,BL K,X,0K,=0B=0Z and since X X;// AD , then K,A/ K,D=K,X/ KyX; = AD/ X X, and Linearly (in one
dimension) the Ratio of K,A/ K,X=AD /X X;and

in Space (Volume) (in three dimensions ) the Ratio [ K, A]3/[KyD]3=[ Ky X! KpX{]13=%.

i.e. in Euclid’s Plane mould [ K A/l KoX , KoD Il K,X;], Volume Ratio of volume Segments — K, A , K, D-, is constant and Linear ,
and for any Segment K, Xexistsanother one Ky X4

such that — (KyX;) 3/ (K X) >=2 « i.e. the Duplication of the cube.

In F-7 , The three dimensional Space [ K,AL K,D1 K,X...], where X X;// AD, The two dimensional Space [ K,AL K,X ], where X X;//
AD , The one dimensional Space [X X; // AD ], whereX X;// AD , is constant and Linearly Quantized in each dimension.

i.e. All dimensions of Monads coexist linearly in Segments —monads and separately (they are the units of the three dimensional axisx,y,z - i
J, k -) and consequently in all VVolumes , Planes, Lines , Segments , and Points of Euclidean geometry, which are all the one point only and
which is nothing. For more in [49-51] . 25/9/2015

At the beginning of the article it was referred to Geometers scarcity from which instigated to republish this article and to locate the weakness
of prooving these Axioms which created the Non-Euclid geometries and which deviated GR in Space-time confinement. Now is more
referred ,

a). There is not any Paradoxes of the infinite because is clearly defined what is a Point and what is a Segment.

b).The Algebra of constructible numbers and number Fields is an Absurd theorybased on groundless Axioms as the fields are , and with
directed non-Euclid orientations which must be properly revised.

¢).The Algebra of Transcental numbers has been devised to postpone the Pure geometrical thought , which is the base of all sciences , by
changing the base-field of the geometrical solutions to Algebra as base.The Pythagorians discovered the existence of the incommensurable
of the diagonal of a square in relation to its side without giving up the base of it , which is the geometrical logic.

d).All theories concerning the Unsolvability of the Special Greek problems are based on Cantor's shady proof, <that the totality of
Allalgebraic numbers is denumerable>

and not edifyed on the geometrical basic logic which is the foundations of all Algebra .
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The problem of Doubling the cube F.4-A, as that of the Trisection of any angle F.11-A , is a Kinematic Mechanical problem with
moveable Poles , and could not be seen differently, while Quadrature F.2-Awith constant Poles of rotation and the proposed Geometrical
solutions are all
clearly exposed to the critic of the readers .

All trials for Squaring the circle are shown in [44] and the set questions will be answerd on the Changeable System of the two
Expanding squares , Translation [T] and Rotation [R] . The solution
of Squaring the circle using the Plane Procedure methodisnowpresented in F.1,2 , and consists an , Overthrow , to all existingtheories in
Geometry , Physics and Philosophy .
e).Geometryis the base of all sciences and itis the reflective logicfrom the objective reality and whichis nature .

The Physical notion of Duplication :

This problem follows , The three dimensional dialectic logic of ancient Greek, Ava&ipavdpog, [« topOv, OvyiyvesBar » The
Non-existentExists when is done , * The Non - existent becomes and never is ] , where the geometrical magnitudes, have a linear
relation(the continuous analogy on Segments) in all Spaces as ,in one in two in three dimensions, as this happens to the Compatible
Coordinate Systems .

The Structure of Euclidean geometry is such [8] that it is a Compact Logic whereNon-Existent is found everywhere , andExistence ,
monads ,is found and is done everywhere. In Euclidean geometry points do not exist , but their position and correlation is doing
geometry. The universe cannot be created , because it is continuously becoming and neveris. [9] According to Euclidean geometry
,and since the position of points (empty Space) creates the geometry and Spaces , Zenon Paradox is the first concept of Quantization .
[15] In terms of Mechanics, Spaces Mould happen through ,Mould of Doubling the Cube ,where for any monad ds =KoAand analogous
to KoD, the Volume or The cube of segment KoD is the doublethe volume of KoA cube , or monad KoD? =2.KoA3.This is one of the basic
Geometrical Euclidean Geometry Moulds , which create the METERS of monads which —Linear is the Segment ds = MALl , Plane is ,m,
the square CMNH equal to the circle , and in Space is V2 volume KoD?, in all Spaces , Anti-spaces and Sub -spaces of monads « i.e.
The Expanding square BAoDoCo is Quantized to BADCRectangle by Translation to point Z °, and by Rotation through point P, (the Pole
of rotation ) .The Constructing relation between any segments KoX , KoA is —

(KoX) 3= (KoA) 3 .(XX1/AD) as in F.7

Application in Physics :

The Electromagnetic waves are able to transmit Energy through a vacuum (empty space) by storing their energy vector in an
Standing Transverse Electromagnetic dipole wave , and so considered completely particle like , and in the transverse interference pattern
tobe considered as completely wave , so the Same Quantity of Energy isas,
Energy/, =2 C[eE*uH?] in volume Vz[@

us

I;= (pz—'c).(WAo)2 in Interference pattern as— Wave
This is the Wave-Particle duality unifying the classical Electromagnetic field and the quantum particle of light .Angular momentum of

particles is — Spin %z [£5.58)/w =(r.s%)= war3 =[wr]3 and ,

] having mass — ParticleEnergy

as Spin = %z 2.[wr]3, or Energy Space quantity wr ,is doubled and becomes the Space quantityg

The above relation of Spin shows the deep relation between Mechanics and E-geometry , where in the tiny Gravity-caveof r=10752 m, the

Energy -Volume-quantity [wr] in cave , is doubled and is Quantized in Planck’s-cave Space quantity as , (%) =Spin=2.[wr]3in r=10735

mi.e.

Energy Space quantity ,wr , is Quantized , and becomes the New Space quantity ,h/z = 2.[wr] 3,doubled , following the Euclidean Space-

mould of Duplication of the cube by changing frequency,

in tiny Sphere volume V = (4n/3).[wr/2]3. Also, Since w = E /[ h/2n] = m.c*[ h/2n] = 2n.mc%h = 2r.s?

=2.3.w2, then mass m =(W? =% (wr)?, isDoubled as above with Space-mould and , is what is called conversion factor mass ,m, and it is
C

an index of the energychanges .
All Energy magnitudes from , 0 — o, deposit in the same Space ,resonance, by changing frequency

3.. The Trisection of Any Angle .
Because of the three master-meters , where is holding the Ratio of two or three geometrical magnitudes , is such that they have a
linear relation (a continuous analogy ) in all Spaces ,
the solution of this problem , as well as of those before , is linearly transformed .
The present method is a Plane method , i.e. straight lines and circles , as the others and is not
required the use of conics or some other equivalent . Archimedes and Pappus proposals are
both instinctively right .

C A E

(1) Mo (2)

F.8. — (1) Archimedes ,(2) Pappus Method
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The Present method :

is based on the Extrema geometrical analysis of the mechanical motion of shapes related to a system of poles of rotation . The

classical solutions by means of conics ,or reduction to a ,veboug, is a part of Extrema ethod . This method changes the Idle between the edge
cases and Rotates it through constant points , The Poles ,Fig.11 . The basic triangle AOD; is such that angle OD;A=30= and rotating
through pole O.

The three edge positions are ,

a). Angle AOB = 90= when OD;= - OE and then point D; is at point E on OB axis ,

b). Angle AOB =0-90= when OD;=OE and then point D, is perpendicular to OB axis ,

c). Angle AOB =0 when OA = O and then point D; is perpendicular to OB axis.

This moving geometrical mechanism acquires common circles and constant common poles of rotation which are defined with initial ones .
This geometrical motion happens between the Extrema cases referred above..

The steps of the basic Rotating Triangle AOD, between the extrema cases AOB=180-, AOB=0

(1) (2)

AlD1 =AlA CDD1 ol ocC
AlC=AlA OF = 2.0A <AOD1 =90° EE1 L oC

F.9.— The proposed Contemporary Trisection method .

We extend Archimedes method as follows :

a.F9.-(2) . Given an angle < AOB =AOC= 90=

1.. Drawcircle (A, AO =0A) with its center at the vertex A intersecting circle
(O,0A=A0) at thepoints A, ,A, respectively .

2..
3.
4.

N o

© N GAW

Produce line AA; at C sothat A,C =A;A=AO and draw AD// OB .

Draw CD perpendicular to AD and complete rectangle AOCD .

Point F is such that OF =2.0A

. F9.(3-4) . Given an angle < AOB <90-

Draw AD parallel to OB .

Draw circle (A, AO =0OA) with its center at the vertex A intersecting circle
(O,0A=A0) at thepoints A4;,4, .

Produce line AA; at D, sothat A;D;=A;A=0A .

Point F is such that OF =2.0A=2.04,

Draw CD perpendicular to AD and complete rectangle A’OCD .

Draw A, E Parallel to A’ C at point E (orsliding E on OC ).

Draw A,E" parallel to OB and complete rectangle A,OEE;.

. In F10 -(1-2-3) ,Draw AF intersecting circle (O,0A) at point F; and insert after F;

and on AF segment F;F, equal to OA — F,;F, = OA.

9.. Draw AE intersecting circle (O, OA) atpoint E;and insert after E;on AE

segment E; E,equal to OA — EE,= OA = F,F,.

To show that :

a). Forall angles equal to 90= Points Cand E are ata constant distance OC = OA .V 3 and
OE = OA,.V 3, from vertices O, and also A'C //AyE .

b). The geometrical locus of points C, E is the perpendicular CD, EE;line on OB.

c). All equal circles with their center at the vertices O, A and radius OA = AO have the same
geometrical locus EE;L OE for all points A on AD , or All radius of equal circles drawn
at the points of intersection with its Centers at the vertices O, A and radius OA = AO lie on
CD , E E;perpendicular lines .

d). Angle <D;0A is always equal to 90 and angle AOB is created by rotation of the
right-angled triangle AOD, through vertex O.

e). Angle <AOB iscreated intwo ways, by constructing circle (O, O0A= OA4,) and by sliding,
of point A, online A; D Parallel to OB frompoint A, ,to0 A.

f). Angle <AOB iscreated intwo ways, either by constructing circle (O, OA= 0A4,) and by
sliding , of point A’ online A" D Parallel to OB from point A",to A, oron OA circle.

g). The rotation of lines AE, AF (minimum and maximum edge positions )on circle (O,0A =04,)
from point E to point F which lines intersect circle (O, OA) at the edge pointsE {, F ;
respectively , fixes a point G on line EF and a point G ;common to line AG and to the circle
(O,0A) suchthat GG ;=0A.

Proof :

a).F9.1-2-4)
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Let OA be one-dimensional Unit perpendicular to OB such that angle < AOB = AOC = 90

Draw the equal circles (O,0A),(A,AO) and let points A;,A, bethe points of intersection . Produce AAto C on OB axis
suchthat A;C=AA ;.

Since triangle AOA ;has all sides equal to OA (AA ;= AO=0A4,) then itis an equilateral triangle and angle <4 ,;AO = 60 =
Since Angle < CAO = 60 = and AC =2.OA then triangle ACO is right-angled and since angle

< AOC = 90= , so the angle ACO =30 -=.

Complete rectangle AOCD, and angle <ADO = 180— 90 —60=302=ACO = 90°/3=30¢

From Pythagoras theorem AC? = AO? + OC? or OC2=4.0A2-0A?=3. 0A? and

OC = 0A . 3.

For OA = OA, then A,E = 2. 04, and OE= OA4,.V3.

Since OC/OE = OA/OA, — then line CA’ is parallel to EA, .

b).. F9.(3-4)

Triangle OAA , is isosceles, therefore angle <A,;AO = 60¢-. Since A D =A,0, triangle

D 1A 10 is isosceles and since angle < OA;A =60 =, therefore angle <OD;A =30+=or , Since

A A = A.D and angle <A;AO = 60 = then triangle AOD ,is also right-angle triangle and angles <D ;OA = 90=,< OD ;A =30
Since circle of diameter D ;A passes through point O and also through the foot of the perpendicular from point D, to AD , and
since also ODA = ODA’"=30-=, then this foot

point coincides with point D, therefore the locus of point C is the perpendicular CD; on OC . For AA;>A;D;, then D ison the
perpendicular D, E on OC.

Since the Parallel from point A;to OA passes through the middle of OD, , and in case where iSAOB = AOC = 90 = through the
middle of AD , then the circle with diameter D; A passes through point D which is the base point of the perpendicular , i.e.

The geometrical locus of points C, or E,isCD and EE4,the perpendiculars on OB .

c).. F9.(3-4)

Since A;A = A;D;and angle <A;AO =60¢ then triangle AOD; is a right-angle triangle and

angle <D;OA = 90=. Since angle <AD;0 is always equal to 30 = and angle <D;0A

is always equal to 90=, therefore angle <AOB is created by the rotation of the right -angled triangle A-O-D 4 through vertex O .
Since the tangent through A jonto circle (O, OA") lies on the circle of half radius OA,

then this is perpendicular to OA and equal to A’A . (F.8)

(1) (2) (3)

/ "Ao

AT e
| pr | 'n | - Fo Fl‘h " )
" |Gl \® \B * __-e———5GI % o
G E | o—+" G, g\E
E2

F.10. — The three cases of the Sliding segment OA = F,F,= E,E,between a line OB and a

circle (O,0A) between the Maxima - Edge cases F,F , E,EorbetweenF,Epoints .

On AF, AE linesof F.10 exists:

FF,>0A GG,;=OA ,A;E = 0AyE E 1<OA

F,F;= OA A;E =0A, , EA;= OA E,E,=OA

d)..F.9-(4)- (F.10-F.11)

Let point G be sliding on OB between points E and F where lines AE , AG , AF intersect circle ( O, OA) atthe points
E,, Gy,Fyrespectively where then exists F F;> OA, G G;=OA , E E;<OA.

Points E, F are the limiting points of rotation of lines AE , AF ( because then for angle <AOB = 90= — A;C=4;A = OA ,
AAy)=AE=04,and forangle < AOB= 0> — OF=2 .0A).Exists also E;E, = OA ,F,F; = OA and point G1 common to
circle (O,0A) and on line AG such that G G;= OA.

AE Oscillating to AF passes through AG sothat G G;= OA and point G on sector EF.

When point G, of line AG ismoving (rotated) on circle (E,, E;E;= OA) and Point G,of GG is stretched on circle (O, OA),
then GG # OA.

A position of point Gis such that , when G G,= OA point G lieson line EF.

When point  G; of line AG is moving (rotated) on circle ( F,, F,F;= OA) and point G,of G,Gis stretched on circle (O, OA )then
length G;G # OA.

A position of point G is such that , whenG G;= OA point G lies on line EF without stretching .

For both opposite motions there is only one position where point G lies on line OB and is not needed point G,of GA to be
stretched on circle (O, OA).

This position happens at the common point, P,of the two circles which is their point of

intersection . At this point, P,exists onlyrotation and is not needed G; of GAto be

stretched on circle (O, OA)so that point Gto lie on line EF.

This means that point P lies on thecircle (G, G G;=0A) , or GP=0A.

Point G; in angle < BOA is verged through two different and opposite motions , i.e.1.. From point A" to point A,where is done a
parallel translation of CA’ to the new position E A, ,this is for all angles equal to 90 =, and from this positionto the new position
EA by
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rotating E A, to the new position EA having always the distance E; E,= OA . This motion is taking place onacircle of center
E, and radius E; E,.

2.. From point F, where OF =2. OA , is done a parallel translation of A’F to FA ,,and from this position to the new position FA by
rotating F A, to FA having always the distance F; F,= OA

The two motions coexist, limit, again on a pointP which is the point of intersection

of thecircles (E,, E,E; = OA) and (F,, F,F ;= OA) .

f).(F9.3-4)- (F10-3)

Remarks — Conclusions :

1.. Point E;is common of line AE and circle (O, OA) and point E, ison line AE such that E;E,= OA and exists E E;<E,E;.
LengthE; E,= OA s stretched ,moveson EA sothat point E, ison EF. Circle (E, E E;<E,E; = OA) cuts circle (E, , E,E;= OA)
at point E;. There is apoint G ; on circle ( O,0A) such that G ;G = OA , where point G is on EF , and is not needed G G to be
stretched on GA where then , circle (G, G G ;= OA) cuts circle (E, , E;E;= OA) ata point P.

2.. Point Fjis common of line AF and circle ( O,0A ) and point F, is on line AF such that F; F,= OA and exists F
F,>F,F,.Segment F; F,= OA is stretched ,moveson FA sothat point F, ison FE. Circle (F,F F,>F,F,= OA) cuts circle (F,, F,F,=
OA) at point F; .

There is apoint G; on circle (O,0A) such that G;G = OA ,where point G is on FE ,and is not neededG, G to be stretchedon OB where
thencircle (G ,G G;= OA) cuts circle

(F, , F,F; =0OA)at a point P.

3..When point G is at such position on EFthat G G,= OA , then point G mustbe at A COMMON , tothe three lines E E4, G G4, F F4,
and also to the three circles (E 5, E , E 1= OA), (G, G G ;= OA),(F ,, F , F =0A)

This is possible at the common point , P, of Intersection of circle(E ,, E ,E ;= OA)and (F,, F,F; = OA)and since G G 4is equal to
OA without G G ; be stretched on GA,

then also GP = OA .

4.. In additional , for point G ;:

a.. Point G, , from point E;, moving on circle (E, , E, E; = OA) formulates Segment A E;E such that E;E = G;G < OA, for G
moving on line GA.

There is a point oncircle (E,, E, E; = OA) suchthat G G, =0A.

b.. Point G;,from pointF;, moving on circle ( F,, F, F;= OA) formulates AF;F such that F;F =G G;> OA , for G moving on line GA .
There is apoint on circle (F,, F, F;= OA) such that G G;= OA.

c.. Since for both Opposite motions there is a point on the two circles that makes G G;=OA

then point say P, is common to the two circles .

d.. Since for both motions at point P existsG G;= OA then circle (G, G G;= OA) passesthrough point P, and since point P is
common to the three circles , then fixing point P asthe common to the two circles (E, , E; E; = OA) ,(F,, F, F;= OA) ,then point G is
found as the point of intersection of circle (P,PG= OA) and line EF. This means that the common point P of the three circles is constant
to point P of the three circles and is constant to this motion.e.. Since , happens alsothe motion of a constant Segment on a line and a
circle , then it is Extrema Method of the moving Segment as stated . The method may be used for part or Blocked figureseither sliding or
rotating . Inour case , the Initial triangle forming 1/3 angle is formulating in all

cases the common pole P, of the three circles .

From all above the geometrical trisection of any angle is as follows ,
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Extremy, Angle A—OB - 3

Rotating Triangle AOE AID1=AlA-OAo - OB ,0F=20A OF=20A=20B

Rotating Triangle AOD1
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Citcle (72, FOR1) = (B2, B2R1) = (D,0A) —»
P = Common Pole of circles (F2 ,F2P),(B2 E2P)
Angle AOB = OAGI + G1GO = 2AGB + AGB =3 . AGB

-

Angle <AOB = ¢, AcOB = 90°

OE=0A /43 OF=20A
FIF2 = E1E2 = 0A
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Extrema Anzl;_AGB =( or BOB = 180°
Circle (A1, A10) = (A1, A1A) = (0,0A) Circle (A1, A10) = (A1, A14) = (0,04) Circle (A1, A10) = (A1, A1A) = (0,04)

PG = GGl =0A

F. 11 — The extrema Geometrical method of the Trisection of any angle < AOB

In F.11-(1) Basic triangle AO D;= OAE defines point E such that angle <AEO =30:=A0B/3.

In F.11-(2)Basic triangle AO D;defines D, point such that angle A D;O = 30 == AOB/3 .

In F.11-(3) Basic triangle AO D; defines E* point such that angle AE'O =30 =, and it is the

Extrema Case for angles AOB = 0=, B'OB = 180

In F.11-(4) The two Edge cases (1),(3) issue for any angle AOB= ¢° where F,F,= OA<F,F ,E,E,= OA<E,E

In F.11-(5) The two circles with centers F; , E;correspond to Edge cases (1),(3) issuing for any angle AOB = ¢=
In F.11-(6) The three circles [ F,, F,F;= OA], [E,, E,E;= OA] ,[ G,GG;= OA = GP] corresponding to Edge
cases (1), (3) define the common axis PP of all movablepoles and point ,P, of thisrotational

system , such that GG,= OA is stretched on (O,0A) circle and OB line , of any angle AOB=¢ = .
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F.11-A. — Presentation of the Trisection Method on Dr. Geo - Machine Macro —constructions .

In F.11-AFromlInitial position of triangle AOB , where angle< AOB = 90= and Segment A;C = OA ,to the Final position of triangle , where
angle< AOB = BOB = 0~and AOB = B OB = 180 -, throughtheExtrema position between edge- cases of triangle ZOD where AOB = ¢ =
and GG;=GP = OA.3.1.The steps of Trisection of anyangle < AOB =90=— 0= F.11-[1-6]

1.. Draw circles (O,0A=0B), (A,AOQ), intersected at A, = Z; point.

2..Draw OA,Ll OB where point A, ison the circle (O ,0A) and on a general circle (Z, D-E = 2. OA) . The circle (O, OD-E)
intersects line OB at the Edge point E .

3.. Fix Edge point Fonline OB such that — OF = 2. OA

4.. Draw lines AF, AE intersecting circle (O,0A) at points F; ,E;respectively .

5.. On lines F{A, E A fixpoints F,,E ,suchthat F;F,=0A and E E ,= OA.

6.. Draw circles (F,, F,F; = OA), (E,,E, E; =0A)and fix point P as their common

point of intersection .

7.. Draw circle (P, PG =0OA) intersecting line OB at point G and draw line GA intersecting

circle (O,0A) atpoint G;, Then Segment G G;= OA , and angle < AOB =3. AGB .

Proof :

1. Since point P is common to circles (F,, F,F,= OA), (E;, E, E; = OA) ,then

PG =PF,=PE, = OA and line AG between AE, AF intersects circle (O,0A) at

the point G;such that G G; = OA .(F10.1-2) - (F.11-5)

2. Since point G, is on the circle (O, OA) and since G G,= OA then triangle G G,0
is isosceles and angle < AGO = G,0G.

3. The external angle of triangle A= GG,0 is< AG;0 =AGO + G,;0G =2. AGO

4.  The external angle of triangle GOA isangle < AOB =AGO + OAG = 3.AGO.

Therefore angle <AGB=(1/3).(AO0B) (0.£3.)
A General Analysis :

Since angle < D;OA s always equal to 90-= then angle AOB is created by rotation of the
right-angled triangle AOD, through vertex O . The circle (A, AO = 4,0) and triangleAO D; consists the geometricalMechanism which
creates the maxima at positions from , AOE , to A,OE and to BOF" triangles, on ( O,0E =3.0A), (O,0F = 2.0A) circles. F.11-(5) In (1)
Angle AOB =90s , AE = 2.0A = OF, and point A;common to circles (O, OA), (A, AO) define point E on OB line such that A,;E = OA.
This happens for the extrema angle AOB =90- .

In (2) Angleis, 0 <AOB < 90= , AD; = 2.0A and point A; common to circles (O,0A) , (A,AO)defines point D; on ( O,0E
=V3.0A) circle such that 4;D; = OAand on ( O,0F =2.0A) circle at any point D¢. In (3) Angle <AOB =0 or B'OB=180°, AE = 2.0A =
BB and point A; commonto (O, OA),

(A, AO) circles define point Eon 0 A, line such thatE = E, where then point D = F" .This happens for the extrema angle <AOB = 0 0r90s.
In (4-5) where angle is , 0 < AOB < 90= , and Segments F,F,=E {E, = OA the equal circles (F,, F,F;= OA), (E, E, E; =
OA)define the common point P .

Since this geometrical formulation exists on Extrema edge angles , 0 and 90= ,then this point is constant to this formulation , and this point
as center of a radius OA circle defines the extrema geometrical locus on it. All Poles are movable except the common Pole line PP’
representing the Extrema case of this changeable system .
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In (6) Since angle AOB is, 0 — 90= , and pointP is constant,and this because extrema circle (P,PG=0OA)whereG on OBline , then is
defining ( G, G G,) circle on GA segment such that point G;, tobe the common point of segment AG and to circles(O, OA),(G,G G;) .

The Physical notion of the Trisection :

This problem follows the two dimensional logic, where , the geometrical magnitudes and their unique circle, have a linear
relation (continuous analogy ) in all Spaces as , in one in two in three dimensions, and as this happens to Compatible Coordinate Systems ,
happens also in Circle-arcs. The Compact-Logic-Space-Layer exists in Units , ( The case of 90 = angle ) ,where then we may find a new
machine that produces the 1/3 of angles as in F.11.[11] Since angles can be produced from any monad OB ,and this because monad
can formulate a circle ofradius OB , and any point A on circle can then formulate angle <AOB , therefore the logic of continuous
analogy of monads in all spaces issues also and on OA radius equal to OB.

Application in Physics :
According to math theory of Elasticity , the total work on free edges where there is no shear becomes from Principal stresses only
and work is W = ;’—E + ;—Gand the analogous Energy in monads W:%[gE%pHZ] spread as the First Harmonic and equal to outer SpinS = E / w

=2nr.c.

Equation of Planck's Energy E = h.f = (h/A).c is equal to the Isochromatic pattern fringe-order in monad as— ol-
62=(a/d).N=(a/d)nf1=(8xr*3).n.fl.where n = the order of isochromatic , a number , f1= the frequency of Fundamental-Harmonic .

Since total Energy in cave (wr)? is dependent on frequency only , and stored in the Fundamental and the first Six Harmonics , so the
summations bands of these Seven Isochromatic Quantized interference fringe-order-patterns, is total energy E in the same cave (wr)? as ,

E =Spin.w =5.w = (h/2m).2nf = [8’”;" R o ‘“";f Ynm+l) ()

When stress (61-62) go up then , n = order fringe defining Energy goes up also ,and the colors cycle through a more or less repeating pattern
and the Intensity of the colors diminishes .Since phase ¢ = kx-wt = Spatial and Time Oscillation dependence ,

For n =1, Energy in the First Harmonicis , E =2zr.c = [4T"r2].f1.[1], and for n = 2 Energy in the First and Second Isochromatic Harmonicis ,

E= [ﬂz].fl.[?,]in threes, and o is trisectedwith Energy-Bunched variation 2, i.e.
3

Energy stored in a homogeneous resonance , is spread in the First of Seven-Harmonics beginning from the Fundamental and after the filling
with frequency f1 , follows the Second-Harmonic .

In Second-Harmonic energy as frequency is doubled and this because of sufficient keeping homogeneously in Spatial dependence Quantity
kx =(2n/A).x which is in threes , meaning that , — Dipole—energy is Spatially-trisected in Space -Quantity Quanta the Spin=h/2x as the
angle ¢ , of phase p=kx-wt=(27/1).x , and Bisected by the Energy-Quantity Quanta as in an RLC circuit. [49] .

The Physical notion of the Regular Polygons :
According to Archimedes , Geometric means , speaking of numbers , whether solid or square , observes that , Between Plane
One - mean suffices , but to connect two solids Two — means are necessary . This denotes that between two square numbers there is one
mean proportional number and between two cubes there are two means proportional numbers .
It was proved that Odd numbers become from any two consequent Even numbers , so the sum
of two irrationals may be either rational or irrational .
The Cattle — Problem of Archimedes may be further analysed reaching to equations of any degree.
It was shown in pages 43 —49 that , all n-Regular Polygons End to equations of n-degree Segment ,
by finding a suitable value of the Segment , x , That is we have in the general case to solve one or
two equations of the form :

AR°x™ B.R2x"2+C.R" . x*~ DR" . x2+ ER"2. x'-FR"x°=0
for The Even Polygons , and

AR 2. xn—2_ B .R n—2. xn—3 +C .RZ(n—4). x3-D .R 2(71—3). X2+ E .R 2(71—2). xl ~F.R Z(n—l). xO: 0
for The Odd Polygons , where A, B, C, D are constants .

The Presented Geometrical method is the solution of the above equation in the general case . Because ,
the nth- degree - equations are the vertices of the n-polygon in circle so number , 7, is their mould . In Mechanics , by Scanning any
Chord K K; to chord K K, of the circle ,then the Work ( Energy as — Kinetic or Dynamic ) producedfrom any Removal , is Stored . in the
Inverted triangles 00, K, ,K, P, P, as in page 60 .

4. The Parallel Postulate, is not an Axiom ,is a Theorem.

The Parallel Postulate. F.13

General : Axiom or Postulate is a statement checked if it is true and is ascertained with logic
(the experiences of nature as objective reality).

Theorem or Proposition is a non-main statement requiring a proof based on earlier determined
logical properties.

Definition is an initial notion without any sensible definition given to other notions.
Definitions, Propositions or Postulates created Euclidgeometry using the geometrical logic
which is that of nature, the logic of the objective reality.

Using the same elements it is possible to create many other geometries but the true uniting
element is the before refereed.

4.1.The First Definitions (Dn) =(D), of Terms in Geometrybut the true uniting ,

D1: A point is that which has no part (Position).

D2: Aline is a breathless length (for straight line, the whole is equal to the parts) .

D3: The extremities of lines are points (equation).

D4: A straight line lies equally with respect to the points on itself (identity).

D: Amidpoint C divides a segment AB (of a straight line) in two. CA = CB any point C
divides all straight lines through this in two.

D: Asstraight line AB divides all planes through this in two.
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D: A plane ABC divides all spaces through this
intwo .

4.2. Common Notions (Cn) = (CN)

Cn1: Things which equal the same thing also equal one another.

Cn2: If equals are added to equals, then the wholes are equal.

Cna3: If equals are subtracted from equals, then the remainders are equal.

Cn4: Things which coincide with one another, equal one another.

Cnb5: The whole is greater than the part.

4.3. The Five Postulates (Pn) = (P)for Construction

P1.. To draw a straight line from any point A to any other pointB .

P2.. To produce a finite straight line AB continuously in a straight line.

P3.. To describe a circle with any center and distance. P1, P2 are unique.

P4.. That, all right angles are equal to each other.

P5.. That, if a straight line falling on two straight lines make the interior angles on the same side
less than two right angles, if produced indefinitely, meet on that side on which are the angles
less than the two right angles, or (for three points on a plane) . Three points consist a Plane .
P5a. The same is plane’s postulate which states that, from any point M, not on a straight line AB,
only one line MM’ can be drawn parallel to AB.

Since a straight line passes through two points only and because point M is the third , then

the parallel postulate it is valid on a plane (three points only).

AB is a straight line through points A, B , AB is also the measurable line segment of line AB , and M
any other point . When MA+MB> AB , then point M is not on line AB .( differently if MA+MB
= AB, then this answers the question of why any line contains at least two points ) ,

i.e. for any point M on line AB where is holding

MA+MB = AB , meaning that line segments MA,MB coincide on AB , is thus proved

from the other axioms and so D2 is not an axiom . —

To prove that , one and only one line MM’ can be drawn parallel to AB.

A B A

M - M e——M

F.12.[7 In three points (ina Plane).

4.4. The Process in order to prove the above Axiom isnecessary to show: F.13 ,
a..The parallel to AB is the locus of all points at a constant distancehfrom the line AB,
and for point M is MA;,

b..The locus of all these points is a straight line.

A B

: “:*/"“\C L. Spdre

x;M

n|‘ & l | &

'\ x\rA /’ M
Aty m N e il

C Brl
oMY
B
\‘ : b ' A9
\ C Ml
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F.13.— The Parallel Method

Step 1

Draw the circle (M, MA) be joined meeting line AB in C. Since MA = MC, point M is on mid- perpendicular of AC. Let A; be the midpoint
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of AC, (itis A;A+A;C = AC becauseA, is on the straight line AC ). Triangles MAA,, MCA;, are equal because the three sides are equal,
therefore angle <MA; A= MA;C (CN1) and since the sum of the two angles < MA; A+MA4, C = 180°

(CN2, 6D) then angle < MA; A= MA;C =90 °.(P4) so, MA; is the minimum fixed distance hof point M to AC.

Step 2

Let B; be the midpoint of CB,(itis B;C+ B;B = CB because Bjis on the straight line CB) and Draw B;M" = h equal to A;M on the mid-
perpendicular from pointB;to CB.Draw the circle (M’, M'B =MC) intersecting the circle (M, MA = MC) at point D.(P3)

Since M'C = M'B, point M" lies on mid-perpendicular of CB. (CN1)Since M'C = M'D, point M" lies on mid-perpendicular of CD. (CN1)
Since MC = MD, point M lies onmid-perpendicular of CD. (CN1) Because points M and M" lie on the same mid-perpendicular (This mid-
perpendicular is drawn from point C” to CD and it is the midpoint of CD) and because only one line MM passes through points M, M "then
line MM’ coincides with this mid-perpendicular (CN4) .

Step 3

Draw the perpendicular of CD at point C". (P3, P1) a..Because MA; L AC and also MC" L CD then angle <A;MC" = A4,;CC". (Cn
2,Cn3,E.1.15)Because M'B; L CB and also M'C’L CD then angle <B;M'C" = B;CC". (Cn2, Cn3, E.l.15)b..The sum of angles A;CC" +
B;CC’" =180==A;MC" + B{M'C". (6.D), and since Point C" lies on straight line MM, therefore the sum of angles in shapeA; B;M'M are <
MA;B;+ A{BiM " + [B{M" M + M'MA4,] = 90= + 90= + 180= = 360> (Cn2) , i.e. The sum of angles in a Quadrilateral is 360= and in
Rectangle all equal to 90 =. (m)

c..The right-angled triangles MA;B;, M’B; A, are equal because A;M = B;M" and A, B;common, therefore side A;M" = B;M (Cnl).
TrianglesA;MM’,B;M'M are equal because have the three sidesequal each other, therefore angle <A;MM’ = BM'M, and since their sum is
180 as before (6D), soangle <A;MM’" = B;M'M = 90= (Cn2). d.. Since angle<A;MM" = A;CC" and also angle<B;M'M = B;CC" (P4),
therefore the threequadrilaterals A;CC'M, B;CC'M’, A{B;M'M are Rectangles (CN3).From the above three rectangles and because all
points (M, M" and C’) equidistant from AB, thismeans that C'C is also the minimum equal distance of point C" to line AB or, h = MA4; =
M'B,; =
CD /2 =C’C (Cnl) Namely, line MM" is perpendicular to segment CD at point C” and this line coincides with the mid-perpendicular of CD
at this point C” and points M, M" ,C” are on line MM". Point C” equidistant ,h, from line AB, as it is for points M ,M", so the locus of the
three points is the straight line MM, so the two demands are satisfied, (h=C'C = MA; = M'B; and also C'C L AB, MA; L AB, M'B; | AB).
(0.€.8.) —(g.e.d)

e.. The right-angle triangles A;CM, MCC" are equal because side MA;= C’C and MC common so angle<4;CM = C'MC, and the Sum of
angles C'MC + MCB; = A,CM + MCB;= 180:F.13-A. — Presentation of the Parallel Method on Dr. Geo - Machine Macro —
Constructions . a.. The three Points A, B, M consist a Plane and so this Proved Theorem exist only in plane .b..Points A, B consist a
Line and thisbecauseexistspostulateP1 . c.. Point M isnoton A B line and thisbecausewhen segment MA+MB > AB then point M is
not on line ABaccording to Markosdefinition .

d.. When Point M ison AB line, and thisbecausesegment MA+ MB = AB then point M beingon line ABis an Extrema case , and
thenformulates infinite Parallel linescoincidingwith AB line in the Infinite ( oo ) Planes . All for the extrema Geometry cases in [44-46].

™™E PARALLEL MOSY ATE ADIORIM
Tl vl § POIN A BN FORAAATE A NE AND ABN LA
facy » NT M PASS NP v A O FARALLIL WD FOMENTS NA ("
« ¢ v v o
o MM AN
® - : 4
-~
4.5The Succession of Proofs: ;
1.. Draw the circle (M, MA) be joined meeting line
AB in C and let A;, B; be the midpoint of

CA, CB.

2.. On mid-perpendicular BIM" find point M" such that M'B1 = MA;, and draw the circle

(M’, M'B = M’C) intersecting the circle (M, MA = MC) at point D.

3.. Draw mid-perpendicular of CD at point C".

4..To show that line MM is a straight line passing through point C “and it is such that MA; = M'B;=
C’C=h, i.e. aconstant distance , h , from line AB or, also The Sum of angles C'MC + MCB;=
A;CM + MCB; =180 =

Proofed Succession

1..The mid-perpendicular of CD passes through points M, M ".

2..Angle <A MC’ = A;MM’ = 4,CC’, Angle <BM'C" = B{M'M = B;CC’" <4A;MC" =4,CC’
because their sides are perpendicular among them i.e.

MA; LCAMC'LCC".

a..In case <A; MM’ +4,CC'=1805 and B;M'M +B,CC’ = 180¢ then <A, MM’ = 180 - 4,CC’,
BiM'M = 180= - B;CC’, and by summation <A;MM" + B;M'M = 360= - A;CC’- B;CC" or Sum
of angles <A;MM" + B;M'M = 360 - (4;CC" + B;CC") =360 -180= = 180

3..The sum of angles A;MM" + B;M'M = 180 because the equal sum of angles A;CC" + B;CC’ =
1805, so the sum of angles in quadrilateral MA; B{M" is equal to 360s.

4..The right-angled triangles MA, B;, M’'B; A, are equal, so diagonal MB,= M"4; and since
triangles A\MM’, B;M'M are equal, then angle A;MM" = B;M'M and since their sum is 180 =,
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therefore angle <A;MM’ = MM'B; = M'B;A; =B{A{M =90 =

5..Since angle 4;CC’ = B;CC" = 90¢, then quadrilaterals A;CC'M, B;CC'M" are rectangles and for

the three rectangles MA;CC’, CB{M'C’, MA; B{M" exists MA; =M'B; =C’C

6..The right-angled triangles MCA,, MCC" are equal, so angle <4A;CM = C'MC and since the sum of

angles <4,CM + MCB, = 180 = then also C'MC + MCB, = 180 s —

which is the second to show, as this problem has been set at first by Euclid.

All above is a Proof of the Parallel postulate due to the fact that the parallel postulate is dependent of the other four axioms (now is proved
as a theorem from the other four). Since line segment AB is common to oo Planes and only one Plane is passing through point M (Plane
ABM from the three points A, B, M, then the Parallel Postulate is valid for all Spaces which have this common Plane , as Spherical, n-
dimensional geometry Spaces. It was proved that it is a necessary logical consequence of the others axioms, agree also with the Properties of
physical objects,d + 0 =

d,d*0=0, now is possible to decide through mathematical reasoning , that the geometry of the physical universe is Euclidean . Since the
essential difference between Euclidean geometry and the two non-Euclidean geometries , Spherical and hyperbolic geometry , is the nature
of parallel line, i.e. the parallel postulate so ,

<<The consistent System of the — Non-Euclidean geometry - have to decide the direction of the existing mathematical logic >>.

The above consistency proof is applicable to any line Segment AB on line AB,(segment AB is the first dimensional unit, as AB =
0 — o0), from any point M not on line AB, [ MA + MB > AB for three points only which consist the Plane. For any point M between points
A, B is holding MA+MB = AB i.e. from two points M, A or M, B passes the only one line AB. Aline is also continuous (P1) with points and
discontinuous with segment AB [14] ,which is the metric defined by non- Euclidean geometries ,and it is the answer to the cry about the <
crisis in the foundations of Euclid geometry > A Line Contains at Least Two Points, is Not an

Axiom Because is Proved as Theorem
Definition D2 states that for any point M on line AB is holding MA+MB = AB which is equal to <segment MA + segment MB is equal to
segment AB > i.e. the two lines MA,MB coincide on line AB and thus this postulate is proved also from the other axioms, thus D2 is not an
axiom, which form a system self consistent with its intrinsic real-world meaning. F.12-13.

V. Conclusions
Parallel line.
A line ( two points only) is not a great circle(more than three points being in circle’s Plane) so
anything built on this logic is a mislead false.
The fact that the sum of angles on any triangle is 180= is springing for the first time, in article
(Rational Figured numbers or Figures) [9] .
This admission of two or more than two parallel lines, instead of one of Euclid’s, does not proof the truth of the admission. The same to
Euclid’s also, until the present proved method. Euclidean geometry does not distinguish, Space from time because time exists only in its
deviation -Plank's length level-,neither Space from Energy - because Energy exists as quanta on any first dimensional Unit AB , which as
above connects the only two fundamental elements of Universe, that of points or Sector = Segment = Monad = Quaternion , and that of
Energy. [23]-[39].

The proposed Method in articles, based on the prior four axioms only, proofs, (not using any other admission but a pure
geometric logic under the restrictions imposed to seek the solution) that, through point M on any Plane ABM (three points only that are not
coinciding and which consist the Plane) , passes only one line of which all points equidistant from AB as point M , i.e. the right is to Euclid
Geometry. The what is needed for conceiving the alterations from Points which are nothing , to segments , i.e. quantization of points as ,
thediscreteting = monads = quaternion , to lines , plane and volume , is the acquiring and having Extrema knowledge . In Euclidean
geometry the inner transformations exist as pure Points , segments, lines , Planes , Volumes, etc. as the Absolute geometry is ( The
Continuity of Points) , automatically transformed through the three basic Moulds ( the three Master moulds and Linear transformations exist
as one Quantization) to Relative external transformations , which exist as the , material, Physical world of matter and energy ( Discrete of
Monads ) . [43-44]

The new Perception connecting the RelativisticTime and Einstein’s Energy -is Now Refining Time and Dark —matter Force -
clearly proves That Big-Bang have Never been existed .
In [17-45-46] is shown the most important Extrema Geometrical Mechanism in this Cosmoswhich is that of STPL lines , that produces and
composite , All the opposite space Points from Spaces to Anti-Spaces and to Sub-Spaces as this is in a Common Circle , this is the Sub-
Space , to lines into a Cylinder.This extrema mould isa Transformation , i.e. a Geometrical Quantization Mechanism , —
for the Quantization of Euclidean geometry, points,
to the Physical world , to Physics , and is based onthe following geometrical logic , Since Primary point A, is nothing and without
direction and it is the only Space , and this point to exist , to be , at any other point ,B, which is not coinciding with point ,A, then on this
couple exists the Principle of Virtual Displacements W = fAB P.ds =0 or [ds.(P,+Pg) = 0], i.e. for any ds > 0 Impulse P = (P,+Pz ) =0
and Work [ ds. ( P4+Pg) =01, Therefore ,Each Unit AB =ds > 0, exists by this Inner Impulse (P) where P, + Pz = 0.
The Position and Dimension of all Points which are connected across the Universe and that of Spaces , exists , because of this equilibrium
Static Inner Impulse and thus show the Energy-Space continuum . Applying the above logic on any monad = quaternion(s + ©.Vi) ,where , s
= the real part and (¢.Vi) the imaginary part of quaternion so,
Thrust of two equal and opposite quaternion is the , Action of these quaternions which is ,
(s+0.Vi). (s + v.Vi) =[s+0.Vi] 2 = S2+|DR.Vi2 + 2|s|x|v|. Vi =52 - [D]2 +2|s|x|w.7 |.Vi=
[s2]1-[I7R] + [ 2w.[|s| |F].Vi] where,
[+s?] — s2 = (w.r)? , — is the real part of the new quaternion which is , the positive Scalar product , of Space from the same scalar
product ,s,s with %2,3/2,,, spin and this because of ,w,and which represents the massive , Space , part of quaternion — monad .
[-s?] = - |PP = - [w.rP = - [[W].|F]]? = - (w.r)*> — is the always , the negative Scalar product , of Anti-space from the dot product of ,w,7
vectors , with -%2,-3/2, spin and this because of , - w, and which represents the massive , Anti-Space , part of quaternion— monad .
[Vi] = 2.s| x | w.7 |.Vi =2|wrl|.|(wr)|.Vi=2.(w.r)?> — is avector of , the velocity vector product , from the crossproduct of w,7 vectors with
double angular velocity termgiving 1,3,5, spin and this because of , + w, in inner structure of monads , and represents the , Energy Quanta ,
of the Unification of the Space and Anti-Space through the Energy (Work) part of quaternion .
A wider analysis is given in articles [40-43] .
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When a point ,A, is quantized to point ,B, then becomes the line segment AB = vector AB = quaternion [AB] — monad , and is
the closed system ,A B, and since also from the law of conservation of energy , it is the first law of thermodynamics , which states that the
energy of a closed system remains constant , therefore neither increases nor decreases without interference from outside , and so the total
amount of energy in this closed system , AB , in existence has always been the same , Then the Forms that this energy takes are constantly
changing , i.e.

The conservation of energy is realized when stored in monads andfollowing the physical laws in E-geometry where then are Material —
Points , monads , etc < This is the unification of this Physical world of , what is callled matter and Energy , and that of Euclidean
Geometry which are , Points , Segments , Planes and Volumes . For more in [48] .

The three Moulds (i.e. The three Geometrical Mechanism ) of Euclidean Geometry which create the ETERS of monads and which are ,
Linear for a perpendicular Segment , Plane for the Square equal to the circle on Segment ,Space for the Double Volume of initial volume of
the Segment , (the volume of the sphere is related to Plane which is related to line and which is related to segment) , Exist on Segments in
Spaces , Anti-spaces and Sub-spaces . This is the Euclidean Geometry Quantization to its constituents ( i.e. Geometry in its moulds ) .

The analogous happens when E-Geometry is Quantized to Space and Energy monads [48].

METER of Points A isthe Point A, the

METER of line is the Segment ds = AB = monad = constant and equal to monad , or to the perpendicular distance of this segment to the
set of two parallel lines between points A,B , the METER of Plane is that of circle on Segment = monad and which is that Square equal
to the circle ,number ,x, the METER of Volume 2, is that of Cube, on Segment = monad which is equal to the Double Cube of the
Segment and Measures all the Spaces , the Anti-spaces and the Subspaces in this cosmos .

Generally is more referred ,

a). There is not any Paradoxes of the infinite because is clearly defined what is a Point a cave and what is a Segment . b).The Algebra of
constructible numbers and number Fields is an Absurd theory, based on groundless Axioms as the fields are , and with direction the non-
Euclid orientations purposes which must be properly revised .

c).The Algebra of Transcental numbers has been devised to postpone the Pure geometrical thought , which is the base of all sciences , by
changing the base-field of solutions to Algebra as base . Pythagorians discovered the existence of the incommensurable of the diagonal of a
square in relation to its side without giving up the base , which is the geometrical logic.

d). All theories concerning the Unsolvability of the Special Greek problems are based on Cantor's shady proof , <that the totality of All
algebraic numbers is denumerable > and not edifyed on the geometrical basic logic which is the foundations of all Algebra . The problem of
Doubling the cube F.4-A, as that of the Trisection of any angle F.11-A, is

a Mechanical problem and could not be seen differently and the proposed Geometrical solutions is clearly exposed to the critic of all
readers .

All trials for Squaring the circle are shown in [44] and the set questions will be answerd on the Changeable System of the two
Expanding squares ,Translation [T] and Rotation [R] . The solution of Squaring the circle using the Plane Procedure
methodisnowpresented in F-1,2 , and consists an , Overthrow , to all existingtheories in Geometry ,Physics and Philosophy . e).Geometryis
the base of all sciences and itis the reflective logicfrom the objective reality ,
whichis nature , to ourmind.

103



International Journal Of Engineering Research And Development
e-1SSN: 2278-067X, p-ISSN: 2278-800X, www.ijerd.com
Volume 13, Issue 9 (September 2017), PP.79-133

F.2-A —A Presentation of the Quadrature Method on Dr. Geo-Machine Macro - constructions .

The Inscribed Square CBAO , withPole-line AOP , rotatesthrough Pole P, to the— Circle-
SquareCMNH withPole-line NHP , and to the— Circumscribed SquareCAC'P , withPole-line

CPP=C'P , ofthecircle E, EO = ECand at position Be , A,NHP Pole-line formulates square

CMNH = = . EO 2 whichis the Squaring of the circle . Number 7 = ”g: asin [Fig.2-A]
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F.4-A. — A Presentation of the Dublication Method on Dr.Geo - Machine Macro - constructions

BCDA Is the In-between Quadrilateral , on (K,KZ) Extrema-circle, and on K,Z-K,B Extrema —
lines of common poles Z, P, mechanism . The Initial Quadrilateral BC,D,A4,, withPole-lines
DoAoP ,DyCyZ" , rotatesthrough Pole P and the moveablePole Z " on Z'Zarc, to the — Extreme
Quadrilateral BCDAthroughPole-lines DAP - DCZ with point Do, sliding on BK,D,Pole-line, and
then at point D , KD 3 = 2.KoA 2 whichisthe Dublication of the Cube .

For any initial segment K, X issues (Ko X") 3= 2 .(K,X) 3 where K,X =K0D.(% )and

34J9— (KoD \ (KoX \ _  KoD., _ KoD? : e . KoD y _ (KoX
\2 Cog ) Co) = [o12= 15— asin [Figd-A] .andsince () = (orr)

KoX®

F.11-A. — Presentation of the Trisection Method on Dr. Geo - Machine Macro — constructions .
From Initial position of triangle AOC , where angle AOB =90= and Segment4,C = OA ,to
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the Final position of triangle , where angle AOB = BOB = 0-and AOB = B"OB = 180 ¢, throughtheExtrema position between edge- cases
of triangle ZOD where AOB = ¢ = and at common point P,

PG = OA =GP = GG,=G;0 and atpoint G ,thenG;G = G;0 = OA whichis the Trisection

of angle AOB ,and Angle <AGB = (é ).AOB .

The Presentation of the Parallel Method .

a.. The three Points A, B, M consist a Plane and so this Theorem exist only in plane .

b.. Points A, B consist a Line and thisbecauseexistspostulate[P1] .

c..Point M isnoton AB line and thisbecausewhen segment MA+MB >AB
then point M is not on line ABand MA; = M'B; .

d.. When Point M ison AB line, and thisbecausesegment MA+ MB =AB
then point M being on line ABis an Extrema case , and thenformulates infinite
Parallel linescoincidingwith AB line in the Infinite ( o ) Planes through AB.

THE PARALLEL POSTULATE IS ATHEOREM

THE THREE POINTS A, B-M FORMULATE A-B LINE AND A-B-M PLANE.
FROM POINT M PASSES LINE MM™ CALLLED PARALLEL WHERE SEGMENTS MA1=M'B1

AN _EPT D
"""" ,.'? \ oeidie . et ." Rt s St
'/ - \
Mt e | M MM AB
-l s

\ =4 I e |
F.13-A. — B D;\-. Presentation of
the Parallel e e Method on Dr.
Geo - Machine Macro

Constructions

V. THE REGULAR POLYGONS:

5.1. The Algebraic Solution:

It has been proved by De Moivre’s , that the n-th roots on the unit circle AB are represented by the vertices of the Regular n-sided
Polygon inscribed in the circle . It has been proved that the Resemblance Ratio of Areas , of the circumscribed to the inscribed
squares ( Regular quadrilateral ) which is equal to 2, leads to the squaring of the circle. It has been also proved that, Projecting the
vertices of the Regular n-Polygon on any tangent of the circle , then the Sum of the heights yn isequalto n*R.

This is a linear relation between Heights , h , and the radius of the circle , the monad . This property on the circle yields to the

Geometrical construction ( As Resemblance Ratio of Areas is now controlled ) , and the Algebraic measuring of the Regular Polygons as
follows :

when R = Theradius of the circle , with a random diameter AB .
a = Theside of the Regular n -Polygon inscribed in the circle
n = Number of sides, a, ofthe n-Polygon , then exists :
n.R =2 R+2.yl +2.y2 +2.y3 +......... 2.Yn e n)

the heights y;, are as follows :

B
/__4;6',\\

o f R\
\ b
1 . )

n Y J
— .\ — o~ \

1= [4R2-a2] /(2.R)

vy, = [4R*—4R%*a’+a* ] /(2.R?)
/

y; = [8.R®—10.R*.a% + 6. R%.a*- a%] —a®\ 64.R 8-96.R%.a2+52.R*.a*~12.R2. ab+a®
2.R®
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THE ALGEBRAIC EQUATIONS OF THE REGULAR n-POLYGONS

(a) REGULAR TRIANGLE :
The Equation of the vertices of the Regular Triangle is :
4.R*—a*

3R =2R +[T] >>> R2= 4. R?-a2 >>> a?=3R?2

The sideas= R.V/3.......... .

(b) REGULAR QUADRILATERAL (SQUARE) :

The Equation of the vertices of the Regular Square gives :

4.R=2.R+[#] >>>  a2=2.R?
Theside a,= R~2......... @)
(c) REGULAR PENTAGON :

The Equation of the vertices of the Regular Pentagon is :

SR=2R+[“=“]+[4R* 4R.a+a* ] >>>a* 5R%a’+5R"=0
R3

Solving the equation gives :

/
R?*=5.R?-+/25.R*-20.R* = 5R2—R2 4/5= [{5R2-R245}/2] = RTZ(S-«/E)
2 2
az={ R2}.[10-2V5 ] >>> Theside a5=|3 10— 2.V5

4
) 03)
(d) REGULAR HEXAGON :

The Equation of the vertices of the Regular Hexagon is :

6R= 2.R+[4R2-a2]+[4R*-4R2a2 +a* ] >>a*~5 R2a2+4.R*=0
—R T R

Solving the equation gives :

a* =5.R*-V25R*-16.R* = [5-3].R? =R? Theside a6 = R

2 - @
() REGULAR HEPTAGON

The Equation of the vertices of the Regular Xeptagon is :

7.R=2.R+[4.R*-a2] + [4 R*~4.R2. a2+a’] + [ 8. R°~10.R*. a2+ 6.R% a*a—a®] _

R R 2.RS
a2
- [-—-]1.V64.R® 96.R%. a2 + 52 R*.a*~12.R?.a%+a®

Rearranging the terms and solving the equation in the quantity a, obtaining :

R2.a-13 .R* a®+ 63.R%a®-140 . R®R*+140, R a2 — 49.R2=0 for a = x

x5 - 13.Rzx*+ 63 .R*. x® - 140 . R6. x2 + 140 . R® x1- 49 . R¥®= 0 ... @)

Solving the 5nth degree equation the Real roots are the following two :
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x1=R2.[3-42] , x2 = R2.[3++/2] which satisfy equation  (7)

Having the two roots , the Sum of roots be equal to 13, their combination taken 2,3, 4 attime
be equal to 63, - 140, 140 , the product of roots be equal to — 49 , then equation (7) is reduced
to the third degree equation as:

238 -7.22+14.2-7 =0 ....(7a)

by setting y=2z-(-7/3) into (7a) , thengives wy3+p.y+q =0 ...(7b) where,
p=14-(-7)2/3 =14-493 = -7/3 p2=149/9 p3=-2343/27
q=2.(7)3/271+14 (-7)/3 -7 = 7127 q2=49/729

Substituting p,q then w3 - (7/3).y +(7/27)=0...(7b)

The solution of this third degree equation (7b) is as follows : p=-7/3
q= 7/27
Discriminant D=0q2/4+p3/27=(49/729 .4)—(343/2727) = -[49/108] O

D=-49/108 = i2(3.212/4 272) = i2(21 +/3/2 27)2=i2 (21~/3/54)2

D=[7.4/3/18 ]2.i2 also 2+/D= | 7.3|.i
e

Therefore the equation has three real roots :

Substituting w = w- p/3w = w+ 7/9.w >y2 = w2 + 49 /81 w2 + 14/9
w3 = W3+ 343/729w3 + 49 [27w+7w [ 3

to (7b) then becomes w3+ 343/729w3+ 7/27

and for z =w? z +343/729z + 7/27

22+ 7.2 /27 + 343/729 = 0...(7c)

The Determinant D 0 therefore the two quadratic complex roots are as follows :

Z1 = [-7/27-49/27.27—4.343/729] /2 = [-7/27 -~ 49/27.27.4 49 .7. 4/27.27.4] |2

= [-7/27 (49 -49.28)/ 272741/ 2 = [-7T-7T~N-27 1/ 27.2

= [ -7-214-3]1/33.2 =[-71.(1-3.i4/3)/27=(-7/54)[1-3.iV3]

N

Z2 = [-72.(1-3.W3] 1 27 = (-7/54) . [1+ 3.iV3]

The Process is beginning from the last denoting quantities to the first ones :

3 1 1
Root W1,2 =+/3= — 3/ -7 21.i43 =-—3/-(7).[1 3i+3] ...Q0)
3 T2 3N T2
1 71
Root w = W+7/9W = --3/-7 2L.i./3 +3/-7 21i.+v3.....Q2)
3.4 2 3. 2
7 1 7/
Root X = y-p/3=y+7/3=—4-—.3/-7 21.i43 + 3/-7 21.i3
3 3 4 2 3.4 2
[ ————— Y R —— |
1 | 7./-7 21.iN3 + [-7 21.iA3+ 7 | ... 3)




Thegeometrical Solution , Of Theregular N-Polygons The Unsolvedancient Greek

| 2 v 2 | . R2
3 | — I
| 3 N-7+21.i.v3 |

Theroot a7 of equation (7) equal to the side of the regular Heptagon is a7=vX

2] 3/2 |
a7 = /1 | -7 2LiA3+ [T 21.iA/3+ 7 |
| o | 7.4 2 N 2 | . R ... )
/3 ——_— —
/ | 3/-7 21.i.+3|
v | v |

Instead of substituting v = w-p/3.w into (7.b), issubstituted v =u+v and then
gives the equation of second degreeas  z2 +7.z /27 +343/729 =0 which has the two
complex roots as follows :

7 1
71,2 =-——.[-1%3.i.v/3] = —_.[(-7£21.i.v/3) /2] andtheside a, isas:
54 27
2
a7’ = [3 - + 7] 3 I+ 7 and by substituting Z1, Z2 into (7b)
Wzl | Nz2 | 3 becomes the same formulaasin (4) .
3 3
It iseasytoseethat /-(7/2).[ 1-3.i3] * /[-(72).[1+3.i.v/3] = 7
W
Analytically is:
X = _ Rz.[0,753020375967025701777 ] >> x2 = 0,56704
a7 =Vx=R . [ 0,867 767 453 193 664 601 ... ]

By using the formula of the real root of equation (7a) then:

ax3+bxt+cx+d=0 >>> fora=1,b=-7,c=14,d=-7 then x3-7.x2+14.x -7=0

[ 1%
b 2% (-b2+3c) [-2b3+9bc-27d-+V4(-b2+3c)*+(-2b%+9bc-27d)?]
X =-—- +
3 1% 2%

3[-2b%+9bc-27d-+V4(-b2+3c)*+(-2b*+0bc27d)?2 ] .

Substituting the coefficients to the upper equation becomes :

b2 +3.0=-(-7)2+3.14=-49+42 = -7-2b3+9.b.c-27.d = -2.(-7)* + 9.(-7).14 - 27.(-7) =
686 -882 + 189 = -7
4.(-h243.0)3=4 (-7)3 = -1372 (-2.03+9.b.c-27.d)2 = (-7)2 = 49321 = 384 =2 .34

7 NZ.(-7) W7 +21.i 43
X=—- + and
3 3 3
34 -7+21.i A3 2.4
/ - The Side of the
. /7 7.\2 377 +21.1.3
a,= VX =/ — + + Regular Heptagon
/ 3 e 3
y 3AN-7+21iV3 2.4 (4a)

Further Analysis to the Reader

() REGULAR OCTAGON :
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The equation of vertices of the Regular Octagon is

8R=2R+(a?+ (4R2 a2- a*)+10.R* a2 -6.R2 .a*+a+a2. 64.R°~ 96.R%a2 + 52.R*.a*~12.R2.a5+a®
R RI 2.R®

Rearranging the terms and solving the equation in the quantity a , is a 10th degree equation , and
by reduction (x=a?) isfind the 5" degree equation as follows :

a'® - 13R?2.a®+ 62.R*.a®-132.R®.a* + 120.R®.a2 — 36.R'= 0

x° - 13R2.x*+ 62.R*. x3 —132.R®. x2 + 120.R8. x1-36.R® = 0....(a)
Solving the 5™ degree equation is find the known algebraic root of Octagon of side a as :

The rootsare  >>>>>>>>>> x1=R2.[2-v2] ,x2=R2.[3 -3]
8=Vx= R.AN2 2. (b)

Verification :

x=a?=R2(2-v2) x2=R* (6-4+2) x3= R6.(20 — 14./2)

x* = R® . (68-48+2) x5=R10 (232-164+2) ............ (c)

by substitution (c) in (a) becomes :

RY.[232 — 164 /2] = R'. [ 232 —164 ~22 ]

R0 .[884 —62442 ] = R [-884 +624 2 ]

R10.[1240 — 868 v/2] = R [1240 - 868 .v2]

-R1 [792 - 528 4/2] =R, [-792 + 528 V2]

R™.[ 240- 120 .v2]

R0, [240 — 120 2]

-R1.[ 36 ] = R, [-36 ]

R10. [ 1712-1712 +(1152-1152).v2] = 0

R, [0+0] =0 therefore Side ag=R.V 2 - v2...... (b)

(9) Conclution :

By summation the heights y on any tangent in a circle ,which hold for every Regular
n-sided Polygon inscribed in the circle asthe next is :

NR =2R +2.y;+ 2.y, + 2y3+ ...2.¥n e (n)

the sidesa,,of all these Regular n-sided Polygonsare Algebraically expressed .

The Geometrical Construction of all Regular Polygons has been proved to be based on the solution of the moving Segment ZD of
the figure of page 8 and it is the Master Key of Geometry , because so ,the nth degree equations are the vertices of the n-
polygon .

In thisway , all Regular p-gon are constructible and measureable .

The mathematical reasoning is based on Geometrical logic exclusively alone .

As the Resemblance Ratio of Areas on the 4 - gone is equal to 2 , the problem of squaring the circle has been approached and solved by
extending Euclid logic of Units (‘under the restrictions imposed to seek the solution , with a ruler and a compass , ) on the unit circle AB ,
to unknown and now the Geometrical elements . ( the settled age-old question for all these problems isnot valid ).

The Regular Heptagon :

ﬁccording to Heron , the regular Heptagon is equal to six times the equilateral triangle with the same side and is the approximate value of
3.R/2

According to Archimedes , given a straight line AB we mark uponit two points C, D such that AD.CD =DB?2 and CB.DB =AC?2,

without giving the way of marking the two points . According

to the Contemporary Method , the side of the Regular Heptagon is the root of a third degree equation with three real roots , one of

which is that of the regular Heptagon as analytically presented.

5.2. THE GEOMETRICAL SOLUTION
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a.. The Even andOdd n-Polygons :

INTHE EVEN n-POLYGON
OF CRCLE {Q,0A} exists

INTHE ODD n-POLYGON THE SUM QF HEKGHTS FROM THE VERTICES OF

v
f

s}

Mn+1 ] //

OF CROLE (0,04} exiss %ﬂ%&ﬁﬂf&%ﬁkﬁ.ﬁé’fﬁ}“{a;&“:%
t{dk) =n. I(dk)=n.R and fer the esmigiel {£(d4)/2) = [nK-2]i2
(‘ :I #/J&:.:q\'\ﬁzﬂ [2: m‘” [3

I \ / /N Mm
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F.14 — A Even and an Odd n-Polygon in circle O ,OA with diameters , A, A,, , passing fromA,; ,
as vertex (apex) of the Polygone , and diameters , A4, ,, M, perpendicular to side4; 4, .

Let be the n-PolygonA; , A, , A3 , Ay, Apiq . Aryz  Azi, incircle (O, O4,),

(e) a straight line not intersecting the circle

d; ,d, ,dy, , Theheightsof the vertices to (e) line ,

hy ,hy; ,hyr41 , The heights of the midpointsM; M, of the sides to (e) line and OK = h , The height from the center Oto (e) line .

To proof :
In any n-Polygon, The Sum, £=%(h), of the Heights
from any straight line (e) is equal to

¥=%Mh)=n.0OK=n.h

Proof F.14:

From any vertex A, , of the n-Polygon draw the diameter ( 4, OA ,; )

a.. When n=2k — then Vertex A ,,belongs to the Polygon

b.. When n=2k+1 — thenline A,O, is mid-perpendicular to one of the sides .

Case a.. n=2k F.14-(1)
Exists %z zz—k = k , and are the pairs of vertices in opposite diameters as in A; ,A ;. , and the , k ,

Trapezium which has bases the heights of the vertices in opposite diametersfrom (e) line , and which
have height OK = h , as Common Height from their Diameter , i.e.

From trapezium A, , Ay , A 41, A a1 €Xists dy +d g,y =2.h  and analogically ,
dZ + d)(+z =2h

dz3+di3=2h ... dy+tdyy=2h

And by Summation ,

dy+d,+ ...

dy+d,, =2h or X =2k).h=n.h=n.0OK........... 1)

,dy dy dy, ,ofthe Vertices A; , A, , Az, Ay Aps1+ Agsn s Ay, Where n =2k,
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Case b.. n=2k+1 F.14-(2)

A1A, AA 4, ... Ay A, thesides of the Polygon .

M, ,M, , M,.,,, arethe midpoints of sides from line ()

hi,h,,.... hypyq the corresponding heights of midpoints from (e) .

The diameter from vertex A, is perpendicular to side A ;.4 ., which has the midpoint M, ,
while Ale+1=A10+OMk+1=R+rn

In trapezium A,A M *, 1M, with Bases A;A’; and M *, 1M, , both perpendicular to (e)
line is parallel to height OK =h and bisects 4 ;0 =Rand OM,,, = r, and from figure , exists

OK =h= Rentrnds )

R+rp
i.e. Height OK is common to all 2k+1 trapezium which are formed as A;4A"\M *; 1M, and OK Height divides also the corresponding
to A;M,,, side with the same analogy as ri .

By summation of 2k+1 parts of (2) which arenall equal to OK =h , then from the 2k+1 different
Between them trapezium referred exists ,

R{h +h +h +hpj+ry.{d dy+.d +d RS+ry%
(2k+1 ).h - (B k1 +h 2+ R gs1en g 3 n-{di+ d; k+1+ dogt1} =n.h= Tn (3
R47q R+ry
where S= hy +h,+.... hyy +d, 41 -Since hy, hy,.... hy ,d, 4 arethe diameters of

trapezium with bases d, ,d, to hy , d,,d; to hy,andsoonandalso dy;.;,d; t0 hy, then

S= ditdy d2+d3+..... dog+d 1 _ 2{di+ dat dapn} _ dy+d,+..d,+d,, =Xand (3)is
2 2 2 2 1 2 k 2k
n.h= EHIR¥ Ty 3 = yie. = =n.h forall Even and Odd n-Polygons .

R+1y R+1y

A relation between Heights and the Number of the Regular Polygons .

Case c.. Line (e) is Extrema as Tangential to circle F.14 —(3)

In this case height ,h, isequal to radiusR and OK=h=R.

Since the Sum of Heights of the vertices in any n-Polygon is X=n.h = n.OK then X =n.R This remark helps to construct
Geometrically ,i.e. with a Ruler and a Compass , all the Regular n-Polygons because gives the relation of the Apothem , the radius 7, of
the inscribed circle which

is related to the Interior anglew = {%}.180".

i.e. Angles, w, in a circle of radius , R , define the n-Sides , A; 4, , of the Regular Polygonwhich in turn define the Sum , X , of their heights
equalto £=n.R
Since also the relation of radius ,R, between the Circle and ,r, of the Inscribed circle is extended to Heights , this helps Extrema - Method
to be applicable on the solution which follows .
b.. The Theory of Means:

It was known from Pappus the how to exhibit in a semicircle all three means , namely ,
The Arithmetic , The Geometric , and The Harmonic mean .

In Fig.15—(1a) — On the diameter AC of circle (O, OA=0C), C isany Pont on OC.
Draw BD at right angles to AC meeting the semi-circlein D .

Join OD and draw BE perpendicular to OD .

Show that DE isthe Harmonic - Mean between AB, BC

Proof :

For , since ODB is a right —angled triangle , and BE is perpendicularto OD then ,
DE:BD =BD:DO or DE. DO = BD2=AB.BC

But DO = %(AB+ BC) therefore DE .(AB+BC)=2.AB.BC . By rearranging

is AB.(DE-BC)=BC.(AB-DE) or AB:BC = (AB-DE):(DE-BE) ,
thatis, DE is the Harmonic Mean between AB and BC .

In Fig.15—(1b) — Is given only Segment AB and is defined Harmonic mean AM between AB ,MB
Draw BC atright angles to AB meeting center C of circle (C,CB = AB/2).

Join AC intersecting circle (C,CB)atpoints D, E where DE =2.DC =AB .

Draw circle (A, AD) intersecting AB at point M.

Show that AM is the Harmonic - Mean between AB, MB .

The Proof :

For, since ABC is a right —angled triangle , and DE = AB then ,

AB2=AD.AE = AD.(AD+DE)=AD.(AD+AB)=AD2+AD.AB therefore,
AD2=AB2-AD.AB=AB.(AB-AD) or AD2 = AB.MB

That is, AM is the Harmonic Mean in AB Segment , or between AB andMB .

6..Markos Theory, on Segmentsand Angles Relation :

The Three Circles Method :

In Fig.15—-(2)— Two Even ,n, and ,n+2, Regular Polygons on the same circle (O, OA) where , n , n+2arethe
number of sides differing by an Even number

A, = The length of a side of a—[n -Polygon].

A, = The length of a side of b — [n+2 Polygon ].

r o= The Apothem ( the radius of the inscribed circle of a — Polygon ) .
r , = The Apothem ( the radius of the inscribed circle of b — Polygon) .
h 4= The Height of KA; side of a— Polygon .

h 5= The Height of KB; side of b—Polygon.

Ah = h,-h g, the difference of heights.
= rg- 71, ,thedifference of apothems.
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S = The sum of interior angles equal to (n-2).180° = (n-2).x
h 4 _ . h p _ . h_
1. =Ssing,, —lb = Sing p, zfq) N

= [%].180: [%] n, The Interior angle of the [ n - Polygon ].

S

wy = [nzj].180 = [nzj]‘” , The Interior angle of the [n+2 Polygon ].
»,= An Extrema-angle between w ,,w ,which is related to Heights .
Q= [%] n, The angle of side 1, to (e) line for Even, n-Polygon.

S
1l

© = [Z(n"—”)] 7, The angle of side 1, to (e) line for Even , n+2 Polygon.

n-1
? o= [2(n+1)
Show that , the Extrema-angle ,w,, and the complementary angle ,¢,, define the In-between Odd-Regular n-Polygons onthe same circle
(O, OA), byScanning the , Ah ,difference Height, on Circles - Heights-System , and followingtheHarmonic — Mean of Heights .
Proof : Fig.15—(2,3)
a.. Draw on OK circle , the Tangent at point K , and from K any two Chords KA and KB .

From Points A, B draw the Perpendiculars AA",BB" and the ParallelsAA,,BB; , to Tangent (e).

b.. Draw thecircle of Heights (4, A;B 1)

17, The angle of side 1, to (e) line for Odd — Polygon .

In right angles triangles KAA™ , KBB", ratios%z TAz sin <paandi—§= hl—bgz sin @y,
where h, = 1, .sing, and hg= A, .sin¢, and the difference Ah = h,- h g, or
Ah = h, -hg=2A,.5in@-Ap .SinQy ..., (1

Since between the two sequent , n, n+2, Even — Regular — Polygons exists the Geometric logic of AB

Monads , i.e. In a Segment the whole is equal to the parts , and to the two halves , and for angle ¢, to become ¢, is needed to pass through
another one angle ¢ , , which is between the two , therefore ,

a.. Between the two sequence Even -Regular-Polygons exists another one Regular-Polygon .

b.. According to Pappus theory of Proportion and Means , between the three terms h, A, ¢

exists one of the three means .

c.. For since the Sum {itisalgebraically n + (n+2)=2n+2 =2.(n+1) } must be an Integer which can be divided by 2 .

d.. Between the two Even -Regular-Polygons exists the only one (n+1) Odd-Regular-Polygon .
For the commonly divergence angle , ¢ , equation (1) becomes h , ,

Ah = hy- hg= (Ay-Ap).singp = AA. sing ........... )

or, hy-h g= (21, sing- 21 ,.sin@).sing = 2(r,-r,).sin¢ i.e.
hy-h g=2(,1p).sin*@ or hachp o __sime . 3)

sing 1/2(r q—7p)

Thatis, sin¢g = ;'—Z) , is the Harmonic - Mean between [h ,- h g], [ Py — (ral—rl.)]
a2 Ap? _1

From (DAh = A, .sing,- 1, . sing,= 70 -0 —E(Aaz -A.%) or
Z'R'Ahz(laz'lbz)=[Aa'ﬂ-b]'[ﬂ-a+lb]- ----------- (4)
Show that , the Extrema-angle , w ,, formulates the complementary angle ,¢, defining the
In-between Odd - Regular n-Polygons on the same circle (O, OK) , using the Extreme cases
of this System { Ah=h ,-h 5= A{B, }, onthe Circles of differenceof Height .

Analysis :
1..From above relation of Heights and circle radius for two Sequent — Even - Polygons then ,
*h,=n.R=n.0OK(@)and Zh ., = (n+2).R= (n+2).OK (b)
By Subtraction (a) , (b)
Sh,4p-2h, = (n+2)R-nR=2R — constant
By Summation (a) , (b)
Yh 4o +Zh, = (n+2)R+nR = (ntl).2.R— constant

i.e.in the System of Regular - Polygons the ,Interior angles ( w ) and Gradient ( ¢) ,
Heights ( h )and their differences , Ah ,— Summation and Subtraction of Heights are
Interconnected and Intertwined at the Common Circle [A, Ah = h 4- h g ]producing
the Common (n+1) ,0dd — Regular - Polygon .
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2..In Fig.15- (2-3) — For , KA, KB , chords exists A ,= 2R.sin ¢, , 1, =2R.sin ¢, , and their product[POP]=( 1,.4,) = 4R[
Sin@, .Sin@y 1 cooveveeennnn. (5)

The sum of heights for the n and n+2 Even Regular Polygon isXh,=n.R and hz=(n+2).R

and the In-between Odd Regular Polygon Xh ,=(n+1).R . The corresponding Interior angles

2 -2
Wa:[;]n and (puz[n_

2
wp=[i51n andg, = [Z(n+2)

2
Wo [m]“ and (po=[2(n+1)

The Power of point O to circle of diameter Ahis for 1, =2R . sing,, ', = 2R . sin ¢,,

[POP]=[1,.4,] =4R?.sin? oo (6) and equal to (5) therefore
sing, .sing, = sin*@, or % = % ............ (7

i.e. Angle ¢,follows the Harmonic-Mean between angles ¢,,¢,0nAh Difference of Heights.
3..Since Product of magnitudes A, .4, =constantandalso (A,-4,).( A,+4, )= constant,
therefore , the Power of any point IN and OUT of the circle of Heights is Constant , meaning

that exists another one Regular — Polygon , between the two Even - Sequence i.e.

The Outer are the two Even-Regular N and N+2 Polygons,
andThe Inner is the N+1 Odd — Regular Polygon .

TR TEAS GOUMITICAL MEAYE 4 L (la) KIS = Tanel oo B () el b o e gty Rl Pt o i
(o) Rogelu et fedeo(OGK-R) 1o Lo o] T bt By Ry g ot {3 ckn
AL Ay e m e 0,AC7 ) \ 91,9b, 9= The huerke, i v, wgin o o m.n = The Anghe i i gt 7, o e Vi X
BD = Aty Miraokerd a0 40, 184 AC Tvo e Py = The Mg e Angnefibles RA=L o, KB =1
B = Tix g fomyoie B O V1, Ab = Meloghi ! MN KA, B wA-18e {Aneb ] o] = (Aea s swig =
—_— \i 18 |lﬁ = The ratin o oo Eonarbod ik = B[ taerb]tin e ad, dagp e e s e ¢
104 0 1 Th Adkbsl M oA B3 | 1A, }B = TiuPeghtn Tpethilbu X.L [ o bm )L (1200 <0} Jo n'y
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F.15—In (1) are shown the two ways for constructing the three Means on One or TwoSegments .

In (2) is shown the Divergency of Sides to Heights of Two n, and (n+2)Even Polygons .

In (3) is shown the locus of the Two - Circles of Heights ( A;, A; B;)andthe parallels to (e ) .
to be Extrema case for the two segments KA, and KB .

6.1.Analysis of the Geometrical Construction . Fig.16 - (3)

The construction of all the Even - Regular - Polygons is possible by dividing the circle (O,OK) in 2,4,6,8,10,12,14 ...2n
partsas w —[ ln and ¢, = [—] n, n=1,2,3..

The construction of all the Odd - Regular -Polygons is possmle by Applying the Circles on Helghts

between the chords of the Even- Sequence of Polygons on [ 2 4] [4,6]-[6,8]-[8,10]..

[(2n)—-(2n+2)] asformulas w ,= [ ]n and ¢ ,= [Z( +1)]7'E founded from pointK . Case A — Digone .

Step 1:

Draw from point K , of any circle (O, OK), Tangent (e) at K and Chord KA which is the diameter

( because diameter of the circle is the Side of the Regular - Digone ) and any KB, corresponding to the Even (n) and (n+2) Regular
Polygon .

Step 2:

Draw from points A , B, the perpendiculars to (e) and define the difference Ah =h 4- h 3= AB ; ondiameter KA and Draw circle (A,
AB ;) with radius Ah, and line KA intersecting circle at point 4,

Step 3:

Draw tangents KC, KC ; and chord C C  intersecting circle (O, OA) at point C .

Step 4:

Draw Chord KC which is the Side of the Regular Odd — (n +1) - Regular - Polygon on angle ¢ .
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F.16— In (1) is shown the Rolling of a circle on a straight line and forming the Cycloid .

In (2) is shown the Inner - Outer Power of Points, K, O, on circle of AB diameter . In (3) is shown the How and Why KM Segment is
the Harmonic-Mean between KA , KB ; .

Proof :
1.. Because triangle A C K is rightangled then AC is perpendicular to KC therefore Segment

KC is perpendicular to AC and it is Tangential to circle (A,AB;).
The same also for K C ; , which is also tangent tocircle (A, AB;) .
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2..Fromrelations KA,= KA+ AA, = KA+AB,

KB,= KA-AB, =KA -(KA,- KA)=2.KA -K4, or,
2.KA=KA,+ KB{=(h,+ Ah )+ hg ... (1)  therefore
KA = Latahths (2) The Arithmetic — Mean .

2
3.. From the Power of point K tocircle (A, AB;) exists [KC]2 =[K B{].[ K A,] therefore
KC=KB,. KA, = \/[ha+ Ah]. hy ...(3) The Geometric — Mean
4.. From the right angled triangle ACM exists KM.KA=KC2= (KB,).(KA,) or

KA, KB KA, KB 2 H
KM =KAo KB1 _ 0211 2= —+—1 .on... 4) ie.
KA [KAU+KB1] [KAD Fgl] ()

KM is the Harmonic - Mean betweenK A ,andK B ior (h,+ Ah),hp .
For n =2 ,then KA is the Side of the Regular-Digone and equal to the diameter of the circle .
For n = n+2 =4 ,then KB is the Side of the Regular -Pentagon sided on the perpendicular
to KA side.Exist h, =KA, h;=KO= KB ;,Ah= AB,,and A ; point coincides with
A , , and consequence with C point . Parallel line DA , coincides with the parallel CC “line
and KC is the Side of the n+1 =3 , Regular — Trigonon KM = KO + %:1,5. OK.

Point A is the Vertex and KA is the Side of the Regular Digone .
Point Cis the Vertex and KC is the Side of the Regular Trigon(Triangle ).
Point B is the Vertex and KB is the Side of the Regular Tetragon .

In addition , from formula £ =n.R =3R =3.0K, and since every half is % .OK=15. 0K
then Point C ison half Ah,or height h=KO + %.

For n =4 ,then KA isthe Side of the Regular - Tetragon and equal KX =OK./2 chord .
For n = n+2 =6 ,then KB is the Side of the Regular -Hexagon sided on circle (O, OA).
For n = n+1 =5 thenitis the side of the Regular-Pentagon .
The How this is Geometrically achieved follows by the following three methods .
a.. The [ Antiphon — Archimedes ] Ancient Greek—Polygons method .
b.. The[ Euler-Savary ] Coupler-Curves curvature - centers method .
c.. The [ Markos ] Geometrical , Three — Circles - Method , in Polygons .

6.2.The Geometrical Construction of ALL Regular Polygons .

Preliminaries : The Coupler Curves .
Geometry :

Let Abe a point on a Plane System ,S, rolling on the fixed system ,So, as in Fig-17.1
K, is the center of curvature , the Instaneous center on the fix system .
P isthe Instaneous center of curvature on the fix curve So (the pole P),
(p) , () are the coupler curveson , S, So
u = The translational velocity of pole P equal to ds/dt = AA’/dt
w = Angular velocity of pole P equal to dr/dt = d(APA")/dt and for d=u/w then,
Euler-Savary equationis Ex=[1/r, -URp]sinp=1/d ......c.coveninin.. (a)
When point P lies on the radius of curvature of Polar path (¢ = 90) then sine =1 and from
Fig-17.2holds — [1/r, -1/R,] =1/d andissues r=ry,.singand R=Rp.sin¢
i.e. The trajectories of points A on the circumference of circle radius r, , have their center

of curvature on circumference of circle of radius R, .
Motion :

The motion of curves (p), (n) isin Fig-17.3
Letv, ,Up,Uka, bethe velocities of points A, P, K, to their systems .
For system S the curvature center K, , the Instaneous center , is found from the intersection
of A'P" and AP . For system ,So, the curvature center K, 4, the Instaneous center ofK,0on
fixed system (=) is found from the intersection of P°K,,-and PK, .
From the above similar triangle K,AA", K,PP" exists ,
(K4AIPA) = (K AP AY)=( Kyp A'TPK )= Ky KyulP Ky OF { KyAIPAY={ K Ky IK44P } ... (b)
i.e. The Points A ,K,,are harmonically divided by the pointsP, K,and exists ,
1/PA +1/PK, .= 2/PK,

Inversing the two Systems by considering fixed system ,So, rolling on ,S, as in Fig-17.4 then,
Ex=[1/ry - 1/R,]sinp, =1/d and [ Lliry -1/R, ]sing’, =1/d where in both cases issues,
(PK,-PA)/( PK,.PA)=-(PK ",— PA")/(PK,. PA") or Ex =(1/PA-1/PK,)=(1/PK, -PA)=1/d ... (c)
The Path of the Instaneous-center of curvature , 04, on (k) , (1) coupler envelope curves is proved that , During the rolling of curve (k) of
system , S, and the fixed to it envelope (x) , then the Instaneous-center of curvature and those of the constant envelope (r) , coincides to the
Instaneous-center of curvature K, of (k) as in Fig-17.1
The center D , of a Rolling circle (p) on another circle (w) , executes a circular motion with K}, as center which coincides with the center of
curvature of the second circle. Because angle
¢ =90°, then for every point Aon (p) exists a center of curvaturek, on AP and C K,, as in Fig-17.2
During the rolling of a circle (p) on (n) line , then the corresponding Instaneous-center of curvature K, of any point A is the common point
of intersection of AP produced and the parallel to DP from point C and the Instaneous-center of curvature Kj; for point D is in infinite and
KD=o.
The Euler-Savary equation involves the four points A, P, K, , K44 lying on the path normal.
Equation (b) may be written in the form PA/AK,, =AK,,/ AK,and is recognized that AK,,
is the mean proportional between PA and K,A.
The Cubic of Stationary curvature :
Euler-Savary formula apply to the analysis of a mechanism in a given position and vicinity .
It gives also the radius of curvature and the center of curvature of a couple-curve. Because couple-curve (Path <> Evolute) is the equilibrium
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of any moving system , then Complex-plane is involved and the E-S geometrical equations ,

Ex=(1/PA-1/PK,)i.e =h[L/IPA-1/PK, ] = ( ) and for the homothetic motion
1 1 1 d

(h=1) then, Ex = ﬁ_mzmm(f)

Equation (d) is that of Rhodonea Hypocycloid curves .

The Inflation circle , KoxhocKapmrckatAvtictpopovKévipov, extrema case ,

shows the location of coupler points whose curves havean infinite radius of curvature ,

i.e. on inflection circle lie all centers of curvature of System curves and which , these are rolling

on inflection point on the envelope .(Envelope here are the two or more surfaces in direct contact).The Cubic of Stationary curvature

[COSC] indicates the location of coupler points that

willtrace segments of approximate circular arcs . In Geometry , the rolling of a circle , on a circle and or on a line is likewise to Mechanism

as , Space Rolling on Anti=space , a Negative particle , Electron , on a Positive particle , Proton , or on many Protons , so the Wheel-Rims

represent the , COSC in Mechanics .

Cuplercurves (p)- (M) [1/r-1/R].sing = 1/PA +1/PKn=2 / PKa -
Palnt of contact P,Pofe 1/m-1/Ro=1/d Velocity Components of paints ot
Ka= Curvaturecenter  WNotation of the A, P, Kx for defining point Kux A, ¥ of the Coupler
o = Curvatins ik Euler-Savary equation ofthe Euler-Savary equation curves (p).(m)
(1 2 = .
A AP [eoad
Iﬁ\ [ N Dle \ A “ A A!?
\ ot/ T/v “/
! / ID ! | . PJ 5
r ) | i / R
] : ; .\ (=) f \
. '. /f X ¥ \
o, % \ P §
) (») ‘n K‘ KA
P (“) v //_._ 1:‘:/ W f
S S (w) \
\ (m) \,/ /
/ o \ ¥ Kaa P
R Ro 2 '-\ VPl $="t)
\ // ,/ \o o "I'A o
Ka \ v Kn/ KMMKA ‘ﬁ .

F.17—In (1) Apoint A on Coupler-curves (p), (r) define the point of curvature KA, the

Instaneous point P,

the pole on (1) .
In (2) is the case of point A lying on radius of curvature of polar path (point D) where then the paths of points Ain ,

Instaneous center of curvature KA on the fixed system So.

In (3) The Velocity Instaneous center , for curvature point K, , in S, system is pointK,, .

(p) , (w) , follow the inversed motion
where Poles of rotation ,

with any given number of sides either Mechanical or Geometrical - Solutions [63].

S, system have the

In (4) The two points A, K, , of Coupler-curves

A and K, , are inverted . Above F.17 is the Master-key for the solution to inscribe in a circle a regular polygon

H Mé6odog apiepdvetat oty Zoyypovn - EALGda , yio va Mn Egyxva tovg Ilpoyovoug g .

116



Thegeometrical Solution , Of Theregular N-Polygons The Unsolvedancient Greek .....

' 0 FEQMETPICOE MAANEIMOE KATADXEHE AN
Ok i\ TON MONON & ZYTON KANONIKON NOATONON
\ /
/
. B
\ /
{ . /[ R
K2 /
/ yd
P12 X /
' / /
4
o o ,/ Sa /
{ 0 ‘ S //
K Nnae/. K
! . } C ,/' .
b | R Y N
Tndw sl civipou O, wax Buapftpou KOk o1 N w7/ NP B
Vo Xopdéc 101, N2, oympari{oww 19 ; 3 W I / i "‘0’ Z T
Tpanilio 0,0kPPa (o KIMI = X172 NN , {"
Yi/ A R/
L AN P
)/ NN
O wihon Sunpnpou KiPa, MIPE adfuvean M1 /]/ g >
o b ko (K1 X142) b onclo Ska, o0 4 R A
(von 10 Teptio Avniotpogec oW of A %W
/ / \ Os™
/ \
/
X /// } \ .
e opt .
74
®
(e) : /'/}/ h:o}.@} 3
/ & 1 Y \ ) - h
Py B N\ / N
Sy fh <
S/ "/ — L S p

/

F.17 - AZtov kbkho( O ,OK )ué v gvbeia (€) gpamtopévn oto onueioK , kot pe Sidpetpo

KOy ,®épopev 115 TuyovoecXopdés KK KK, kot Tig avtiotoyyeg yopdés Ox Ky 0K, , pé tig yovieg <K K (g) = ¢1,<K,K (8) = ¢, kot
Ap=0¢l —@2.

A6 de tov onueiov O, Pépopev v OM; pecokdbeto g yopdng KK . 1.. Ilpoekteivopev v Oy K;, dote va KoPer v mpoéitaon
g 0K, otéonueio Py , kot Dépopeviov KOkAo (Opy ,Opi P=0, M1) Kkévipov Oy ka1 dwopétpov [P M, ] .2.. Tlpoekteivopey v 04Ky,
Gote va KoBer mv mpoéktacn mg OM; otéonpeio P, , kor@Epopevtov kokAo (Opq ,0pq Pa=0pq K1) KéVTPOL O, kaiSlapétpov [P K] . 3.
H evbeia KK, I[Tpoektewousvn KoPer ,  Tnv mpoéktaon g  OkK; Zto onueio (2) , Tov woxho ( Ky ,K1K; ) Ero onueio K, Tov
KoK odopéTpov[ P, K1] Zto onueio (3) , xar Tov koxkho  Swpétpov [ PLM;] Zto onueio (4) .0 xokrhog ( K; ,K1K; ) o6Pet tov kKo
Swapétpov [ P M, ] oto onueio S, , M de Xopdn K S, woPertov kdko (O, OK) oto onueio Pq_, .

4.00 0000000

a) Ot kOKAOL (0pq 10, K1)  (Op 0, My) givar ar OpBaillpoBoraitov Tewpetpucod Mnyoviopov {[O0xK;//OM;] yovia
<OP,0,=P,0, P} tov Zvotpatog tov Ancipov — Avtifétov - Kokdov. B) H evbeio [P,_,0]eivor o Kowdg Axpaiog -Mmnyavicpog
[M; M, L OM*{]Zvotipatog OpBdv
kot Avtifetov Ipofordv mépE evbeiagdiepyopévng omod tov kévipov O .

v) Xmv mepintwon 6mov ot yopdés KK, KK, avikovv ce 600 cuveydpeva Zvyd Kavovikd
Tolvywva tote 1 xopdn [ K P1_,] avikel oto evitdpeso MovoKavoviked TToAvymvo.
ATIOAEIEH :
1.. Ta piyova KK,0, , KK,0, , eivon opBoydvia 101t 1 vroteivovsa KO, , givar StaeTpog Tov kokhov (O ,0K) . Emedn n yovia
<KK;,0, =90°,apa Kot 1 couminpopatiky me <KK; P, = 90°.
To {810 kot y1& v yovia <K K, 0, mob avtictoyei n yovio <(1)K,(2) =90 ,

2.. Eneidn oto tetpdmievpo [(1)K;(2)K-] , ot évavtt yoviu<(1)K;(2) = (1)K, (2) = 90° , apa tovTo givar eyypayipo og KOKAO .
3.. Emedn n yovia <(1)K,Kp = 90 ,apatd onpeio (1), K, , Kp, ivar eyypayipa og koxro . To 1810 wyder ko o té onpeia (1)K, (3)xaitd
(DK (4) .
4.. H 86vapn twv onpueiov Py, , P,otov koKkho (O ,0K) givar ot epantopévecT,, Ty, 100 kbkhov Kot iomuészk = (P,0)? - (OK) 2
kaiT?,, = (P,0)? - (OK) 2, dpa 1oxdet,
(OK) 2= (P0)?-T?, = (P,0)*-T?pq........ (1)
5.. H 8ovapm tov onpeiov Py, P, otov kokho ( Ky K1 K; ) eivan ot epantopévesT,y 1, Tpq1700K0KAOD Ko icouuészkl =[ P K ]?- [K1K; 12,
kaiT?,q1=[ P, K1 J2 - [K K, 17, Gpo 1oyder,
[Ky K12 = [ P Ky )? 'szmK(li (K K2 =[P K T2 'szal’ ondte [ P Kq]? 'szkl =[P.K]? 'sza1 ﬁszal'szklz [PK )% [ PeKq)? ......(2)
Enedi n Xopdh [ PyK;]rov kbrdov Swapétpov [ P M ], eivon fon pe [ P Ki12 = [ P MyJ2- [ My K0 (2) ywvetanT?,q 1 -T2p1 = [PK; 12-{[
P My - [ MK PY=[P K 12 - [ PeM PP+ [ MU KG P .. (3)
Anhadn n Advopn tov Zvotipotog twvAvo KokkovoyetiCetope tig Evtog -Evodlaé Awopétpovg  tov[P, K, ] ,[ P M,] ,emitov
OpBoywviov Tpomeliov [ P, K; M, P, ] Oyovg KM, , o0 apedtepoumpoPdrimviar oto avtddyog K;M;o6mov kot o kokAog ( K; KK, ) .6..
Emnedn to onpeio P, gvpioketon emi tng OM;// OxK;,Gpa. 6lot ot kbkhot dapétpov [P, M ]
npoPfddimvtor oto onpeio M; , ko 6tav to onueio P, — oo, givar 616 dmepo, tote 0 kdkrog ( P, , P,oo ) tawtileton pe v yopdn KK; .
Eniong to onueio P, evpioketar eni g OxKi/l OMy, dpo. 6hot o1 kbkhot Sropétpov [Py Ky JnpoPdioviar oto onpeio K , kot dtav 1o
onueio P, — ©
givar 6o dmelpo , Tote 0 kOkhog ( Py , Pyoo ) tavtiletar emiong pé v yopdn KK; .Anhadn , H yopdn KK, eivon o I'empetpucdg tomog tov
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Amelp@v KOKA®V enti v noparliiov OM;, O K; , tov TpaneCiov [00, P, P,] e 1 yopdés Tov va koPmvtar eni tov kokhov ( Ky K1 K, ) .
7.. Hyopdn KK; neprotpepopévn tépi tov onueiov K, oty gubeiaK S, , kabopileito kowd onueio Sy, todv kdhov ( K; KK, )xai Tov
KOKAOL TG peyarvtépag dapétpov [P Ky 1M [ P M;], modeivaro owvogl empetpikdg - ToOmogdiéfacngrodZuotinatog ord 1o ATEO , o,
oy 0éon [KK,] .
H evbeia ,P;_,0, mov mepvd amd 1o onpeio O, givon ) Akpaio Kown gubeia Opbiig IIpofong tovZvotipatog tov Tpanetiov [00, Py P,]
peta&d tov Xopdav [KK;] [KK,].8.. Zmv mepintwon omov ot yopdés KK, KK, avikovv og 800 cuvexopeve Zuyd Kavovikd IToddyova
N xopdn,K P1_, , avikel oto gvddpeco MovoKavovikd [Toivyovo , S10tioto onpeio Avaotpoemng

TV KOKAOV , 1| Atdpetpog P;_,0 yivetot kKGOeTOg TG TAELPAS TOV , AVTIGTPOPT TV YOVIGV TEPLE TovaEovog Py _p- P ;.

AxohovBovv ot dtdpopeg okéyels TIpooeyyiotikég ko Mn ol ywvay .

6.3. At Mébodot :

Ipokatopktikd :To @épa , F.16(3).

O 1uyov kokhog (O, OK) givan Suvatdv va ywpiotel ot ,

a..Avo ica pépn and v dudpetpo KA [ Eivar to Aimoro AK] pe yovio<AOK =180 °. B..Téooepa ioa pépn omd v Aygotopo tov 180
ooV givar n Kébetn devtepn Agpetpog X~ X

v..0K10 io0 pépn amd v Aotopo Tov TEGeEpMV YoVIdV o0 givar 90 °© .

d..AekaéEer ioa pépn amd v Ayotopo v OKTd yovidv mov eivar 45° kot o0to ko' eEng .

£.. O xoKhog €éymv 360 ° = 27 axtivia dOvoTol va YoploTei o€ ,

Tpia ioo pépn  360°/ 3 = 120° mov givar duvatd [ To IodmAgvpo tpiyovo |, 'EEn loa pépn 360°/ 6 = 60° mov givar Suvotd pe Tig
dyrotdpovg tov tprydvov [ To Kavovikd EEdymvo ],  Addeka ioa pépn 3600/ 12 =30° mod eivor Suvatd pe Tig Siyotdpovg tov
E&oydvou

[ To Kavovikd Amdekdymvo ] kot ovtm kab' e&ng og 150, 7,50.........
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Hapatipnon .
o...H oepd tov Zuyovaplbuov sivar 2,4 ,6,8,10,12,14,16,18 .20 ,..........e.....
H ocepd tov Movav apbucdv eivon 1,3,5,7,9,11,13,15,17,19 21, ..ccennnene.
npogpyopévn amd to Mt-adpotspa tov [ponyoduevov kot tov Emdpevov Zvyod apbuod m.y.
O apBpodg 5= 4%6 = 12—0 =5.H Aoyum g [Ipdcbeong 1oyvet kot otny I'ewpetpio oAl oto Sk
™m¢ mAaicta mov givar ) Aoyikn tov YAkov — Enpeiov , Sniad to Mndév (0 = Tinota ) Yrdpyet
g aOpotopa tov Oetcod + Apyntikod [ide, Yhkn lewperpio 58-60-61]
B...Zmnv dvo mapaypago 5.5(Casec) anedeiydn n oxéon (1) Z(h) = (2k) . h = n.h=n.0OK, 6mov
¥ =To GOpospa 1ov Yyav , tov Kopuedv tov Kavovikod (n) — [otvydvov ,
and Tov Kopuvedv K, , péxpt g epantopévng (e) oto onueio K,
h=0K , To Oyog oV kévipov O amd Tv(e) ,
n =0 appog v IMigvpmv tov Kavovikod — IToAvydvov, ...... Kot ov
Metotpénet to ABpoiopa tov Yydv amd g Epantopévng () oe moAhamhiocio aptBud
NG aKTIVaG TOL KUKAOL ,m0o0 oyeTiletonl GUESO e TIG YOVIES @, , KL TG KOPVPEG TOV
mievpdv, KK,.
v...E1g tuxovoa Xopdny KK; tov kokhov (O, OK) , n Kevipikn yovia <KOK; , givan Sumhdoia tng
Eyyeypoppévng g ko n yovio <KOxK;= KOM;. H Mecokdbetog OM; givor mapdriniog tng
Kabétov Og Ky, apo tépvovtar oto drepo (o) . Enedn de o dvo Kabetor mepvodv omod to onpeio
O kot Ok , awtd amotelovv Toug [TOAoVG TEPIGTPOPNG TOV .
Eig to Zynua F.18 — A, 1o tuydv Enueio K, , eni tov kbkAov , oynporiCet v devtepn Xopdn KK,
n d¢ Kdébetog Oy K,mpoektewvopevn koper v OM;, mapdriinko tg OkK; , o€ éva onueio P 4
7oV givar o I16Aog -Zynuaticpod tav §vo Xopdav , 1 , YoVidv .
To yoti givon d161t to onueio P ,kweiton ent tng OM,omo o anepo péypt g StapétpovK Py .
Eni tg drapétpovK P,tov koxkiov ( 0, , 0,P,= 0,K) , koipe kévipo to 0y, Zynuatilovto ot
d1eg yovieg @ 1 ,@ ,0m6 11 XopdécPy My, P, K, , dote m yovio <M; P K, = K;KK,=0P; 0,
Anhodn , e 600 Xopdéc , KK, , KK, , xoxhov (O, OK), kowng kopuepncK, 1
MeookaBetocOM g Tpd™G ko 1) KébetocO kK, g devtepng , kOPovtar og éva
onueio Pymod oynuatiCel tov kokAo( 04 , 01 P4 )noo givaroZvlvyng tov Kokiog, {eivor
0 kbKrog tv Towv-Tovidv pe tovkdkro (O ,0K)} . To idio ko pe tov kbkho (04,0, P,= 0,K).
3..And v oxéon X =(2k).h=n.h=n.0OK ,8ian=2 tote £=2.h=2.0K dnradf n didperpog
KOg . Auun=3 t6te £=3.h=3.0Kxkarn=4 1618 L =4.h=4 .0K. Eneidq o Movoi apiBpoi
givar 0 AplOuntikdg - Méoog twv o yertovikdv Zvydv dpa kot 1o 3.0K givar (2.0K +4.0K)/2 .
H d109opd tov vydveivonAh = hgq- hg, =K K kot peta&d tov napodlniov tov onueiov |
K1, K, ,xoutng (e). Oxdxhog (K, K1K 1) eivan o Kbkhog tov Yyopetptkdv-Alopopadv tmv
Xopdav KK; , KK, , kot petafdrietar avaroyo pe to onpeio Ky 1 o idto pe 1o K, . Anhadn ,
O Koxhog tov Yyopetpwdv - Awpopdv ( Ky, K1K 1) odinhooyetiCetonr pe ticXopdéc ,
[ KK, ,KK,],[ OxK; ,0xK,] 100 xokhov (O, OK) pécotov aviictoywv kopvedvK , Ok
kot pe Tov Kokdo-Towv Tovidv (0' ,0°1P4) péoo g Mesokabitov OM4 g npdTng
Xopdnig K K1 ko g KabétovOgK, g devtepng Xopdng KK, .
Avtog 0 AMnrooynuatiopnds tovTesodpov KOKAOV ,
{ (0,0K ) -(Kl 1K1K ‘1) -(0\1 ’ 0\1P1)- (02102P2 )}
Kkabétmv Tpog v epantopévn (€) , emtpémel, Xtov omotovdnmote kvkAo( O , OK'), va
kabopicetl péow tvAvo XopdwvKK; , KK, kot yovidve, , @, , v petaéd tov kivion,ftot
And v oyéon abpoiopatog tov Yydv T = (2k) . h=n.h=n.0OK , mpoxdnret 611 0 Abpoicpa
I20) | E202) _
2 2

TV Yy®v 600 cvveyopévev Kavovikdv - [lodvydvov n, n+2 givor —
+ . . .
1% givan o ApBpéds tov Kopvoov

[2+22].0K = ["2*].0K=n; .OK , émov ny=[ "
oV petagd TV 6V0 Zvydv Ny , ny, Movod —ApiBpov - Kopvpdvtov Kavovikod-Tloivydvov .
Emni g Yyopetpicng —Atopopdc Ah =0;K *; kabétov g (€) dwatnpovvrar ot iotnteg ABpoiong .
A6 TV TOVTOXPOVO BT TV YOVIOV @4 , @5 , OTOVG dVO KOKAOVG opilovTot Kot ot YopdLs .

¢...Enedn KK, , KK, , eivar k@Ogtor tovOP; ,0x Py, dpa 1o onpeio K eivar toOpOoxevipo  OAmv tov kabétmv Tov Tpiydvev omd

T00TOV , KAOMG KoL TNG KOWNG XopdNg T@V dV0 KUKA@V

(0,,0,P;),(0,0K) . Eneidn d¢ o l'eopetpicdg -Tomog 1ov XopddvKK; , KK, ,tov Kowvod
Opbokévipov K eivor—yia tov koxkdo (O ,0K ) 1o 160 KK, ,y1a tov kdxro( 0, ,0,K=0,P, )
10 10€0 M; K, xat ywa tov k0kAo ( 01 , 01 P *;) 10 t6&0 (1)-(2) pe to onpeio Topng tov xopddv,
APA taonpeio(1) ,M;givor to. Akpoio onpeiatov kKOKAoV To00TOVOGTE Vagivat KMlJ-PlMl.

Al avoTépm 600 hoyucés Katalyovy otn Mnyaviky kot I'eopetpucr Aoon mod akolovbet .
H «xatd mpocéyyion MnyoaviknAnddedn :

Ew 1o oynua F. 18- A., éotm kikrog ( O, OK)pe v evbeia () epamtopévn oto onueio, K,
kot v KOy Stdpetpo Tov kdkhov.

OpiCovpe eni Tov KVKAOL Kot amd TG apyns , K, tic Kopveés K , K,va avtiotoryovv oe dkpa tievpdv Zuydv - Kavovikdv — IToAvydvev

KOL TG OVTIOTOES YOVIECT®V , @1 , P2, HETOED

tov mevpdv KK KK, xou g gpantopévng (e) .

Dépopev and twv onpeiov K , K, , 1o moparinniovg mpog v (€) amd e g Kopueng
KixdBeto mpog v () movva tépvertny mapdAinio omd tov onpeiov K, , oto onueiok 'y,
Kot ev ovveyela eépopev v kdbeto K1 K *y ogoxtiva todKodkhov ( Ky, KiK'71).

Dépopev V0K Kymodmpoektevopevn tépver v OK, mpoektewvopevn(and to onpeio O )
oto onpeio P,and de tov0,(nécovtng drapétpov KP,),pépopev tov kokho ( 0,,0, K=0,P,).
[poekteivopey TignAevpés 0L K , 0L K, , dote va kOPovv tov kokho (04 ,0:K *1) ota onpeia
1,1 k2, 2", avtiotoro Kot gv cuveyeio @épopev Tig eVoANGE xopdégl-2" kar 2 -1 .
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Opilovpe 10 KOG onueio , T, twv xopddv 1 -2' kar 2 -1 xor wpoekteivovpe v , 0T,
mote va koPet Tov kokAo (O, OK) oto onpeioKs . ' H, pe tov Appovikd-Méco
Dépopev and tov onueiovk ' kdbeto , K 1A =( K 1 K;)/2 xoutov koxdo ( A,AK';) dote va kOPeL TNV
xopdn 0;A oto onpeio B . Oépopev and 10 K;tov kdrho (K; ,K;B) dote va k6Pet v kdbeto K; K *; oto onpeio , C, amd de tov onpeiov
C mapdriinko g (e) dote va kOPel Tov kdKkho (O, OK ) oo onueio K5 . H xopdny KKseivor n thevpd tov Movod — Kavovikoo -
IMolvydvov, diott,
O «okhog (04,0,K=0,0) givar 0 k0KAog TV pécov Tav yopdodv KK, KK, Apa kot tngK K.
Ovyovieg <KM,0, =KM,0"1=90° , <KM, P, = KM;0 =90°, <KK,P,=KK,0,=90° ,
Apa 1o onpeio K givan to OpBdkevipo tov tptyoveovKOM, KOP;, KO, P,, KO, 0; .
Ovyovies <K KK, ,K,0.K, ,OP,0, ,0OP,0, ,P,OP; givan ioeg peta&d tov,
Aot Eivanay) Eyyeypoppéveg oto id10 1080 , K; K, , 100 kdkhov (O, OK),
B) Ovmievpéc twvP M, , P K, , kdBeteg tov KK, ,KK,evpiockovton
evtdg Tov kokAov (0 ,0°1 K=0" P;),
v) Evtog evoAAddE peta&d tov 6o nopariiav ,0P;, ka0, P,
tov kdkhov (0,,0,K=0,0),(0,,0,K=0,P,).
Ot Xopdég 0K, OM; givan kéOetor g yopdnic KKy, Apa givon mopdAiiniot ,
Ot Xopdés 0K, , OM, givar kaBetor g xopdng KK, , Apa givor mapdriniot ,
O l'sopetpicdg Tomog tov onueiovky, and Tov Enpeiov Ky npog K, , oto kbkho( O, OK)
givarto 16&0 KK, tov kdKhov , evéd emi tov kdkhov ( 07 ,0:K *1)to t106&0 1,2 tov KdKAOV.
O Tewperpikdg Tomog tov onueiov K, , amd tov Enpeiov K, mpog K, , oto koxdo (O, OK)
eivan 1o 100 K,K; Tov kOKAOL , eved emi Tov kOKkAov ( 0; ,0,K *;) 1010802 ,1" 1OV KOKAOV.
O Teoperpikog Tomog amd Tov onpeiov , O, tov Toperiiiev g Xopdhg 0,0, , ivar ot Xopdég
OP;, 0,071, amd 3¢ 00 TOAOL , Of , mTopf , T, TV Yopddv 1,2 ko2, 1° avrictoya .
Enedn de n yovia <0, 0:K= 0, K,K =90°, Apa ntoun , T , kwveiton mapddinia g 0.K,
Ko gfvar To kowd onpeio tov dvo I'eopetpikadv Torwv .
Eneidn ta onpeia Ky , Kyeivar ot Awdoyikég Kopueég tov Xopddv - Zuydv — Kavovikdv - ITolvydvev tov kdkiov (O, OK) , kot
ocuvauo to onueia 01, Py,01 avtictoyotAkpaiot ToOhot
eni tov kokhov( 0, ,0,K *1), (0, ,0,K) , mob axorovBodv tnv KOINH 8éopevon tov onueiov K, va givar OpBokevrpo kar Apyf twv
Iolvydvevkar o onpeio, T,0 otabepdgkovog TOhog tov cuotiuatos , APAN evbela0, T , eivar otabepd kor koPet tov (O, OK)) ,ot0
onpeio K5 mov givaun Kopven tov Evdidpesov Movod —Kavovikov —TToAvydvov ?? 'H
Ene1dn] , and v Appovikn oxéon (1) kar (4) (K1 K 1) 2= (K, C). (K,C+ K;K *1) opiletan
70 Appovikd Dyog K1 € Ko pe v TapdAinio xopdfiCKs ,to onueio Ky emi 100 kdKlov ,
(O, 0K) dote va avtiotoyei n avotépm Appovikh oxéon ,APAkotn xopdn K Ks eivan
emiong tov Evdudpesov Movov —Kavoviko —Tlodvydvov . 0.€.9.
Mapkog ,5/5/2017

101 2 K01 = Xophd Kavovueoy Ty
" SPTOPOBS | G\ & VS % 0m: Xopl Kavowade Ebapavy
'8 W ] 0s: Kopld Kavovaoy Nevtapaven

[0, 04] = Gamlo omivag 04

{01,001 )

[02,00] = Wik
[03,00] = &

(¢)

x‘ 1 5 ven =P 208 P T Pomts
'y 0d=P = F _OoePomt
. -
[
AW
.'l 4
2 R
PP
e 7]
6 4
¢ B d-a
. .
. N\ n
» .

F.18 — A— Ztov k0kho (O, OK) ,yio n=4,n Xopdn K K;eivar n mievpd tov Zuyod-Kovovikon

Tetpaydvov evoywr , N =n+2 =6, K K, givar n mhevpd tov Zvyol - Kavovikod E&ayovov n e Xopdy K K tov Kavovikod —
Movo? - Ilevtaydvov. Oxbkiog ( 0; ,0,K 1) givan o , kdkhog Kapmnig, tov  Ywopetpikdv Awgpopdv pe Ah= hy 1-hg ,=K;K *1,0 8¢
KkOkAhog (0,, 0,P,) givan o , xbkhog Avakdpyewg , [ Euler-Savary ]. O xokhog (0, , 0, K=0, O) givar o , k0khog T0ov Mécwv tmv
Xopdov,and tov onueiov K .

Ovyopdég 1,2 ka2, 1" ko6Povtar oto onpeio C , mov eivan 1o Zrabepd onpeio otigllepiBdrlovoeg ent g maporiirov g K Oomd
tov onueiov, C , ko pe kévrpo Kopmvddtntog to dmepo , oo . Enedn e oxdkhog tov Yyouetpikdv Awogopdv [K;,K K 1 ]eivaucan
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TIpofoin tov KbxhovTayvtitwv[K; K K;]mov givar kot kokhog Kopmnig , pe kowoto onueiok; kévrpov Kapmvldtntog oto dmepo ,00,Apo
oAeg ot Tempetpikés - 110t te Twv dvo Kokimv eivar Kowig .

pot Ipoceyyotikn 'eopetpikny Amddeln :

Ene1dn o1 mhevpég P; Oy ,P;Ocivan kébetor v , KK, , KK;ovtictoyya , Apan yovia <OP;0, = K;KK,, kot enedn nP,0 , eivor xopdn
petaé&d Tov TapoAiiov PO |, P,0, , Apaxal ot Yyovieg <OP; 0y, OP,0, , eivan iceg , 1060V £mi TV Ztabepdv morwvV , kopvav ,0 , O ,
OGOV KO TOV KIVOUHEVOVIOA®Y , TOV KOPLO®V Py , P,.

Eneidn ov yovieg OP, 0, , OP,0; , teivan iceg Apa Baivovv enti kokAov xopdng OO0, .Emedn d¢ eni  tov diov kdkhovPaivovv ot morot, Oy ,
O ,P;, P, ,Apa t0 KEVTPO TOL KOKAOV TOVTOL gupioketol ®¢ Topr ™ Mecsokabétov tov xopddv avtdv,00; kot OP, , kot mov givol T0
onpeio0sy .

To onueio K, tng evbeiog (e) givor kowd tov Angipov (© ) Kavovikdv-Tlolvydveov temv kokdov kévipovO kopeaktiva KO=0 — o |,
Apato Azepo - Kavoviko - IToddywvo givar 1 evbeia () to Kavovikd - IToAdyovo tov kokiov ( O, OK ) givar 1o {nrovpevo , to 8¢
Mndevikd — Kavoviko — [ToAvywvo to onueioK .

Enedn de ot kvodpevor oot Py, Py, twv 800 Zvydv Kavovikdv Molvydvev , gupickovtor eni Tov kokAov [05, 050] , xdkhog Tov
Avtiydpov,[12] , Apa o evdidpecog Kivovpevog moérog tov Movod - Kavovikod — [Tolvydvov ,mepvi amdto,0 , mod givar 1 Topf g
gvbeiag () kot Tov kOKAOL TOOTOL , TOV givan To koo onueio Ps . To 1810 TapovoidleTar Kat pe v yovia tov 90 °

mov ovpPaivel pe dvo kabeteg evbeieg oL omoieg mepvolv omd to dmelpo . H yopdn OPs avtiotoyyel otnv Avakapmtopévn xopdr tev
KOk oV Avakdpyeng [0, ,0,P, ] 610 drepo mov givor to onueio Ps. Ta Abdo - (g0yn tovtopdvP, , P *yxaiPy , P 4 , cuykiivouyv 6to

‘Eva- Zebyog pe éva onpeioPs=P "5 , 0mov to. 600 onpeio GUUTITTOUV .0.€.0.

Hapatpnon .

H avetépo Feopetpicy AmddeiEn emivel pepikdg to npopinpa tov Kavovikdv — IToAydveov mapakdurtoviog toig Léxpt GrHepo
TEPLOPIGLODE 0TV AdyeBpuch-Oeopio Tov TIpdTmv Tpog ahAiiovs aptBpodc.Eto oxfuaF16.(3) sivatOX L OASHAasH 1 yovia<XOK =
90°. TuyovoayoviaXOC<XOA<I0cohTan pe v cvppetpikhy g X OC;, epdoov meploet amd v Béon

OA6moun yovio, <XOA = X OA = 90°ka1 ) thevpd OCrepva and T0 Gmepo .

>t0 oxnua 18-B, AMoym tov 6t ot xopdés 0, Ky , O, K, , eivar kabeteg tov KK, KK, dpa ka1 yovia <K; 0, K, = K1 K K,. H aAhayn g
0¢ong Tov kabétev amd Tov vEou kévipovO , oynuatilel

mv Avticoppetpiky yovia OP, Oy ion e Tig GAAeg epocov mepdoet pio kabetog TapdAiniog g KK,omo to drepo . Eneidn n
Avtiovppetpikn yovia Baivel ot xopdn 00, 1@V 600 6TabEPOY KOPLOOVGYNLOTIGHOV TMV YOVIOV , 0L KOKAOL TOV TEPVOLV Omd TO. oNpeio
K ,K,, P, ,eivar o1 Kvxkhot Avaxopyng, Adym tov 61t ot otafepéc mepipdrrovcecK Ky KK, , KK; Oh@v T@vV TALLPOV 0vTol Tov

ZVOTALOTOS TV YOVIOV AVOKAUTTOVIOL GTO GTUEl GUVAVTNONG T@VUIE Koo To K 1oV KbKAov, o1 de

KoKhot amd ta onueia K, Ky, Py givar ot, Koot Kapmng, od aviiotpépouy Tig Yavieg tmv KOKAOV

Avaxkapyngoe , Evtog-EvoAldg ioeg yovieg ommg eivon<OP, 0,=0OP, O, eni tov nopaiirovO, ,OP,.

‘Etot npoxvntel n Akpipnig 'eopetpikny Erilvontaov Koavovikav - Movav - IToAvydvev .
HI'EQMETPIKH KATAZKEYHTOY KANONIKOY ITENTAT'QNOY

3 A KK1 = XopSf] Kavowxol Terpayuwou
Ok : KX2 = Xop&f} Kavovuoi Efayunvou
T FEEER 3. SIS X o KK5 = Xopdd) Kavovwol Nevtayuwdu
RS 92 RS : ¢

’ ) : [0, CA ]= Xiwhog oativag OA
=pl-92 : [01,01K" 1] = Kimhog v Yiew
[Pk -K1-M1] = Kixhog Kaymrg
/ LA [Pa-K1-M1] = Kimhog Avixopding

{ “: EKki=01=4 \ “pk:

\
¢! g ..49.‘ ; ‘ > ——NVST
: e
. /x V1 = Tayutng Xopdag Ok-K1
x B /I \2=Taybug Xopddg Ok-K2
. Vo = Tagutrg Xopdag Ok -X5
= 70 onpeio Rk3 ol v
xikhou Kopmng [PO1] xal
: [K1,X1-K2] §@ Amagpo
“\eOsk._ Kopmuhduta
(e}
5 \ s & Pk
[Pk - M1 K1 ] = KOndhog Kopmrig : Pl Pa /
~{Pa - M1 -K2 | = Kixhog Avaxapdng : g /
{K1, K1 - K2 ] = Kinhog Tayutrjmuw p E1 it /’
Inpeio Kapdng - Avaxapdng 10 REk-2 ) S 5> " PKkS

F.18 -B — Xtov xOkko (O, OK),yia n=4 ,n Xopdn K K; givor n thevpd tov Zvyov-Kavovikon

Tetpaydvov evd ywo , N=n+2 =6 ,n K K, eivor n whevpd tov Zvyo - Kavovikod
E&aydvov m de Xopdy K K5 tov Kavovikov — Movov - Ilevtaydvov. O kdxrog (0 ,0,K ;) eivon évag , kdkhog Kapmng,
tovYyouetpikdv Awapopdv pe Ah= hy-hg, = K1K ° ,8¢ x0xdhog (0,, O, P,) €ivor o , kOkhog Avaxduyewng , [ Euler-Savary ], kot o
Kok og [P0y, PO, P,=P0;M,] givar o , Kbxhog Kapmig, and tov onugiov O, H yovia <P, 0, P, =OP, 0, ivan pia Iepifdiiovoa eni tmv
KOKA®V - Kapmig , n 8¢ yovia <OP, 0), navtiotoyn IepiBariovoa eni tovkdkhmv Avakapyng .
To eyyeypappévo oynuoly, Ky M; P,y ,evtog tov Kdkhov Kapmrg , givar opBoydvio diottn  yovia <P, KiM; = K{M;P ;=90 °, Apakorn
xopdn P, P,qi/l KiM; . Eneidn den yovia
<0P, 0, &xer v mhevpd OP;, , petol&d tov moporlimv TAevpmvO, Py, OP, , dpa gival ion pe v Evtog - Evaliag <P, O, P,. H yovia
<P, 0, P;5=0P,0,cmv 0éon O, P,,6mov 10 onpeio P, evpioketan eni g napaiiniov OP, . Ankadn ,F18-B,
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Y10 onueio P, yivetor n Avtiotpoen Tev yoviov og Evidg - EvoAlds peta&d tov onpeiowv P tov Kdkiov - Kapmig , koP , Tov
Korhov —Avéakopyng , aAhd ITod ?? Na derydei 611 0 koxdog [ K4, K1 K, JTayvtitov , diépyetor 816 tov Kdkhov-Kapmr .
Dépopev tov kKokAo [ Ky, K; K, ] mod tov ovopdlovpe , Kokdo - Toyvtitev , tov onueiov K, kot
10070 d10tito onpeio K kwvodpevo eni tov kokhov [ O ,0K ] karevBiveton akapraio oto onpeiok,pe taydnra o péyebog K K, . Ao v
fewpio Tov Kévtpov Kapmordtnrag ( Euler-Savary ) n toydtng Vi tov onpeiov K, otpepopévounépié tov onueiov O  givaiion
ueV; =K, K, xoukédetog tg 0, K; , T00 d& onueiovK,otpepopévon mépiE tov 15iov mohov0 eivan V; = K K, kon k6stog ™c0, Ky , Snhodiy ,
Ot tpoyiés Tov onueiov Tov kokdov [ K;, KK, ] &xovv ta kévipo kapmordtntag Tov eni tov khkiov dtapétpov KO, , 1 8¢ katevbuvon tmv
oyt toviov onueiov K;, K, tov kokhov [ Ky, K K, ] evpickovtot eni twv kabétwv xopddv KKy, KK, avtictoya .
Ortav 6pog to onueioK; kveitot ent g yopdng K41 K, tote 10 Kévrpo kapmvrdmrag apyilet and 1o onpeio Py , kweiton eni mg Oy Py, kot
Kotevbvveton Tpog to dmelpoosynuoatifoviog ot v IepiBariovca tov Kikhav - Kaurrg , 6mov ko Avtiotpépeta Kivion mpog o
oW OMMOG TOVTO
ovpfaivel oe yovieg 90°petagy 6o kabétwv . Ta va @tdoer to onueio Ky ot Béontovonpueiov My amd 10 dmewpo g evbeiog
OP ,croonueio P, , oynuatifovtag état v [epiairiovco tov Kokdov — Avakapyng mepva kot amodéva Kowd onpeio v dvo koxiov
70 , R j_q, mOVEIVOL TETOLOMOGTEOL
Evtoc-Evaihag yovieg mod givatices ,va givor kot ent tov morkov K 0y, kot mod eivar oty 0éon K5 .Enedn n Adpetpog and teg Kopupég
Ky, K, mepva and Kopveéc tov , n kot ,n+2, Zuyodv
Kavovikov [Toivydvav , n de Atdpetpog and mv Kopuer 100 Ks — , 1 tepva amd 1o pécoM scévavtt Xopdng Apaeivar kot Mecokdbetog
™mg, Ankadf mepva and Enpeio Kopmig og Enpeio Avakapyng 6nwg tovto cvpfaivel kot 6toug tpeic aviroyovg Kokiovg . O kdkhog (
PO, ,P0O; K, = PO, P, = PO, M;) givon 0 Oproxdg—Kokhog- Kapmng mod mepva omd to onpeia Ky, My, Py, , 0 8¢ xoxrog ( O,, O,K; = O, P, =
0,M, ) givor o Oplokdg -kOKAOG -AvaKopymg
oy mepva oo to onpeia Ky, My, P, . To onueioK; pe toydta Vi eni To0K0KAOLTOXLTHTOV KIVEiTaL €Tl TOV KOKAOV TOYLTNTOV HEYPL TOV
onpeiovK,kor petayvmeo Vy — V,. Enedn n kopmoin Kivnong , n Tpoxud , tov onueiov Kjeivon n gvbeio ,KK;péypt o Amepo , mov
givar ko 1 Zrabepdmepipdriovca , Apa 1o onueio K; givor kot o avtictoyo kévipo - kapmvrdtntag KKy, kot ot 1poytés tav , Kobmg
£MIONGKOL0 KOKAOG TOV TOYLTHTOV TOV ,
£)YOVV TO AVTIGTOLO KEVTPO KAUTVLAOTNTOG GTO GmEO.
To dxpo tov BéhoocV;( m aygun tovV; ) , doypdeecatd tny oTiypiv outivipoyld tapovcidlovoa Kapmn ,Apa n Ayun tov V,diépyetan
o tov  Kokhov - Kapmng .0.6.8.Enedn eni g O, K; dmepol kdkAol mepvodv omd to onueioK; , Apa eivar ot Opuakoi Kokkor —
Avakopyng Atapétpov té tpunpoto Kq P, amd to0 onpeiov Ky = P, — oo .
To id10 cvpPaivet kot pe v Aryun tov V, tov onpeiov K, kot toug Kokdovg Avakopyng arnd t0K,. Enedn d¢ woydel n oxéon tov Yyov ,
¥ =n .0K, xat ota Movéd, n+l, Kavovikd [Toddyova m Awdpetpog omd v Kopvery , K, eivon kébetog g évavtt mhevpds , Apa
npénewvavndpyet £va tétoto Kowd onpeiokar otig [eptBaiiovoes , mod givar mpdyportt to onpeioR 4, -
Eig mv mepintoon mob , o Oprakdg - Kokhog - Kapmng ( PO, , PO;_K; =P0,_P, =P0,_M, )
tépvertov aova00,, tote t0 onpeio R ,_,, Aviiotpéeeton kot Kiveiton i tov d&ovocOP;, .

H Teoperpun Kataokevn Tov Kavovikov Tprywvov

K K1 =K Ok = THE SIDE OF
THE REGULAR - DIGONE

KK2 = THE SIDE OF THE
REGULAR - TETRAGON

THE POINTS P1,P 2 ARE
COINCIDING TO K

POINT K3 IS COMMON TO
CIRCLE OF HEIGHTS AND
TO THE CIRCLE [O ,0K]

K2=K'2

K K3 = THE SIDE OF THE
REGULAR - TRIGONE

©3=360/3=120

F.19 — XZtov kokdo (O, OK)
Lyl n=2,1 Xopdn KK,
glvon n mevpd Tov Zvyov -
Kavovikov
Aydvov eved
Yy, N=n+2 =4 1 KK,
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glvor M TAegvpd tov Zuyov - Kavovikov — Tetpaydvov , n de
Xopdn K K3 tov Kavovikod — Movod — Tpiyovov.For n =2
then K Kj is the Side of the Regular - Digone and equal to 2.0K..
For n = n+2 =4 ,then K K, is the Side of the Regular —
Tetragon and equal to OK.v2 ,

the point K, on (O,OK)circle. Exist Ah= hgq - hg, =
0,0. The Circle of Heights is (K ; ,K;0) .The Coupler -
Circle is ( 0,,0,P ), Points P, P, are the intersections
of Sides K K; ,K K, produced . Point K3 is the intersection
of P,0, Segment, and the circle (O, OK).

(e)
Fh = Aspanog Nohog Kagnng
Pa = Apanoc Nohog AvBengning
PAT = Nokog Xopnng Avasapgng
M7 = MW Mtyrpog K70 NT thean
Moo iag e MAnupe

oMLK ) Kisded Sapnng

P MK > Ao Aviaapgng
KUK K] = NOshof Tayueroy
OO Kl - Avheogng 1o ke

H I'EQMETPIKH KATAXKEYH TOY KANONIKOY EITAI'QONOY

F.20 — Ztov kokdo (O, 0K ),y n=6,1n Xopdn K K; givar n mievpd tov Zuyod -Kavovikod
E&aydvov evd yi, n=n+2=8 , n yopdn K K,etvar 1 mhevpd tov Zvyov -Kovovikod
Oxtaydvov , n de Xopdn K K, tov Kavovikov — Movo) — Extaydvov.—

To eyyeypappévo oynua P KiM; P, , &vtog tov Kdkhov Avéaxopyng ,

givat opfoymdvio

mopalnAoypappo ot yovia <Py, Ky My = Ky M P, =90 °, Apo. ko xopdfy Pyq P/l Ky My 8¢
yovia PP Pi7= K1 K K, 81011 £100v Tig mAevpég Tmv mopdAAnAeg peta&d Tamv amd v onpeiov

P, ,K. H yovia <Py P, Py7 =P, P, P, =K K K, , 81611 givar Evtog -

EvoAAGE ot yopdn Py B,

eni tov Kbdkhov Kopmng .0 kokhog Toyvmtov [ K; , K; K, ] anedeiyn ot givan vag kdrhog
Kapmig ot kdfet tov Opraxd kdkro Avaxopyng [0,,0, P,] oto onugio Ry_, , n 8¢ evbeiaK R _,
kOPet Tov kbKro [0,0K] 610 onpeio K; mod n xopdnKK; givom mhevpd tov Kavovikov Extaydvov
Z10TpanéCio 00 Py P ,n Evidg Evadrdg yovia <OF, 0= P, O, P=K KK ;= Ap(y1_42) -

Ot AdpetpolK, 0K *1, K, OK °5 tov Kavovikév , E&aydveov — Oktaydvov d1€pyovtat amd Tig £vavtt
Kopvpég tovK 1 K T, JENQ 1 AwduetpocK; OM; Siépyeton Tov pécov g vavtt Ikevpdg kot givar
Meookdfetog g . X10 onpeio K; yivetou 1 Avaotpogn g Atapétpov katd yovio 90°.

H F'EQMETPIKH KATAXKEYH TOY KANONIKOY ENIATQNOY

e 3\. , KX! = Xopdd Kovouxo( Owtayuvow
Aot G"\ N K2 = Xopdd Kmeown( dcezyuvou
AnL RN N\ K9 = Xopbd Kovownn) Enayos
e o2 RS %
LS
)| sesete2 !
e K " 16 orpeio Rk-3 s Kowd Tod
% y o RY ¥ Kéxdou Tagurina ( K1, KIS2 | wai
i1 - . w00 Opuamos Kixchoy Avdoaprdog
a\; ‘l“““"Pb-a _Bapttpow Ki-Pk
L USRI =¥
2 BSE ,.‘/glmw
A € 2 ol fe]
: = P3| Cek </,
s
>\
Pal
sk - 1 Pk = Mokog Kapmig
[O,GAl ]-r..‘uo(m'mtx 04 % Pa = Nk Avdeaprg
JK1LKTK 1) = Kichog nw Yo 1 )= $oe
T Rac X 3 Pt = Axpaiog idVog Kaymig
el Hoean o ¥ & o= Arpam onpeio v
103.0aP3] = Kixdo - AuGmmpre NIE1-Pe = Tpipano Koumig
M1-K1-PE5 = Tplywwo Avdsnpdng
A= N0 = Aamiva eldou sepos O /
WC=KKZ = Maoog Appovesol T KA
Pl 1M1 = 30 Tpiywwo Sopmr =
P piye Sy M=pt-g

PR 1-R k-2 = Tplywvo e Afove-Kopnng
)}

P2 ./{;; Pl

KX # Xopdn) ¥avoweoo Elapavou
X2 » Mopda Kevovinol Owtoyuwey
X7 = Xophd Kevoweod Envepaoy

" M
e N y
£ a6 Y Rvae
)
v
";""." i
K1
Qv i 1o Kowd onguio REa Ty
3 . Kok Kaganc. Tayufeuy
T VT ol oy Avsap g fan
Oak AVEPO KapmaNotmn
L B
L}
'." N W1 * Taguorg yepdng OkK)

V2 = Taguun yopdis 00K
V1 = Taguen xepds OkKT

Moyl 92

Mmoo m

F.21 — Ztovkikho (O,0K ), yio n=8,n Xo&f] K K; eivoun mhevpd tov Zuyod —Kovovikod

123



PR SR
v ¢ ] \ KEL o Mophd Smvovao0 Aisayweey

¥ oun \ i N KD+ Kaphd) Kivewvand Sodtaryuvoy
KRAY  Nopha survovasey Dbenopavou
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+ 0 \ v Opiom Dmdou Avtesy dnt

\ Sopdtpou K10
m
o ; eyl W

10 M vy REa 0w Bushoy taguthy:
10, OA |» Kishot ontivee 04 P! ! '; " W o ~" -
K1 00020 w0l 10 Opvmend nishow Asisapdrd
LK 1) RO Ty Yo s PP e
. Saptipow K1 ha, ool vy K- Rha
PR ML Koshee - Kngn) ‘
CRTEIVOptw Cvat 810 arpelo st \
108,08 P * Kunhog - Avisairbe RTEINOREW Covat 10 arpelo Sarvtrtive ¥
MASKD » Activs slehey mivipey O M+ Nlkac Krpmii
BE SRR * WO Appannts the KA » NAN Adeausdne
. ' Wl " U WK
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Oxrtaydvov evéd yioo, N=n+2=10,1yopdn K K, &ivar 1 mhevpd tov Zvyot -Kavovikcold
Aekaydvov , 11 6 Xopdy K Ko tov Kavovikod — Movov - Eviaydvov.—
To eyyeypappévo oynua Py KM, P, ,evtog tov Kokhov Avakapyng , givat opBoydvio mapolnioypappo diotin yovio <P KiM; =
K{M;P,=90°, Apa kar N xopdN Pyq P/l Ky M; m 8e Yyovio<P 1 P, Pio= KK K,81011 £10uv Tig Thevpés TV TopdAinies peta&d Tov amd tomv
onueiov Py, K. H yovia <P, P, Pyo=P,P,P, = K1K K, , 8161t givan Eviog - Evallag ot yopdn Py P,emi tov Kokhov Kapmrc.O
koK og Tayvtitov [ Ky, K1K,] anedeiydnot sivon évag Kokhog - Koprnig mob k6Bet tov OpraxdKodkho - Avaxapyng , Atapétpov K P,
670 oNpEio Ry _ kot To0To , 10Tt ot kKhKAoL Avikapyng Avtiotpépovtat, 1 o€ evbeia K R ., _,emektevopévnmepva omd 1o onpeio V9 , kot
k0Bet Tov kokAo [O ,0K] 610 onpeio Kg 1 de
xopd1 K Kqeivon n mhevpd tov Kavovikov Eviaydvov . Tovto cuvpfaivel oté TToAdywva mod o Kbkiog Kapmmig tov 1 kot Avakopyng
k0Pet tov GEova 0, -O-K, omdte 1 Avtiotpoon yivetar otov Optlokd kOkho Avakapymg dopétpov K Py .

H F'EQMETPIKH KATAXKEYH TOY KANONIKOY ENAEKAI'QNOY
F.22 — Ztov xbxro (O, OK ),y n=10,n Xopd K K; eivor 1 thevpd tov Zvyod -Kavovikov
Agkoy®dvov , eved Yo, N=n+2 =121 xopdn K K, eivar n amrevpd tov Zvyod -Kavovikond
Awdekaydvov 1 e XopdnK K1 tovKavovikov— Movov - Evtekaydvov.—
To eyyeypappévo oynua Py KiM; B, , evtog tov Kdkhov Avdxapyng , eivor opboydvio
nopodAnAdypappo St yovio <Py Ky My = Ky M P, =90 °, Apo. kon 1 yopdf Pyq P/l K1 My
1 6¢ yovia<P P, P11 =K1K K, 3101t £(0vv Tig TAEVPEG TV Tapdrinies netald Tmv omd Tov
onueiov Py, K. H yovia <P1P, Py11 =P Pr1Pp =K1K K, , 51011 elvan Evtdg - EvaAlGE
ot xopdn Py P, emitov Kokhov Kapmig. O xdxhog Tayvtirov [ Ky, KK, ] omedeiydn
otL glvan €vag kukAog Kapmmg mov kopet tov OprokdKokro - Avaxapyng , Atapétpov K Py
670 onpeio Ry _ kot To0T0 , 5101t ot kKOKAOL Avikapyns Avtiotpépovtat , 1 de evbeie K —Rj_,,
1N omoia kot ePvA and to Oprakd onpeio tayvmTOvV1l enektevopévnmepvd Kot omd o onpeio
V11, 6movkon k6Bet tov kokho[O ,0K] oto onpeio Kq1, 1 6 xopdf K Ky; €ivou ) mhevpd
tov Kavovikov Evtekaydvov .
Tovto cvpPaivel oté oAdywva mod o Kukiog Kapmic tov 1 kot Avakopyng kopet tov dEova
0,-0-K, ondte 1 Avtiotpogn yiverar otov Oprakd kOkAo Avaxapyng dopétpov K Py .

H T'EQMETPIKH KATAZKEYH TOY KANONIKOY AEKATPIATQNOY
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LR AR KO Kapm
! | A KK = Nophd Novewol Mobceoyuwoy  R13
[Pa - M1 xY) KOMAOC Avomapdng

[ A L) P ] Koo Tautrtun

10 onpele P ha tivan

) tOU KusAoy

TRy (K1 KR " Nohox Aapmic

sOsdou Avasopgng Supdpe " C AvimOpPng
Moaulicla KR ka adfer vy xsdo 100K ) PATE = OADC Kapnng Avasopled
OU0 Ofpai0 K13 noU tlven A shpogd 1oy
H1)  Eavowsou Acsorpiayuvin
.\ 6 anpsio Poa cuplowetm m
ol toU Abova Avdmapgne Ok

A0l 100 aosiow Taywriibwy (X1 X16) K=

F.23 — Ztov xbkho (O, 0K ),y n=12, 1 Xopd K K; &ivorn mhevpd tov Zoyov -Kavovikobh

Aodexaydvov , eved yo, N =n+2 = 14, n xopdn K K3 givor ) thevpd tov Zuyoo - Kavovikon
Aekatetpaydvov 1 6 XopdK K 3t00 Kavovikov—Movoo -Agkatploydvou.
To eyyeypoppévo oynuo Py KMy P, , evtog tov Kokhov Avdakapyng , givor opfoydvio moparinidypoppo st yovia <Py KM, =
KiM;P,= 90 °, Apo. ko1 1 xopdn Py P/ K1 My m 8¢ yovio <P, P, P13 =K1K K; 81011 §gouv T1g TAevpég TV Tapdiinies petol&d tov omd
tov onueiov Py, K. H yovie <Py1P, Pyi3 =P, Py1Pp =K K K, , 81011 givan Evtog - Evalhag ot yopdn Py P, eni tov Kbdkhov
Kopmg . O xdxhog Toyvtirav [ Ky, K; K, Jaredeixdn 1 givar évag koxhog Kapmhg mob k6Bet tovOpakoKokho - Avakapyng , Alapérpov
KiPy
670 ONUEl0 Ry _, kot To0T0 ,010TL 01 KOKAOL Avakopuyng Avtiotpépovtatl , 1 og evbeia K — R, _,enektevopévnmepva amd 1o onueio V13, kot
koPet tov kokho [ O , OK ] oto onueioK;3n de yopdnK Kizetvar n mievpd tov Kavovikod Askatpiaydvov .Tovto ocvpfaivel otd
IMoMywva mod o Kokhog Kapmng tov 1 ko Avaxoapyng kofet tov aéova0,-O-K, ondte 1 Avtiotpopny yivetoar otov  Optakd kdkho
Avéakopyng dwpétpov KiPy .
H Avaotpopn tov koxkov Kaumig Py Ki M yiveton d16tt n Awdpetpog K;0M 43 tov Kavovikod Aexatpraydvov eivar Mecokdbetog
™G £vavTL TAeVPAg Tov 6To péco onpeio My3,ev avtbéoet pe v Awdpetpo K,OM, = OK,— P, mov diépyetar amd v opuentov Kavovikon
AeKkaTeTpaydVOV.

H T'EQMETPIKH KATAZKEYH OAQN , TON KANONIKQN — MONQN — I[TOAYTQNQN
ME TH ME®OAO TQN TPIQN KYKAQN .

H avotépo T'eopetpikny Amddeln emidet yevikd to npofinua tov Kavovikav — Iolvydvov mopokdprtovtag to0g uéypt
onpepa meplopopovg oy AhyeBpikn-Oempia tov Ilpdtov mpog odrovg apBolg . H Avastpoen yoviag tépig d&ovog OA { oynipa
F16.(3) } sivau dtavovpPaivet OX L+ OA  dnhadi 1 yovia <XOK = X OK = 90° . Tvyotou yovie XOC<XOA< 90° wobtat pe v
ovppetpikn g X “OC; , epdoov nepdoet omd v 0éon OA 6mov kaiXOA = X "OA = 90°(Avaotpoer))kat | thevpd OCrepvd and to
dmepo oo . 10 oyfpo F-20

To Zvompa tov Kokiov - Kapmig — Avakapyng  oynuoatifetot amd Tov KOKAO HeYaAVTEPUS SLOUETPOL TOV KUKAOL , Koteivor
70 OpBoydvio Maparinioypappo Ky My P, P, gite toK; M P,1 Py.. O Opraxdg Kokhog — Kaumnig eni tov tprydvov M, K; P éxet tyv kopoen
Py eni g Oy P, evd o OplokdcKokiog — Avaxauyng eni tov tprydvov Ky M P, , éxel mv xopven P, eni g OM | mopaiiniov
™0, P .Emedn) d¢ ot xopdég O Py , OP, eivar xdBetor g KK 1,0pa givar kot Tapddiniot , ko emedn] ot yopdés , OPy , O P, , eivon
peta&d tov TopaAlAmy , dpa kot ot Evtog Evairaé yovieg tov <P, 0P = OP,0 ) xom<P,0,P, = OP,0, = K;KK, =4¢ = ¢; — @ ;.

Ot yopdég O P, ,0OP, eivor mopdinior , APA , to Tetpamievpo 00, PP civar TpanéQio peYwyocK; M;pe to Avaotpopa
tplyova P KiM ,P,M; K {.Ot xdxhot eni Tov dSwopétpov P, M, , P, K givar

o Axpaiog Kvxkhog —Kapmic katAvakopyng avtictouyd .

H Avootpop Tov kdkhov yivetor 50t 1 AwipetpogK,OM ,eivar Mecokdfetog g £vavtt Thevpds oto péco onueioM,, ev
avtiféoel pe mv Atdpetpo K, OM,=0K,— P mobd Siépyetar and kopoen . Mo va kataotolv ot ywvieq <Py Oy P, ,0P, 0y, Evtog —
EvaAhdgkat ioeg tng <K KK », mpéneL n euBeia Oy P va neplotpédetal mépt§ tou Noou Oy amd To Amelpo (== ) péxpL ™
xopbn0y P,. Auth n meplotpodikn kivnon tng eubeiag ival looduvapn pe tnv kivnon tou onpeiouvK;mpog to onueiok,emnt
Tou KUKAou [0, OK], pe ta katwbL emakolouvba :

1. Me mvrepiotpogn g xopdng Oy P, mépE tov moAov O, M yopdn O, K; £xer mv kdbeto taydmta K;V; enl g
enéktaong g KK;. To 160 cvpPaivel kor o1& v xopdn O, K,mov €xel v k@Oeto ToxOmTee KoV, emi g eméktaong g
KK, ,Ankadn , ékaoto onueio Kypeta&d tov onueiovky, K, éxel piav kdbeto taydmra , £oto tvK,V; , eni tov kdxhov taypmrov [
Ki,KiK,;] ko pe kotebBovon mvO K; , oty exdotote Béomn tov onueiov . Anedeiydnmponyovpévag 6t n A tov Bélovog Vy,8iépyeton
Sé Kohov Kapmng , (kat tovto 810t 6tav 1o onueio Py eivar 6to oo , t0te 0 kOKAOG ( Py, P 0) mpoPdiietar oto onueiok; kot yiveton 1
£QanTOpéVN TOL onpeiov oV eivoun KK .

Ommg kot k@Oe drlov Bérovg Viéxovtag oyéon pe tnv O@éon - AvacsTtpopng TG ApéTpov . 2..Me Vv TEPIOTPOPN TG XOPONG
0, P, mépE tov moov Oy, Amepor Korkhor — Kapmig amota opboydvie tpiyove P Ky M;oynpotiCovron pe ddpetpo tvP, M,,( émov
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M, givor m topn g O K;xanw mcK K;) , pe Oploxd Kokho —Kapmnig tov eni tmg dwapérpov P M,, tavtdypova dg, Ameipor Kodxhor—
Avakopyngoympatiloviar and to opboydvio. tpiyove P, , M4, M, pe Sdpetpo tvP, Mot pe Opuokd Kokko Avakopynmg tov emi g
peyolvtépag Swapétpov P K gvpiokodpevo. H Avootpopny tov kokiwv Kopmig Py Ky M; yiveton S16tt n Awdpetpog K;O0M, ;1 tov
Kavovucod ( n+1 )Movovd Ioivydvov givor Mecokddetog g évavtt Thevpdg Tov , 610 péco onueio M, q,ev avtifécel pe v Aduetpo
K,0M, = OK,— P,mo0 Siépyetan amd v kopuen tov Zvyov-Kavovikov (n) , (n+2)ITorvydvov H kivnon g Kopuerg K, ot 0éon
0, ,drmpei mv XopdnK; K, otabepn.

3.. Amedeiyfn ot m e€iocwon , X (h) =n .0OK, dniadn 1o dBpoiopo tov Yyav , h, tov kopuedv tov Kavovikdv ( n ) Tolvydvev ord
Tuxovon evbeia (8) epomtopévn og piav Kopuen Tov , givar , N, EOPES TV aktiva Tov kKoK ov . Otav de , N, n +2 , givar ot ApBuol tov
Kopuedv 800 dwdoyikdv Zvymv [Todvydvov , tote petaé&d tov vrdpyet kot to , N +1, Movo Ioivyovo .

H 6¢om tov Movob TToAvydvov givar ko tov Kokiov - Kapmrg kor tov Kokdov — Avakapyng. Erniong amedeiyn ot , 1 Ayun tov
Bélovg eni tov Kdkhov twv Tayvtitev [K;, K;K,] diépyetar s14 g [Mepifdilovoas tov Kokkov-Kapmng, ondte n toun v Oplokdv
Kokhov —Avaxopyng  pe AwopétpotdTunua K Py, , kabopiletl to onpeio R.,_,kai mv katevbvvon KV, mod eivar ovt) toon+1 Movod —
Kavovikob —TToAvydvou .

Anhodny , 1 evbeiak V; koBovrag tov koKkho [ O ,OK ] oto onueio K, , kabopiler v xopdn KK7 mo¥ eivan n IThevpd tov Evdidpesov
Movov - [Todvydvov , kot Xty mepintmon 6mov o Kdkhog Kaumrfig 1 ko Avakopyng téuvet tov a&ova 0,-O-K 610 onueioP ,_, M Kot
£yovtag TV peyaAntépa dapetpo tote o Koo onpeio Kapmng evpioketan i tov Oplakod kdkhov Avikapyng dwapétpov K Py, , Kot Tov
KkOKAoL TV ToyvtnTOV .

0.6.0.Mdprog 16 /06/2017 .

VITHE GEOMETRICAL CONSTRUCTION OFALL THE ODD - REGULAR -POLYGONS USING THE
THREE CIRCLES METHOD
But Simultaneously , are formulatedinfinite Reflection - Circles circumscribed in the rightangled triangles P,M;M; with
diameter P, M, , limiting to the Reflection —circle of P,K; diameter . Inversionof the circles happens because DiameterK,0M is Mid-
perpendicular to the opposite Side in the middle point M,in contradiction to DiameterK, 0 M,which passes through the verticesof Polygon .
3.. It was proved the equation X (h) =n.OK , the Summation of heights h, of the vertices of any (n) Polygon from any
(e) line tangential to any vertices , isequal to , n, times the radius OK. When ,n, n+2, are the numbers of the vertices of any two
sequent and Even Polygons , then exists the In-between , n+1, Odd -Polygon . The position of this Odd-Polygon is common to the
Inflection and Reflection circles . It was proved also , that the edge of arrowV;passes through the Inflection circle [K;, K; K,] and through
the Envelope of Inflection circles where then , the point of intersection , R.k-a, defines the direction K;V ; , which belongs to the n+1
Odd — Regular —Polygon . i.e. line KV, intersecting the circle [O , OK] at point K,defines chord K K, which is the Side of the
intermediate Odd — Regular — Polygon.  i.e.In circle [ O , OK ] of diameter K — 0, , any two chords K K,,K K, and the circle [
K;,K,K,] , Formulate the Trapezium 00,P P, and K,MP ,P, , such that the two circles on the Diamesus and diameters M, P, ,K; P,
, intersect the circle [ K;,K;K,] atthe pointS,, such that, this tobe the common Inversion point of the two Inverted circles. (qg.e.d) .

6.3. The Methods :

Preliminaries : The Subject, F.16(3).

Anycircle( O, OK) can be divided into,

a..Twoequalpartsbythediameter KA [ It is the Dipole AK] with angle < AOK =180°.
b..FourequalpartshytheBisector of 180° which is the perpendicular and second diameter X “X.
c..EightequalpartsbytheBisector of the four angles which are90 ° .

d..Sixteen equalpartshythe Bisector of the Eight angles which are 45, and so on .
e..Thecirclehaving 360 °= 2zradians, can be divided into,

Threeequalpartsas360° /3 = 120°and which is possible [ The Equilateral triangle ],
Sixequalpartsas360° / 6 = 60°and which is possibleby the bisectors of the triangle

[ TheRegularHexagon ],

Twelveequalpartsas360°/ 12 = 30°and which is possibleby the bisectors of the Hexagon
[TheRegularDodecagon ], and soon ,to 15°,7,5° .........

Remark :

a...Theseries of Even Numbersis 2,4,6,8,10,12,14,16,18,20,................
Theseries of Odd Numbersis 1,3,5,7,9,11,13,15,17,19 21, ...............
Becomingfromthe Arithmetic - mean between two Adjoined - Even numbers , as for example ,
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Numberfive 5= % = 12—0 =5 . Thelogicofadditionissuesin Geometry in its moulds which is the logic of Material — Point , which is Zero (

0 =Nothing ) and exists as the Addition of Positive + Negative (— + <« ). [ See, Material Geometry 58 —60 — 61 ]
b... In previous paragraph 5.5(Casec) was proved(1) X(h) = (2k) . h = n.h =n .OK, where ¥ = TheSummationof Heights ,h , of the
Vertices (n)—inthe Regular Polygon fromthe verticesK ,, , projected to tangential(e) at the initial point K ,
h= OK , The height of center , O, measured on (e) tangent,
n = The number of Sides of the Regular Polygon ... andwhichChangestheSumofheightsfromthe Tangentialline (e) to a Linear and
Integer number of the
radius of the circle , and which is directly related to angles,¢,, ,and vertices of sides ,KK,,.
c...OnanyChordK K ofcircle (O ,OK ) , the central angle <KOK; , is twice the Inscribed and equal to <KOyxK; = KOM; . The mid -
perpendicular OM; , is parallel to the Perpendicular line OgxK; , therefore cut each other to infinite ( <o)
BecausethetwoperpendicularspassfromOandOx points , these consist the Poles of their rotation .
InF.18 -A , anyPoint K, oncircle, formulates the second chord KK, , while the perpendicular OxK, projectedcutsO M; ,
theparalleltoOx K, atapointP ,, which is the Pole of rotation of the two chords , or angles , and this because point P ,is moving on OM,from
infinite to K P, diameter .
Ondiameter K P,ofcircle ( 0, , 0,P,= 0,K) , and centerO, , are formulated the same angles ¢, , ¢@,bychordsP;M, , P,K,, such that angles
are equal <M, P, K, = K,KK, = OP,0,, Thatis , on any two chords KK, , KK, , of circle( O, OK), with common verticesK , the Mid -
PerpendicularOM  of the first , and the PerpendicularO g K, of the second , cut each other
atapointP4, which defines its conjugate circle (0, 0°1P, ), { it is the Circle of equal angles with circle ( O ,OK') } . The same happens
with circle(0,,0,P,= 0,K).
d...FromrelationX =(2k).h= n.h= n.OK , Forn =2 thenX = 2.h = 2.0Kthat is diameter KOy .
Forn = 3 thenX = 3.h = 3 .OKandfor n = 4 thenX = 4.h = 4 .OK . BecausetheOdd - numbersare the Arithmetic - mean between two
Adjoined - Even numbers so for 3.0K is (2.0K +4.0K)/2 .
ThedifferenceofheightsisAh = hy,- hg,=K;K “1and it is between the parallels through points K; , K, , and line (e) . Circle (K, , K;K ;)
isthecircleofHypsometric differences of the chords KK; , KK, , andchangesaccordingtopointK *;or the same with point K ,. That is ,The
circle of the Hypsometric differences( K; , K;K ;) is correlated with chords [ KK ,KK,] ,

[ OkxK, ,0kK,] of circle( O, OK') through the corresponding vertices , O and with that ofEqualanglescircle( 0*; ,0°yP, ) through
the mid - perpendicular OM, of the first chord K K, ,and the mid - perpendicularOyK,of the second chordKK, .

This co relation of this Formation between these four circles ,
{ (OYOK)-(KIVKIK‘I)-(Oxlﬂoxlpl)-(OZ102P2)}
and Perpendiculartoline (e) ,Allowsto Any circle (O, OK)) to define their in between motion through the two chords KK; , KK, , or and
anglesep, , ¢, ,thatis, From the relation of Heights X (h) = (2k) . h=n.h=n.OK , becomes that the Summation of heights of any two
Adjoined — Even egularPolygons,n , n+2 is — % + @ =[Z+22]0K= [®22]0K = n; .OK , wheren; = [*22] s
the number of vertices between the two Evenn,, n,,
The Odd — Number- Vertices Regular — Polygon .
On the Hypsometric differenceAh =0, K *;and on the perpendicular to line (e) are kept all properties f the addition .From the Instaneous
position of anglesg,,p, , to the two circles the chords are defined. e...BecausechordsKK; , KK, , areperpendiculartoOP; ,0xP, lines ,
ThereforepointK istheOrthocenter ofallperpendicularand rightangledtriangles, as well as their common chord K; M;, of the two circles ( 0, ,
0,P,), (O, OK) . BecausetheGeometriclocusofchordsKK; , KK, , of the Common Orthocenter K is— for circle ( O ,OK ) the arcK; K, ,
and for circle (0, ,0,K=0,P,)
arcM,; K, , andforcircle (0, , 0,P ;) arc (1)-(2) with the points of the chords intersection , Thereforepoints(1) , M;are limit points of these
circles such that exists KM, P, M;.
Theabovelogicsresult to the , Mechanical and Geometrical solution , which follows . The new Mechanical Approach :
InF. 18 - A. is thecircle (O ,OK) with the tangential line (e) at point K, and the diameter KOy .Define on the circle from vertices , K ,
The vertices K, , K, corresponding to the edges of sides oftwo Adjoined Even - Regular Polygons and the corresponding angles ¢, , ¢,
between sides K K, ,K K,, and the tangent line (e) .
Draw the parallels from vertices K , K, , to (e) line and from vertices K; perpendicular to (e) , such that cuts the parallel from pointkK, , at
point K ;, and draw the perpendicular K; K *;as the radius
the circle (K , K1K *1 ).
DrawOg K; produced which cuts OK,extended ( from point O )at point P,and from point O,
(the middle of diameter KP,) draw the circle ( 0, ,0, K = 0,P,).
ExtendsidesO, K; , 0, K, , so that they cut circle (0, ,0,K ;) at points1,1°,and 2, 2", and draw
chords 1-2" kau 2-1" respectively .
Define the common point , T, of chords 1 -2 o 2 - 1" andproduce , O, T, such that cuts circle
(0, 0K) at point K5 . OR, withtheHarmonicMean,
Draw from point K *; the perpendicular, K *;A=( K *1K;)/2 and the circle (A, AK";) cutting the chord 0;Aat point B .
DrawfrompointK; thecircle ( K; , K;B) suchthatintersectstheperpendiculark; K *; atpoint , C , and from this point C the parallel to (e) so
that cuts circle ( O, OK ) at point K5 . ThechordKKis the side of the Regular - Odd- Polygon , and this because Thecircle ( 0, ,0, K
=0,0) is the circle of the middle of chords KK; ,KK,so and for KKs.
Angles<KM, 0, = KM,0'; =90° , <KM,;P;=KM;0 =90, <K K,P;=KK,0, =90° ,
ThereforepointKis the Orthocenter of the triangles KOM, , KOP; , KO, P, , K 0,0, .
Angles<K;KK, , K,0,K, ,OP,0, ,OP,0, ,P,OP;are equal between them ,
Becausethesearea) Inscribed to the same arc, K; K, , of circle (O, OK ),
B) TheirsidesP; M, , P,K, , and being perpendicular toKK; ,KK,
areincircle (0°;,0,K=01P;),
v) Alternate Interior angleshetween the parallels ,0P;, andO, P,
of the circles (0,,0,K=0,0),(0,,0,K=0,P,).
ChordsO K, , OM,areperpendicularto chord KK, ,Therefore are parallels , ChordsO . K, , OM,areperpendicularto chord KK, , Therefore
are parallels , TheGeometricallocusofpointK; , from Point K;to pointK, , andon circle (O, OK)
isarcK; K,ofthecircle , while on circle (0; ,0,K ;) arc 1,2 of the circle .TheGeometricallocusofpointK, , from Point K,to pointK; ,
andon circle (O, OK)
isarcK, K; ofthecircle , while on circle( 0, ,0,K ;) arc 2,1 of the circle .
TheGeometricallocusfrompoint, O,oftheparallels to chord 0,0, , are the chords OP, , 0,0,
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andfromPole , Oy, , section, T, between chords 1,2 and 2, 1" respectively .

Becauseangle<0,0,K = 0,K,K =90°, Therefore section, T, moves parallel toline 0K , nditis the common point of the two Geometrical
loci .

BecausepointsK , K,are the two Adjoined - Even Regular Polygonsofcircle (O ,OK) and

simultaneouslypointsO,, P,, thecorrespondingextremePolesoncircles(0; ,0,K *;),(0, ,0,K), following the common joint for point K, to
be the Orthocenter andthe Pole of Polygons ,and point, T, the constant and common Pole of the System , Thereforeline0, T , is constant and
cutscircle (O ,0K), atpointKs which is the vertices of the intermediate Regular — Odd — Polygon ??

OR , because of the Harmonic relation (1) and (4)as( K;K ;) 2 = (K;C). (K,C+ K, K *;) isdefinedtheharmonicheightK, Cand from parallel
chord CK; ,point K5 , on circle (O ,OK') suchthatcorrespondstheabove Harmonic relation , Therefore chord KKgisalso of the inner and The
between Odd —Regular- Polygong.e.d

Mapkog , 5/5/2017

ThenewGeometrical Approach :

InF. 18 - A.ofcircle (O ,0K)), sincethe sidesP, O, , P;O are perpendicular to K K, , K KjrespectivelySoangle<OP;0, = K;KK, , and since
also P,0Ochord is between the parallel linesP,0 , P,0, , Thereforeangles<OP;0, ,0P,0,are equal , either on the constant Poles of the
vertices O , 0, , or on themovablePolesofverticesP; , P, . Sinceangles<OP,0, , OP,0, , are equalSolie on a circle of chord 0O,
.Sincealsoexist onthesamecirclethePoles0O, ,0, P, ,P, Thereforelieon a circle of center the intersection of the mid-perpendicular of chords
00y, OP,, and is point O;ThepointKofline (e) iscommontotheinfinite( «o ) Regular — Polygons of the circles with centerthepoint ,0O,
andradiusKO = 0 — o« , Thereforethelnfinite Regular Polygon becomes line (e) , the Regular Polygons lie on circle (O, OK ) and
theZero Regular Polygon is point K.

SincethemovablePoles P, , P, , ofthetwoAdjoined - EvenRegularPolygonslieoncircle [ 0; , 0; O]TheAnti-Spacecircle [12]
Sotheinterandmovablepoleof the Odd — Regular — Polygon passes fromtheinfinite, o ,andwhichistheintersectionofline (e) and this circle and
it is the common point Ps . Thesamehappenswithangleof 90 ewith two lines passing from infinite .

ChordO P; correspondstotheReflection chords of the Reflection-circle[ O, ,0,P, Jwith center in infinite and which is in point P
.Thetwointersectingpairs P, , P*,andP, , P*, , converge to theone pairsuchthatP; = P *5,where the two points coincide . g.e.d.

Remarks :

InF. 18 — B, chordsO,K; , O K, , are perpendicular toKK; , KK,, therefore angle <K;0,K, =K;K K, .Chord0, K, isparalleltoOM, ,
OP,andsincechordP, 0, is between the two parallels thentheAlternate Interior angles<OP,0,,P,0,K;are equal . In order that point P,
reaches to P, ,which means from Inflection - Envelope to the Reflection - Envelope , line O, P,must move from point K; to point M,
perpendicularly .This motion presupposes that the point K;islying on Inflection circle which happens because the perpendicular velocities
of 0, K; chord are always directed onKK;chord .i.e. the Velocity - circle [K; ,K,K,]is an Inflection circle .

Since theEnd —Inflection —Circle passes throughK, , P, points , and theEnd —Reflection —Circlepasses throughK, , P,points, with point
K, always common , then Passes also through the outerCommon -Inflection - Reflection —Point which lies on the Velocity —circle,where
for point K, the Pole of Rotation is in infinite and the Alternate Interior anglesreversible.

BecausetheDiametersthroughthe vertices K; , K, pass through the corresponding , n, and , n+2 , Odd — Regular — Polygons , the Diameter
through the vertices K, _ .. passes through the center of the Opposite Side , Therefore it is Mid-perpendicular between the Inflation and to
the Reflation point .

The Exact Geometrical Solution of the Odd — Regular — Polygons follows :

- ok\ ~ut :
R7 R KK1 = Chord of Regular Hexagone
KK2 = Chord of  Regular Octagone
‘¢ M7 92 KK7 = Chord of Regular Heptagone
My 9l-gl
R7
' w 8"
. /4 R4 4= 992
0
e AL
A K1'=6 W itka
\ : | ’ Vi w Poit Rk is Common to the
« B l\ K7 2 Velocity - Inflection - Circle [X1)
M1 . - Ky : Reflection - Circle [Oa) and in
- Sl e | the Infinite - Pole of Pont X1
K -~ N\
8 POk '\ *
Pk = Inflection - End Pole ' . Pk
f od
Pt‘. :«-Il'r'«:mn (F;::!Pun i b V1 = Velooity of Ok-K1 chord
i = it Lo} >
.Ml {;‘ i el ')(; KL’:/ g p_ﬂ. s V2 = Velocrty of Ok-X2 chord
= Diameter K7-0 - 3 .
Peroendicular to Side V7 = Velocity of Ok-K7 chord
e Directed on K-Rka  line
[XY P MY | = End  Inflection circle pFgl-@2

[KY-Pa- M1 1= End Reflection circle
(XY K1-K2 )= The Velocities circle

The Geometrical Construction Of The Regular Heptagon
F.20- A — Incircle(O, OK) For n=6,then K K; is the Side of the Even —Regular - Hexagon
while for n =8, then KK, is the Side of the Even - Regular —Octagon .
K K,is the Side of the Odd - Regular — Hexagon ,
K K ,is the Side of the Odd - Regular — Octagon ,
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ExistsCircle of Heights Ah = h - h x ,= K;K *; and Velocity Inflection circle AV=K K, Straight - Line {0, ,K;, P, }is parallel to {O,
M, , P, } and the Alternate Interior angles equal ,

< O PO, =P, O,P, = KKK, . The same for angle < O O,P, = P,OP,The Inflection Circle [ PO, ,PO,- K ;] or the Reflection circle
[0, ,0,- K 1] cut the Inflection

Velocity - Circle [ K ,AV =K K ,]at Edge point ,R.,_, .

Line K R.,_, intersects the circle (O ,0K) at point K,which is the vertices of the n+1 =7 Regular Odd Polygon , and which is
the Regular —Heptagon .

K K,is the Side of the Odd - Regular - Heptagon ,

The Geometrical Proof :
In circle( O ,OK) of F.20-A(B), the points K ;, K ,are the Vertices andK K; , K K, are the Sidesof two Adjoined - Even Regular
Polygons . Chords OyK; , O, K, are perpendicular to the sides K K; , K K, because lie on diameter K O, . The mid-perpendicular
OM, ofKK; side , is parallel to O, K, chord because both are perpendicular to K K; side . Line OK, produced intersects O, K;
line at point P and since Segment OP, lies between the two parallels , theAlternate - Interior
angles <OP, 0, ,P,OP, are equal .
Line 0, K, produced intersects OM, line at point P,and since Segment O, P, lies between the
two parallels then the ,Alternate Interior angles<OP,0,, ,P,0, P, are equal , and since angle
<K,0.K, = KK K, , then also angle< OP, 0, =P, 0, P, = K;K K,.
Segments O, Py, OP,are parallel therefore , Quadrilateral 00, P ,P,is Trapezium of height K;M;.
Since the right angle triangles , P,K; M; , P,M;K; occupy the common segment K; M;=M, K;therefore are Inverted( either Inflection or
Reflection) Triangles and their Hypotenuses P, K; , P,M; , formulate theReflection [ P,M;K; ] and theInflection [ P,K;M; ] Circles on
K{M;= M; K;common segment .
[ This terminology of , Inflection and Reflection circle, becomes from Mechanics] . g.e.dRemark : TrapeziumOP, P, 0, is a Geometrical
mechanism with its Alternate Interior angles equal tothe angle<K; K K,of Sides . When triangle 00, K;changes from K; to K,position
then,
the right angled triangles K K,0, ,K K,0, aredirectedon K K; ,K K, , lines and in the
(K; ,KiK,) circleas K;V; , K,V, , segments , because these lie on perpendicular Segments ,
while the Inverted (Backing Formation) circles [0,, 0,K1= 0,P, 1, [ Oak » Ok M1= Oy Py, ]
are constant for every combination .
The End —Inflection circle is of Diameter M;P,and is Inverted to (K;,K;K,) circle . The End —Reflection circle is of
DiameterK; P,and is Inverted to (K; ,K;K, ) circle
since the Infinite circles passing Tangentially from K; and K,V .
Inversion of circles happens in infinite through the Trapezium , in where ,
a.. Triangles 0,P,0, O,P,P, are of equal area , because lie on the common Segment O, P, , and the commonheightK; M; . Since
triangle O, P, K, is common to both triangles therefore the remaining triangles K,0,0 , K,P,P, are of equal area , andpointK, is a
constant point to this mechanism .
Since also trianglesk,0,0 , K,P, P, lie on opposites of line O, K,P, position then are Inverted on this line . ( the Alternate Inverted
triangles )
The Inversion of the circles happens because Diameter K;OM, is the Mid - perpendicular to the opposite Side of the Odd in the middle
point M, in contradiction to DiameterK,0M,=0K, — P,
which passes through the vertices of the Even-Regular-Polygon forming angle <K, 0K,= 2.K; KK,
b.. Because at point K;of chord 0,K,- KK, , infinite points P,exist on 0, K ;for all points K,=K; and circle of radius K;K, = 0,
Therefore separately must issue and for chord 0,K, . But since is K;K, # 0 then Chords KK; ,KK; ,KK,are all projected on the
(K, K,K,)circle , and Diameter P, M ,is Inverted to Diameter P, K; with their circles .The edges of Segments K;V; , K,V, , are on KK, ,
KK, lines , so all triangles of Parallel sides of Trapezium , occupy the point K, as the same Orthocenter for all the Regularly-Revolving
triangles KO, P, , KO, K,, _;, KO, P, ,with the Sides 0, P;,— O, P, — O, P, , and the Inverted Circles [ 0, ,0,K;=0,P, ][ Ogx ,Oni M1=
Ouc P, ] - c.. That Inverted circle [0, ,0,K;=0,P,],[ Oux » Ogie M1= Oy P, ] with the greater diameter
intersecting the circle ( K;, K;K, ) between the pointsV; ,V, defines the Inverted Position , i.e. that of the Odd-Regular -Polygon .
In case that Inverted circles intersect axisO, OK, Then The - Inverted - Position is the
Common - Point of the circle (K;, K;K,)and the circle of diameter K; P, , and this is
because , the Tangential Inflection circle becomes the End Inflection circle on K P, .

In all cases Trapezium [ 00.P ,P,] is the New Regular Polygons Mechanism and exhibits
The How(BYy Scanning ChordK K; to K K,) and Where (In the Inverted triangles 00, K, ,K,P,P,)
Work( Energy — Kinetic or Dynamic ) produced from any Removal , is Stored .

A wide analysis for the Energy - Storages in [64] .

In F.20-A , For n= 6,then K K is the Side of the Even - Regular — Hexagon
For n =8,then K K;is the Side of the Even - Regular — Octagon .
For n =7 ,then K K;is the Side of the Even - Regular — Heptagon .  g.e.d

THE REGULAR - POLYGONS

In F.19- (Page 69) , Isshown the Geometrical construction of the Regular —Triangle ,

Through the Regular — Digone and Tetragon .

In F.18-B — (Page 67) , Is shown the Geometrical construction of the Regular — Pentagon ,

Through the Regular — Tetragon and Hexagon.

In F.20—(Page 70) , Is shown the Geometrical construction of the Regular — Heptagon ,
Through the Regular — Hexagon and Octagon.

In F21 - (Page 71) , Isshown the Geometrical construction of the Regular — Ninegone,
Through the Regular — Octagon and Decagon.

In F.22 - (Page 72) , Is shown the Geometrical construction of the Regular — Endekagone ,
Through the Regular — Decagon and Dodecagon .
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In F.23 - (Page 73) , Isshown the Geometrical construction of the Regular — Dekatriagone ,

Through the Regular — Dodecagon and Dekatriagone .

F.20 - B — In circle( O ,0K )=( O ,00,)and[0,, 0, K= O,P,], [PO,, PO, M;= PO, P,], (K; KiK; )
For n= 6 ,then K K, isthe Side of the Odd - Regular — Hexagon ,

For n =8 ,then K K, is the Side of the Odd - Regular — Octagon ,

For n =7 ,then K Kjis the Side of the Even - Regular — Heptagon . 5/8 /2017

The Physical notion of the Regular and Not - Polygons:

Segment M, K or chord KK is the locus of the infinite circles on OM,0, K parallels of Trapezium

[00,P,P, ] which intersect ( K, KK, ) circle .Chord KKjrevolving (Scanning) through point K,

to KK, andto KK,produces , Work , when the Trapezium System passes through infinite.

Since triangles KK, 0, , KK, 0, are rightangle triangles , then KK, 10K, ,KK,10,K, ,

and for anyremoval of point K,to K,the Work produced is zero .

Inall Odd and Even - Regular -Polygons , AND in Any — Non- Regular —Shape , The Area

of the Space triangle , K,0, O , is equal to the Area of the Anti — Space triangleK,P P, .

Generally by Scanning Any Space-Monad KK ,to a Space —-Monad KK, of the circle , the Work

produced is conserved in the first Space - triangle of the circle , and in theOutside of the Equal

area triangle .The area of the first triangle denotesthe, Work Produced[ i.e.Energy as Electricity ,

as Vibrationas Frequency ,as Thermal , as Movement , as anyother Alteratione.t.c] ,while the area

of the second triangle denotes the , Work Quantizedinthe Plane — Stores of Anti-Space . [61C]
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Epiloque:

In Material Geometry [ 58-61 ] ,Zero - point 0 = & ={@+O}= The Material-point = The Quantum = The Positive Space and the Negative
Anti-Space , between Opposites =The equilibrium of opposite —«—

Point O , is nothing and maybe anywhere .

Point K , is nothing and maybe anywhere .

SegmentOK , is the Monad OK, @, and maybe on circle [0 ,0K] where OK is , the @Space .

Point Oy,is nothing and this is in Opposite Position of point O such that Segment00,=The Quantum

= Anti-Monad (00, ) = - (OK) = ©, andOpposite direction (00,) — = - (OK) « is , the Anti-Space .
Any Point K; , is nothing also and maybe on circle [O , OK] .

Segment KK is the monad KK, and it is the chord on circle [O, OA] , where KK;is the @ Space.
Segment O, K; is the monad O, K; = is the ©Spaceand it is the perpendicular chord on circle [0,0A] ,
where ,since 0, K; is perpendicular to KK;then No-Work is produced ,therefore the velocities of chords
are also perpendicular . Here Velocity is the change of direction of the Space KK; and always on K;O,.
Any Point K, , is nothing and maybe on circle [O, OK] also , and which occupies all above .

Angle <K;K K,is thelnbetween-Spaceof chords KK, ,KK, on triangle K;K K, ,the Space triangle ,
which locus is the constant circle (O, OK) and Triangle K; 0, K,is , the Anti-Space triangle .

Chord K; K, remains constant during the Removal of point K, the @Space , in order to reach point0,
the Anti-Space©), and this because arc '1?1?2 of the circle is constant . Since K; K, Segment is constant
therefore point K, lies on ( K; , K1 K, ) circle which we call , Velocity circle .

Conclusion 1 :

On monad [OK], The Quantum, exists the equilibrium and the oppositeAnti-monad [00,] = - [OK]
and from points K ,0,are formed Infinite monads either as couple of chords K K;,0,K;- K K, ,0,K; ,
or as the angles <K;K K, , K, 0, K,which have common their velocity circle (K;,K;K,) .On this velocity circle any motion of SpaceK K;
K K,lies on Anti-space0, K; , 0, K, and the opposite .

This is the equilibrium of , @, SpaceK K;and ,©, Anti-space 0, K;in Material Geometry .

It was shown [12]that SpaceK; 0= @ is in equilibrium with the Anti-space K;0,= © through

the area of triangle K; 0,0 , and it is the Work embedded in point K; of Space .

The case of the Space K, 0 is the same as in K; Oinfront.

In case of simultaneous Spacesk; 0= @= K, Othen lineOK,produced , intersects 0, K;= ©at point P ,which is called the Inflection Pole,
and this because point K,is Inflected on circle (O, OK) .

Line O0,K, produced , intersectsOM; line produced ,the parallel to O, K; passes through the center
M, of the chord KK;,at the point P,, which is called the Reflection Pole , and this because point M,

is Reflected on triangle K; 0K .

Since lines OP, , 0, P, are parallels , and this because are both perpendicular to K K;chord , then
quadrilateral OP, P, O, is Trapezium , and since Segments OP, , O, P, are between the parallels then ,
theAlternate Interion angles<OP, 0, , P,0, P, are equal , and both equal to angle <K; K K, and

this because angle <P,0,P,=K,0 K {=K,K K, .

The same also for theAlternate Interior angles<OP, 0, = P, OP, .

Since triangles P,0,0, P,O P, , occupy the common segment P, 0, and common height K; M, , so

are equal , and therefore the Area of trianglesP, 0,0 ,P, 0 P,equal, and since also triangle P, 0 K,

is common to them , then the Remaining triangles K,0,0, K,P,P, are also equal .

Since the Area [S] of triangle K,0,O represents the Work embedded in Point K, therefore the Work

is conserved in triangle K, P P, of this trapezium .

It was found that when A,= the length of the side of the Regular Polygon and R = OK is the radius

of the circle then , the Area S = %“.\/4R2 — 2%,and Polygon's Length 1,=+/2.R*+ VR* — 452

A wide analysis for the nature of Polygons length A,in [63] .

Conclusion 2 :

Any relative motion of ,Space = @ monad KK;to KK, ,it is an alterating Chord - Scanning , and is

defined in the Outer Space K, P, as the Area of triangleK,P,P,, and it is the conserved Work , and

equal to K ,0,0 Area, itisthe Work .i.e.

The Work produced in any Removal of Space is conserved in the Plane triangle of Anti-Space . This is the Conservationof Work , in
Material Geometry , for monads either as Segments or Anglesthrough the Area of the Space triangle ,K,0,0 , to the Area of the Anti -
Space triangle , K, P P,.

The circles of diameters K; P, , M; P, , are called the , Reflection and the Inflection circle alternatelybecause these lie on common height of
Trapezium , the Segment K; M , and are reflected at point K;which pass from the removable P, , P,, Poles of this Quadrilateral .

On the Anti - space chordK; O, Infinite Inflection circles exist on the diameters K; P, , for point

P, = K; —» « and for P, = then all parallels to K;0, , lie on the Space - Chord K; K, with the Infinite Inflection circles passing
from K; = V; point. The same also for Anti-Space Chord K, O,

where velocity at K, =V, point.

Since circle ( K; , K1K, ) lies on K;0O,line with center at point K, , then is the End-Inflection -circle, and since also K;P, diameter is
equal to zero , then is also , and the End Reflection circle .

For both Anti - Space - Chords K0, , K,0, corresponds the Intermediate - Space - Chord 0, K,0nKV, line withthe Reflection - Circle of
diameter K;P, passing from V,common point, and to the End Inflection Velocity circle (K; , K;K, ) .

Conclusion 3 :

On any Anti - Space - Chord K;0, and the corresponding Space - Chord K;K , the Work done from any Removal is equal to
the Area of triangle K 0, Oand is spread on line K;P,, = o , and in case of a ,simultaneously , second Anti-Space —Chord K,O0, , then
Work is gothered toK, P, Ptriangle .

The Reflection circle of diameter K;P, intersects the End-Inflection-Velocity Circle of diameter M, P, at a point R.,_, , between the two
points V4, V,such that lineKV ;intersecting the circle ( O,0A) at point K, , and the Work produced is equal to the Area of triangle K ;0,0
, which is conserved .
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The above Geometrical Mechanism Constructs , Points K, , Chords K K, , Triangles K ,0, O inwhere Work for any Removal is conserved
. Since the Area of the triangles can be transformed to Equal Area of any other Shape then thisShapeconsists the Conservation-Work-Stores
in Material -Geometry .

In case that Points K; , K ,, consist the Vertices of any Two Sequent - Even - Polygons, then Kis the Vertices of The Inbetween - Odd -
Regular - Polygon with the Produced and Conserved Work the Area of the Trianglek,0,0 .

This is the the Quantization of Work in Monads , Either-as , Odd - Regular - Polygons and their Interior Angle , OR — as , ofAny - Shape
- Area equal to the Space triangle ,K,0,0 , and equalalso to the Area of the Anti - Space triangle ,K, PP, .

By Scanning The Space-Monad K K;to Space —Monad K K, of the circle , The Work produced is conserved in [00, K,] Space - triangle ,
and in the equal area triangle K, P, P,of theAnti—Space .

The above relation of Work, Quantization in Geometry— Shapes, in Area — Stores of Anti-Space ,

is the Unification of Geometry-monads with the Energy monads ( The How in [61] , = where—

The How Energy from Chaos Becomes Discrete Monads).

Conclusion 3 : The Physical meaning .

In article was shown the Geometrical construction of all the - Regular - Polygons in a circle and for Odd , between any two
sequent Even Polygons . Any two Chords K K; , K, 0,at the Ends of a diameter are perpendicular each other , and consist the Space and
Anti-Space monads respectively and since are Perpendicular each other , these do not produce Work ( Stored Work = Area of triangle
0K,0,).

In case of a Removal of any two chords the Work Produced between them is equal to the Central triangle Surface which consists the
Quantization of Work in Monads .For , Odd - Regular - Polygons and their Angle , OR - for , Any - Shape of Area equal to the Space
triangle ,K,0, 0 , Work Quantization[ Energy as Electricity ,as Vibration ,as Frequency ,as Thermal , as Movement , as any Alteration e.t.c]
, is equal also to the Area of the Anti - Space triangle K,P, P,. It was also proved that , By Scanning Any Space-Monad K K;to a Space —
Monad K K, of the circle

the Work produced is conserved in a Space - triangle in the circle ,The Store , and in one of the equal area triangle outside thecircle , which
is the Anti-Space triangle , meaning that ,

The above relation of this Plane Work it isThe Quantization ofGeometry —Shapesinto thePlane — Stores of Anti-Space, consists the
Unification of the Geometry — monadswith those ofEnergy monads , and which were analyzed and have been fully described .markos
20/8/2017
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