International Journal of Engineering Research and Development
elSSN : 2278-067X, pISSN : 2278-800X, www.ijerd.com
Volume 2, Issue 4 (July 2012), PP. 58-62

Generalization of Incomplete Extended Beta Function and Beta
Distribution

Rakesh K. Parmar® and Purnima Chopra®
!Department of Mathematics, Govt. College of Engineering & Technology,Bikaner,Karni Industrial Area, Pugal Road,
Bikaner Rajasthan State, India
“Department of Mathematics, Marudhar Engineering College, Bikaner, NH-11,Raisar,Bikaner Rajasthan State, India

Abstract— Recently an extension of beta function is defined by introducing an extra parameter is proved to be useful
earlier (Aslam Chaudhry 1997 [8] and A. R. Miller 1998 [1]). In this research note, we generalize the incomplete beta
function and obtained the various integral representations and properties. Furthermore, we obtained the beta distribution
for generalized beta function.
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l. INTRODUCTION

The classical incomplete beta function is defined by [3, 5, 9]

B, (v,n) = j " @-t)""dt (v>0,u>0and0<x<1) (1.1)
It is expressed i?l terms of the Gauss function to give ([6], [7])

B, (v,1) :XTV(l—x)“ SFE @V +l+v;x), (1.2)
B, (v,1) :% ,F(v1-wl+v;Xx), (1.3)

The adjective ‘incomplete’ reflects the fact that the upper limit of Euler’s integral of the first kind is less than the value of
unity that is required to complete the integral. This incompleteness prevents the interchangeability of the v and p parameters.

The formula

B, (1, v) =B(v,n) =By, (v,1) (14)
shows the effect of interchanging the parameters and provides an argument reflection formula.

The recurrence formulas

V1 _ M
B (vilu)= VB, (v,us1)- X L=X)" (15)
u u
and
V(1 —x)*
BX(V,M+1):EBX(V+1,H)+M (1.6)
A% \%

link two incomplete beta functions. The interrelationship

B,(v,i) =B, (v+Ln)+ B, (v,u+1 (1.7)
connects three incomplete beta functions.

It is to be noted that several integral functions involving powers of trigonometric or hyperbolic functions are special cases of
the incomplete beta function. Some of these representations are as follows [7]

;
B, (v,u) = Zj sin® (t) cos * (t)dt
0

(0 < T =arcsin(v/x) < gj (18)
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B, (v =| L
X o, @+t
(0£T=L<ooj (1.9)
1-x

!
B, (v,p) =2 j tanh?'* (t)sech? (t)dt
0

(O <T =arctanh (\&) < oo) (1.10)

In recent years several extensions of well known special functions have been considered by several authors [2, 4, 8, 9].
Especially, Chaudhry et al. [8] gave an extension of Euler’s beta function. Namely, they defined the following extended beta
function and extended incomplete beta function as

B(p,q;b)=jt"‘l(l—t)q‘lem{— b }dt

t(1—t)
(Re (b) > 0; For b=0; Re (p)>0,Re (g)>0) (1.11)
and
B, (p,q;b) = _X[ tPta-t)et exp{— b }dt
§ : t(l—t)
(Re(b)>0; Forb=0,p>0,g>0and 0 <x<1) (1.12)

respectively.

Clearly, B (p, 9;0) = B (p, 0) and By (p, g; 0) = B« (p, 9)

The extension will be seen to be useful in that most properties of the beta function carry over naturally and simply for it.
They also obtained integral representation, various properties, mellin transform, beta distribution and express in terms of
special function as Macdonald, Whittaker and error function.

Afterward, Ozargin et al. [4] considered the following generalizations of Euler’s beta functions as

h b
B (p,q;b) = t"*@-t)**" ,F (p; o= Jdt
! t t(l-t)

(Re (b) >0, Re (p) >0, Re (o) > 0; For b=0,Re (p) >0, Re (q) > 0) (1.13)

Clearly, B“*(p,q;b) = B(p,q;b) and B¥ (p,q;0) = B(p,q)

In this paper we consider the new generalization of incomplete beta function defined as:

x b
B (p.gib) = [ P (L-1)* F(p;d_ jdt
! v t(1—t)

(Re(b)>0,Re(p)>0,Re (o) >0; Forb=0,p>0,g>0and 0 <x<1) (1.14)
Clearly, when b = 0, we get classical incomplete beta function [9].

This present paper is divided into four sections. In section 2, various integral representations of generalized incomplete beta
function are obtained. In section 3, some properties of generalized incomplete beta function are obtained. In last section,
generalized beta distribution is obtained for generalized beta function defined earlier by Ozargin et al. [4].

1. INTEGRAL REPRESENTATIONS

Theorem 2.1. If Re (b) >0, Re (p) >0, Re () >0; Forb =0, p> 0, g > 0, we have following integral representations:
T
B®) (p,q;b) = 2_[ sin®*0cos* ™ 0 ,F [p;c,—psec’ Ocosec’0]do
0
. T
(0<T:sm 1(&)35) 2.)

p-1

T 1
B (p,q;b) = ! F{ ;o — 2+u+—}du
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(0<T:L<oo) (2.2)
1-x

.
B®) (p,q;b) = 2J' tanh*** 6sech®0 |F [p, o,—b(2 +sinh? 0 + cos ech 26)]de
0

{OST:sinh{JLj<ooJ 2.3)
1-x

Proof. Letting t = sin? 0 in (1.14), we get

X

BY (p.aib) = | -1 1F1{P? o~ t(1ki t)}OIt

0

;
= 2_[ sin? 0cos™ 0 ,F,[p; o;—psec? Bcosec’0}do0
0

On the other hand, letting t = in (1.14), we get

+Uu

T p-1 1
B (p,gb)=| ———— F[; — 2+u+—}du
) (p,q;b) j IR L 0

Finally, substituting u = sinh? 6 in (2.2), we get
T

B® (p,q;b) = 2_|' tanh®** 0sech*0 ,F, [p; o;—b(2 +sinh? 6 + cos ech Ze)]de
0

This completes the proof.

1. PROPERTIES OF GENERALIZED INCOMPLETE BETA FUNCTION

Theorem 3.1. For the generalized incomplete beta function, we have the following argument reflection formula:
B (p,q;b) = B (p,q;b) - B (q, p; b) (3.)
Proof. The Right-hand side of (3.1) yields

h q-1 p-1 - b
ju @-uw 1Fl[p,c,—u(1_u)}du

1-x
Putting u = 1- t, we have

.[ P A-t)* 1 Fl{P; o,—
0

which is the left-hand side of (3.1).

b }dt
tL—1)

Remark 3.1. It is to be noted that (3.1) shows the effect of interchanging the parameters and provides an argument reflection
formula. In particular, by letting p = o and b = 0, we obtain the argument reflection formula [9] for the classical incomplete
beta function.

Theorem 3.2. For the generalized incomplete beta function, we have following relation between three generalized
incomplete beta function:

BY"” (p,;b) = B (p+1,0;b) + B (p,q + 1 b) (32)
Proof. The right-hand side of (3.2) yields

X
[ ra-p+e2a-n7 f{p;c;—
0
which, after simple algebraic manipulations, yields

b }dt
tL—1)
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T b

"t @-1)"" F|p;o- dt
.([ ( ) 1 1{9 t1—1)
Which is equal to the left-hand side of (3.2).

Remark 3.2. From the argument reflection formula (3.1), we find that

B (p,q; b) + B (a4, pib) = B®” (p,;b)

1
Settingp =c,q=pandx = E in, we find that

B, (p.pib) = B.Pib),

2
which can be further written in terms of the Whittaker function to give

B, (p,p;b) = \/E 2-p1 /2 a20 \y (4b)
2 _
(Re (b) >0)

N T
N o

In particular, when p = E , we find

11 e
B,(=,=:b)=— erfc(2vb)
222 2
Theorem 3.3. For the generalized incomplete beta function, we have the following summation formula:
Ul n
BY (o,—a—n;b) =" @BW (o +k,—a—k;b)
k=0

(Re(b)>0,n=0,1,2,3,...) (3.3
Proof. On settingp=aand q=-a - nin (3.2), we get

B® (a,—a.—n;b) = B®? (o,,—a. —n +1;b) + B (o +1,—a — n; b)
We can write this formula recursively, starting with n =1, to obtain
BP) (o,—a.~1;b) = B (o, —ai;b) + B (o +1,—0. —1; b)
BY (o, —o. — 2;b) = B¥? (0r,—0; ) + 2BP (o + 1~ =1 b) + BY (00 + 2,—a. — 2; b)
B (o, —a.—3;b) = B (ar,—0;0) +3BP (00 +1,—0. — 1; b)
+3BP? (o +2,—a— 2;b) + B (a0 + 3~ — 3; b)

and so on. The series arises exactly as the binomial series does and so we can guess that

n n
B (a,—o.—N;b) = Z (kJBff“’) (o +Kk,—a—Kk;b)
k=0
This result can be simply proved by induction, assuming it to be true for some n and writing Bg(p’c) (OL,—OL —n; b) as
above. It immediately follows that (3.3) holds for (n + 1). Thus, the result (3.3) is true for alln=0, 1, 2, 3, ...

V. THE GENERALIZED BETA DISTRIBUTION
In this section, we generalize the beta distribution for generalized beta function (1.13) earlier defined by Ozargin et
al. [4]. We generalize the conventional beta distribution by using generalized beta function, to variables p and g with an
infinite range. It appears that such an extension may be desirable for the project evaluation and review technique used in
some special cases.
We define the generalized distribution by

1 p-1 q-1 i
ft)= Wt 1-1) 1F1(p10',—
0

j O<t<l

td-v ,otherwise

(4.1)
A random variable X with probability density function (pdf) given by (4.1) will be said to have the generalized beta
distribution with parameters p and g, - oo <p < oo, - 00 < < o0, b > 0. If v is any real number then [10].
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B®)(p+v,q;b)

E(XY) = 42
*="geo (p,g;b) 2
In particular, for v=1,
B" (p+1q;b
B™*(p,q;b)
represents the mean of the distribution and
o? = E(XX?) - {EX)}
_ B (p,g;b)B® (p+2,0;b) - (B (p+1 ;)" o

(B®? (p,q;b))*

is the variance of the distribution.
The moment generating function of the distribution is

3 s} tn . 1 0 (,5) ' tn
M(t)—g HE(X )_Wg B (p+n,q,b)ﬁ (4.5)

The cumulative distribution of (4.1) can be written as

(p.0) .
F(X) — BX (p7 q’ b)

N 4.6
B®% (p,q;b) “o
where
BO? (p,q;b) = [ t**A-1)* R pioi———— [dt
b>0,-00<p<oo-0<q< oo, 4.7)

is the generalized incomplete beta function (1.14). For p = o and b = 0, we must have p > 0 and g > 0 in (4.7) for

convergence, and then B (p,q;b) = B, (p,q;b)and B®" (p,q;0) =B, (p,q) . where B (p,q) is the

incomplete beta function [9] given by
Xp
B, (p.0) = R (Pl-a;p+1x) (4.8)

It is to be noted that the problem of expressing Bf(p’p) (p, (O} b) in terms of other special functions remains open.

Presumably, this distribution should be useful in extending the statistical results for strictly positive variables to deal with
variables that can take arbitrarily large negative values as well.
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