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Abstract

The requirement of appropriate divergence measures emerge as they play a vital part in segregation of two
likelihood disseminations. The display communication is committed to the presentation of one such divergence
measure utilizing Jensen inequality and Shannon entropy and its approval. On basis of the proposed divergence
measure, a new dissimilarity measure is presented. Other than building up approval, a few of its major
properties are moreover presented. Advance, based on proposed dissimilarity measure ,a new multiple attribute
decision making method is presented and is altogether clarified with the assistance of an outlined case. In last
paper is briefed with an application of the proposed dissimilarity measure in pattern recognition.
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I.  Introduction

A prominent role plays by divergence measure in measuring the distinction within two probability
distributions. This measure has its own superiorities. The divergence value changes with change in
parameters.The parameters do a favorablepart in explaining the divergence measure. In such wise, how the
divergence is affected by parameters is an immersing content to learn. The idea to study the distance measure
within two probability distributions was firstly introduced by Mahalanobis (1936). Based on Shannon entropy,
the notion of divergence measure proposed by Kullback and Leibler (1951). Thereafter, Rao (1982)proposed
variousdivergence measures from their perspective. To compare the effectiveness of two events the point of
divergence measure is also determined. That’s why, from the above argument, consequence of divergence
measures could be simply determined. Before the initiation of theory of fuzzy set given by Zadeh (1965), to
measure the uncertainty, the tool was probability theory.To enhance the researchers Zadeh (1965) introduced the
fuzzy set theory with a new tool of estimating the uncertainty or fuzziness. In Zadeh theory, in universal set
every element is allotted a membership degree whose value lies between 0 and 1. Associatedto fuzzy set
theorythere is a prominent concept in Fuzzy entropy which is helpful to calculate the amount of fuzziness
created due to vagueness. Here we check either an element belongs to given set or does not belong to set.
Afterwards, the theory of Fuzzy entropy axiomatized by De Luca and Termini (1962). In numerous real-life
problems serving as clustering, image segmentation, medical diagnosis, decision making, pattern recognition,
bacteria detection, image segmentation, and financial diagnosis etc. fuzzy sets used.

The constitution on solicitation and advancement of divergence information measures between fuzzy
sets has enlargedmeasurably in past few years; still, an augmentation that the superior divergence measures
could be construct which will helpful in applications of multiplicity areas. By taking into account the all-
inclusive studies and importance of divergence measures could be prominently judged. On the basis of
circumstances, different divergence measures are required. Therefore, just complete the requirement yet
efficiency that divergence measures are not requiredneed is to research new divergence measures. By using this
idea, Lin(1991) proposed Jensen—Shannon divergence, a new similarity measure proposedwhich is based on
Jensen—Shannon fuzzy measure. Various properties are also examined of this proposed divergence. After that,
influence of generalized fuzzy divergence which is proposed measure has been exhibited by its applications
applying on pattern recognition and compares the result with exiting measures.
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11 Jensen—Shannon Divergence Measure

We study the hypothetical concept of information theory in this part and after that instigate the Jensen—Shannon
divergence, we explain the properties in probabilistic manner.

Letus consider a set A={L=(,ly...l1):; =0,; ¥ l; =1}, t =2 of complete probability
distributions. For the probability distribution L =(ly, l,, ..., ;) € A, the famous Shannon’s entropy is explained
as:

H(L) = —Xi; lilog (I;) (1)

Cover and Thomas (1991) stated that the cross entropy depend on observed probability distribution O = (g, g>. .
.qy) as related to true probability distribution L =(1,, l,, ..., l;) as follows:

H(L:Q) =X log (1) = —Xllog (4) 2)

Corresponding to (1), for any L, Q € A,, divergence measure explained by Kullback and Leibler (1951)as

l.
KL(L, Q) = Zinllog C) = HL QO -HL) B
Where /; and q; are the probability of occurrence for probability distributions, respectively. It is essential that L
need to be absolutely continuous with respect toQ i.e./ = 0 wheng= 0. To get over this limitation, another
divergence discussed by Lin (1991) for the probability distribution L and Qas

1 L

2
Based on /a symmetric divergence measure can be explained by

P(L,Q)+P(Q,L)

IL,Q) =

_y (L J; Q)Z_ (H(L) JZrH(Q))

Now, we have presumed that the probability distributions L and Qwith the like weights 1/2. For the probability
distributions L and Q,a;,a, > 0, a; + a,= 1 is random weights. Jensen—Shannon divergence is direct
generalization of [:

JS(L,Q) = H(ayL + a,Q) — (aH(L) + ayH(Q)) (5)

Jensen InequalityJS(L, Q) is non negative and when L =Q then it will be zero. We can allocate weights
according to their significance to probability distributions. It is major benefits of Jensen-Shannon inequality. in
decision-making problem this property assists. As a resulton the requirement of symmetric divergence
measuresbased on Shannon entropy and Jensen inequality, introduced a new idea named as Jensen—Shannon
divergence defined as.

Take two probability distributions E, G € A;witha anda; are their respective weights fulfilling the

conditiona; + a,= 1, new divergence measure introduced

SHN,(E,G) = —Xi_1(—(e;log(ey) + g;log(g)) + (are; + ayg;) log(ase; + ayg;) + (a1 9; +

aze;) log(a, g; + aze;))(6)

Propertiesof SHN,, (E, G)

Few main properties of above divergence measure are

(1) SHN,(E,G)= 0 under condition SHN,(E, G) = 0 when E =G
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(2) SHN4(E,G)is convex function of £ and G

(3) When E and G are degenerate distributions then SHN, (E, G) acquire its maximum value
Proof: To prove SHN,(E,G) > 0.
As concave function in (1), for any E, G € A, Jensen inequality implies
aH(E) + axH(G) <H(a.\E + a2G) (7)

which gives

— aiH(E) - a:H(G ) > — H(a\E + a>G); (8)

From (8), we get

—a;,(— Xi_1e;log(e;)) — ay(— Xio1 9:log(g) = —(— Xi_ (are; + a,g)log(ase; + a,g:)) (9)

Similarly
—ay(— X1 e;log(e)) — ay (— Xioq gilog(g) = —(— Xl (ase; + azgi)log(ase; + a,9:))(10)

Adding (9) and (10), we get

t
SHN,(E,G) = — Z(—(é‘i log(e;) + g;log(g:)) + (a1e; + azg;) log(ase; + azg;)
=1
+ (a19; + aze;)log(aig; + aze;)) =0
(11)

This explained the non-negativity of SHN,
From (6) we can directly prove properties 2 and 3

Next, weestablished a new divergence measure as generalize the idea from probabilistic to fuzzy set theory.
This measure is related to Jensen—Shannondivergence measure.

III.  Jensen- Shannon Fuzzy Divergence Measure

A concise discussion on definitions related to FSs and proposed Jensen-Shannon Fuzzy Divergence measure is
given in this segment

Definition 3.1 For fuzzy set in y (fixed set), construct
A= {(ty . pa &)1y E X 1, (12)

in whichz :y — [0, 1] is a membership function in y anduy (2, ) € [0, 1]. Then 4 is known as fuzzy set.

Definition 3.2 Consider a universe of discourse= {k, k5, ..., k;}. Explain fuzzy divergence measure
SHN(S,T)for S,T € FS(X)as

SHN(S,T) = = Xy ((aaus (ko) + ity (k) (log (s s (ko) + appir (k) + (aapir (k) +

ot (ki) (log (s iy (ki) + s (k) + (@yvs (k) + (v (ki) (log (ayvs (k) + ez (vr (ki) +
(v (k) + ap (vs (k) Uog (ayvr (k) + aavs (ki) — (s (kplog (ks (ki) + (ur (ki)log (ur (ko)) —
(vs(ki)log (vs(k))) + (vr(k))log (vr(k)))) (13)
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3.3 Justification
At that moment, a main logical question leaps to mind about the proposed measure validation.

Proof: Firstly we will prove the non-negativity condition for proposed measure.
As a concave function (1), by the use of Jensen inequality, we get

—ay (= Bl (s (kilog (s () + (vs(ki))log (vs(ki)))) = (= Biy (ur (ke Ylog (pr () +
(vr(k)log (v (e)))) 2 = (= By (@ (s () + (s (k) + tz () + (vr (k) ) (o (e (s o) +

(5D + e () + (or (kD)) )(14)
Similarly

—ary (= Tz (s (e)log (s () + (vs(ki))log (vs (kD)) — ey (= Ty (r (ep)log (i (ki) +
r(ke)log (vr (k) = = (= Tk (@ (ks (k) + (s (ki) + e (r (k) + (vr (ki) og (e (s (k) +
(s (ki) + e (r(ky) + (r (k) )(15)

Adding (14) and (15), we get SHN(S,T) = o
In coming segment we study various main properties of SHN (S, T)

Iv. Properties of proposed dissimilarity measure
Theorem 4.1 For S,T,R € IFS(X),

(1) SHN(S,T) = SHN(T,S)
(2) SHN(S,T) =0 ifandonlyifS=T
(3) SHN(S,S¢) = 0ifandonlyifus(k;) = vs(k))forallk; € X
(4)SHN(S,SUT) = SHN(S N T, T)= SHN(S, T)
(5) SHN(SUT,SNT)=SHN(SNT,SUT) =SHN(S,T)\
(6) SHN(S,SUT) + SHN(S,SNT) = 2SHN(S,T)
(7) SHN(T,S UT) + SHN(T,S N T) = 2SHN(T, S)
(8) SHN(SUT,R) <SHN(S,R) + SHN(T,R)
(9) SHN(SNT,R)<SHN(S,R) + SHN(T,R)
(10)
SHN(SUT,R) + SHN(SNT,R) = SHN(S,R) + SHN(T,R)
(11) SHN(S,T) = SHN(S¢,T®);
(12) SHN(S,T¢) = SHN(SC,T)
(13) SHN(S,T) + SHN(SC,T) = SHN(SS,T€) + SHN(S,T¢)
whereS¢is complement of S and T¢ is complement of T.

Proof: Above properties proved in supplementary section

In upcoming part, proposed divergence measure applications applied for pattern recognition with some
illustrations.

V. Pattern Recognition Application

Here, our main purpose is that from a set of patterns we haceto select a particular pattern by comparing their
features. Procedure is explained as follows:

Consider a set of n patterns i.e. P, Y, ..., P, with classifications¢,, ¢, ..., ¢,,. Suppose the patterns are defined
by fuzzy sets

Wi = {80y, (5, vy, (s): s €}i = 1,2,...,n(16)
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where Y = (84, Sy, ..., Sp) 1s universe of discourse. Let there is a known pattern defined by fuzzy set as

P = {{sj,up(sj), vp(sj): s; € t,b} 17

For matching P to one of¢),, ¢, ..., ¢, use principle of minimum divergence explained by Shore and

Grey [32] given as
z* = arg min{y,, P} (18)

z

Using the proposed measure, identify the one pattern which is resembles with the given pattern. Consider an

example

Example: Let Y4, ,, P3be three patterns with classifications ¢4, ¢,, ¢3 represented by fuzzy sets as below
¢, = {(s1,0.2,0.5), (s2,0.5,0.4), (s3,0.2,0.4)}
¢, = {(s4,0.4,0.3), (s5,0.6,0.1), (s5,0.5,0.2)} (19)
¢5 = {(s1,0.1,0.4), (s2,0.3,0.5), (s5,0.7,0.1)}

Suppose P is a particular pattern defined by

P = {(s4,0.4,0.5), (s,,0.3,0.2), (s3,0.6,0.3) (20)

Our motive is to classify P to one of the class¢,, ¢,, p5. The proposed measure values calculated are
showed in Table /

Table /: valued calculated from proposed measure

SHN(Y;, P) $1 $2 ¢3
a, =0.1,a, =09 0.0327 0.0170 0.0363
a, =02,a,=08 0.0576 0.0301 0.0635
a, =03,a, =07 0.0752 0.0394 0.0826
a, =04,a, = 0.6 0.0856 0.0458 0.0938
a, =05,a,=05 0.0890 0.0468 0.0975

In this table it is clearly visible that pattern P is classified with ¢, for different - different values of a;anda,.
And clearly we can say that 1, is the perfect option.

VI Comparitive Study
Now compare results of proposed measure (13) with measures that are existing. Here we are considered

Li(2004), Zhang and Jiang (2008), Rajesh Joshi (2018).
The IF fizzy divergence measure between any two Intuitionstic fuzzy sets proposed by Li(2004) is given by

d,(5,T) =Y, (|I»¢S(Ti)—liT(ri)|:|VS(Ti)—VT(Ti)|) Q1)

By Zhang and Jiang (2008), intuitionist fuzzy measure is given by

O (s () + 1 —vs(r) < [us(r) + 1 — vs()]/2 >
D(S,T) = log,
0 ; [ 2 ° [(s(r) + 1 —vs()) + (1 + pr(r) — v ()] /4
+ —ps(r) + 1+ vs(ry) log < [—ps () + 1+ vs(r)]/2 >]
2 2\ (=pst) + 1+ vs(r)) + (1 = pr(r) +vr ()] /4
(22)

The intuitionistic fuzzy measure by Rajesh Joshi (2018) is given by
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(Mus (ki) + napr (k) (log (Maps (ki) + naur(ky))

n +Mpr (k) +n2ps(k) (Log My (k) + naus(ky))
A, T) = — z +(1vs () + n2vr (k) (log (nyvs(ky) + navr (k)
i=1 +(Mvr (k) + novs (k) (log (mive (k) + navs(ky))

+ (175 (k) + namr (k) (log (ny s (ky) + mpmr (k)
+(mr (k) + nams (k) (log (e (ki) + nams(ky))
_(Hs(ki) log(.us(ki)) + vs(k;) log(Vs(ki)) + ms(k;) IOg(T[S(ki)))
—(ur () log(ur (k) + vr (k) log(vr (k) + mr (k) log(mr (k)

(23)

Table /I shows the calculated values of divergence measure (13), (21),(22) and (23) as follows:

Divergence measure N b, ¢3
d,(¢0, P) 0.5500 0.4000 0.5000
duy (0 P) 0.2667 0.2000 0.2667
de) (b0 P) 0.4933 02378 0.4535
SHN (¢, P) 0.0327 0.0170 0.0363

From above table, it could be noticed from all divergence measure the pattern Psupported withg,. Hence the
performance of our proposed measure could be considered good.

VIIL. Conclusion
Here a new divergence measure developed based on Jensen Shannon information measure and some
properties are discussed and showed the effectiveness of proposed measure with the help of example and with
comparing the results with previous measures on Pattern Recognition. We will do work on theirmore
generalizations further.

Supplement Section: Proofs of Properties
Proof: For verifyingthe properties, we fractionate y into y; and y» such that

x1 = {e; € x:5(e;) S T(e)land x, € { b; € x:S(e;) 2 T(e;)} (APP-1)

From (APP-1), for all e; € y;

us(e) < ur(e;) and vs(e;) = vr(e;) (APP-2)
foralle; € x,
us(e;) = pr(e;) and vs(e;) < vr(e;) (APP-3)

1. Statement (13) directly followed the proof of 1,2 and 3
2. Proof (Property 4): From (13), we get

SHN(S,SUT) = — Z((“ﬂls(ki) + ayusur (ki) log (arps(ky) + azusyr (ki) + (aypsur (ki)

+ ayus (k) (log (aipsur (ki) + azps(ky))) + (agvs(k;))

+ a; (vsur (k) og(aius(ky)) + az (tsur (ki) + (avsur (ki)

+ azvs (k) (log (ayvsyr (k) + azvs(ky)))) — (us(ky)log (us(k;))

+ (usur (kplog (usur (k) = ((Ws(k)log (vs(k))) + (Vsur (k)log (Vsur (k:)))))

(APP-4)
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= _Z ((aﬂls(ki) + azpr (k) (log(ayps(ky) + azur(ky))) + (ayur (k)
X1
+ aus(k))log(arpr (k) + azrps(ky))) + (aqvs(ky))
+ a;(vr (k) (log(ayvs (k) + a; (vr (ki) + (ayvr (k)
+ ayvs (k) (log (ayvr (k) + azvs(ky)))) — (us(ki)log (us(ky)) + (ur(ki)log (ur(ky)))

~ ((vs)) log(vs k) + (v (k) log(vr (k) ) )
- Z((Cﬁﬂs(ki) + ayus(k;))(log (ayps(ky) + azps(k))) + (ayps(k;)

X2
+ ayus(k))log(arps(ky) + arus(k;))) + (aqvs(k;))
+ a(vs (ki) (log (ayvs(ky)) + az(vs(ki)))) + (ayvs(ky))
+ azvs (k) (log (ayvs(ky)) + azvs(k)))) — (us(ki)log (us(ky)) + (ps(klog (us(k;)))
— ((vs(k)log (vs(k))) + ((vs(k;))log (Vs(ki)))))
(APP-5)

t
= = D ((@ns(ko) + iz (k) (log (aaits (ko) + b () + (@t (k)

+ ayus(k))log(aspr (k) + azps(ky))) + (avs(ky))

+ ay (vr (k) (log (ayvs (k) + az (vr (ki) + (ayvr (ko))

+ ayvs(k)))(log (ayvr (ki) + azvs(ki)))) — (us(kplog (us(ky)) + (ur(ki)log (ur (ki)
— ((ws(k)log (vs(k))) + ((vr(k)log (vr(k:)))))

=SHN(S,T) (APP-6)
Similarly we can prove SHN(S N T,T) = SHN(S, T). Property 4 proved.

3. Proof (Property 5): In the same manner of Property 4 we can prove the Property 5.
4. Proof (Property 6): In Property 4, SHN(S,SUT) = SHN(S,T)
In Property 5, SHN(S,SNT) = SHN(S,T)
So by adding these SHN(S,SUT) + SHN(S,SNT) = 2SHN(S,T)
5. Proof (Property 7): It can be prove by same procedure as property 6.
6. Proof (Property 8): Let us take
SHN(S,R) + SHN(T,R) — SHN(SUT,R) =

t
- Z((Oﬁﬂs(ki) + aug (k) (log (ayus(k;) + arur (k) + (aipg(k;)

i=1

+ ayus(k))log(aspr(k;) + azps(k))) + (avs(ky))

+ ay (Ve (ki) (log (ayvs (k) + az (Ve (ki) + (ayvr (k:))

+ ayvs(k;)))(og(ayve (ki) + azvs(ki)))) — (us(kplog (us(ky)) + (ur(ki)log (ur(k:)))
, = ((vs(k)log (vs (k) + ((vr(ki))log (v (kl)))))

- Z((alﬂT(ki) + ayup (k) (log(aspur (k) + azug(k;))) + (aipugr(k;)

+ azur (k) (log (aspup (ki) + axpur (ki) + (ayvr (k)

+ a;(Vr (ki) (log (arvr (k) + az (v (k) + (aqvr (k)

+ apvr(k;)))(log(ayve (k) + azvr(k:)))) — (ur(kplog (ur (ki) + (ug (ki)log (ur (k)
— ((vrk)log (vr (kD)) + ((ve(k))log (ve (k:)))))

- Z ((aﬂlr(ki) + ayup (k) (log (aspur (k) + azug (k) + (agpgr(k;)

+ ot (kD) (0g (@uitn (k) + aspin (kD)) + (ayve (k)
+ “2(VR(ki)))(l‘)g(a1VT(ki)) +a, (VR(ki)))) + (alvR(ki))
+ ayvp (k) (g (ave (k) + azvr (kD)) — Gip(k)log (r (k) + (ur (k)log (aa (ko))

~ (v (k) 108 (kD) ) + (v 0)) Tog(va () ) )

107



A Jensen-Shannon fuzzy divergence measureand its application in Pattern Recognition

) (Caatts () + attsur () Qog (@aps () + @atisyr () + (@attsur ()

i=1
+ ayus (k) (log (aipsur (ki) + azps(ky))) + (aivs(k;))
+ ay (Vsur (k) (Log (a1 vs(ky)) + az (vsur (ki) + (aqvsur (ki)
+ ayvs(k)))(log (ayvsyr (ki) + azvs(ky)))) — (us(ki)log (us(k;))
+ (usur (kplog (usur (k) = ((Ws(k)log (vs(k))) + (Vsur (k)log (Vsur (k:)))))
(APP-7)
And then

= ) (@ans (ko) + s (ki) (log (@sps ko) + aoma (k) + (g (k)

+ apps () Uog (s (k) + s (k) + (ayvs (k)
T @y (v (k) (l0g (@ vs (k) + (v (k) + (arvi(k)
T ayvs (k) (log (v (k) + avs (k) — (s (k)log (s (ke)) + (ur(klog (s (k))
~ (s (k)log (vs (k) + (v (ki)log (v(k))))
- ((‘Xﬂir(ki) + ayug (k) {og(aypr (k) + app(k;))) + (agug(ky)

+ ayur (k) (log (aur (k) + azur(k;))) + (ayvr(ky))
+ ay (Ve (k) (og(ayvr (k) + ay(ve(k)))) + (ave(k;))
+ ayvr (k) (log(ayve (k) + azvr(k;)))) — (ur(kplog (ur(k;)) + (ur(klog (ugr(k;)))

~ ((vr (k) og(vr (k) + ((va (k) log(ve (k) )
+ Z ((“1#5("1‘) + azur (k) (log (ayps (k) + azpr (k) + (aypr(ky)

1 + ayus (k) (log(ayur(k;) + azus(ky))) + (agvs(k;))
+ a; (vr (k) (log (ayvs (k) + az(vr(k:)))) + (ayvr (k)
+ ayvs(ki)))Uog(arvr (k) + azvs(ky)))) — (us(kplog (us(ki)) + (ur(kplog (ur(ky)))

— ((v500) 10g(v5 (k) ) + ((vr () log (v () )
+ Z((aﬂls(ki) + azps (k) (log (ayps(ky) + azps(ky))) + (ayps(ky)

X2
+ apus (k) (log (ayus(ky) + azps(ki))) + (ayvs(ky)
+ ap(vs(k))(log (ayvs(ky)) + az (vs(ki)))) + (a1vs(ky))
+ apvs (ki) (log (aqvs (ki) + azvs (k) — (us(kilog (us(k) + (us(klog (us(k:)))
— ((vs(K))log (vs(ky))) + ((vs(k))log (vs(k:))))
>0 (APP-8)
Hence SHN(S,SUT) < SHN(S,R) + SHN(T,R)
7. Proof (Property 9): Property 9 can prove same as above.
8. Proof (Property 10): with the help of property 4 we can easily prove property 10
9. Properties 11 and 12 are easily proved by definition and Property 13 we can easily fine by adding
property 11 and property 12.
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   ∆  t =  { L =  (   l 1 ,   l 2 ,   … ,   l  t ) :   l  i ≥ 0 , ;     ∑  i = 1  t    l  i = 1 } ,   t ≥ 2


   (   l 1 ,   l 2 ,   … ,   l  t ) ∈  ∆  t


  H  ( L ) =   −   ∑  i = 1  t    l  i log ⁡ (   l  i )


   (   l 1 ,   l 2 ,   … ,   l  t )


  H  ( L : Q ) =  ∑    l  i  log ⁡   (  1    q  i ) =   −  ∑    l  i log ⁡ (   q  i )


   ∆  t


  K L  ( L ,   Q ) =     ∑  i = 1  t    l  i log ⁡ (     l  i    q  i   ) =     H  ( L ,   Q ) − H ( L )


    q  i


  Q


  P  ( L ,   Q ) =     ∑  i = 1  t  l l o g  (   l    l + q 2 )


  K L ( L ,     L + Q 2 )


  I  ( L ,   Q )     =                   P  ( L ,   Q ) + P ( Q , L ) 2


                                                                                  = H  (   L + Q 2 ) −  (   H  ( L ) + H ( Q ) 2 )


                                                                                  = H  (   L + Q 2 ) −  (   H  ( L ) + H ( Q ) 2 )


  Q


    𝛼 1 ,     𝛼 2


    𝛼 1 +   𝛼 2


  I


  J S  ( L , Q ) = H  (   𝛼 1 L +     𝛼 2 Q ) −   (   𝛼 1 H  ( L ) +   𝛼 2 H  ( Q ) )


   ∆  t


  𝛼


  𝛼


    𝛼 1 +   𝛼 2


    S H N  𝛼  ( E ,   G ) =   −   ∑  i = 1  t   ( −  (   e  i  log ⁡   (   e  i ) +   g  i  log ⁡   (   g  i ) ) +  (   𝛼 1   e  i +   𝛼 2   g  i )  log ⁡   (   𝛼 1   e  i +   𝛼 2   g  i ) +  (   𝛼 1   g  i +       𝛼 2   e  i )  log ⁡   (   𝛼 1   g  i +   𝛼 2   e  i ) )


    S H N  𝛼  ( E ,   G )


    S H N  𝛼 ( E ,   G )


    S H N  𝛼  ( E , G ) = 0


    S H N  𝛼  ( E ,   G )


    S H N  𝛼 ( E ,   G )


    S H N  𝛼 ( E ,   G )


   ∆  t


  𝛼


  𝛼


  𝛼


  𝛼


  𝛼


  𝛼


  𝛼


  𝛼


  −   𝛼 1  ( −   ∑  i − 1  t    e  i  log ⁡   (   e  i ) ) −   𝛼 2  ( −   ∑  i = 1  t    g  i  log ⁡   (   g  i ) ) ≥ −  ( −   ∑  i = 1  t   (   𝛼 1   e  i +     𝛼 2   g  i ) l o g (   𝛼 1   e  i +   𝛼 2   g  i ) )


  −   𝛼 2  ( −   ∑  i − 1  t    e  i  log ⁡   (   e  i ) ) −   𝛼 1  ( −   ∑  i = 1  t    g  i  log ⁡   (   g  i ) ) ≥ −  ( −   ∑  i = 1  t   (   𝛼 1   e  i +     𝛼 2   g  i ) l o g (   𝛼 1   e  i +   𝛼 2   g  i ) )


    S H N  𝛼  ( E ,   G ) = −   ∑  i = 1  t   ( −  (   e  i  log ⁡   (   e  i ) +   g  i  log ⁡   (   g  i ) ) +  (   𝛼 1   e  i +   𝛼 2   g  i )  log ⁡   (   𝛼 1   e  i +   𝛼 2   g  i ) +  (   𝛼 1   g  i +       𝛼 2   e  i )  log ⁡   (   𝛼 1   g  i +   𝛼 2   e  i ) ) ≥ 0


    S H N  𝛼


  𝜒


  𝜒


  𝜒


  𝜒


  =  {   k 1 ,   k 2 , … ,   k  t }


  S H N ( S , T )


  S ,   T ∈ F S  ( X )


  S H N  ( S ,   T ) =   −   ∑  i = 1  t   (  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  T (   k  i ) )  ( l o g  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  T (   k  i ) ) ) +  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  S (   k  i ) )  ( l o g  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  S (   k  i ) ) ) +  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  T (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  T (   k  i ) ) ) ) +  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2 (   𝜈  S (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) ) ) −  (   𝜇  S (  k i ) log ⁡ (   𝜇  S (   k  i ) ) +  (   𝜇  T (  k i ) log ⁡ (   𝜇  T (   k  i ) ) −  (   𝜈  S  (  k i ) ) log ⁡ (   𝜈  S  (   k  i ) ) ) +  (   𝜈  T  (  k i ) ) log ⁡ (   𝜈  T  (   k  i ) ) ) )


  −   𝛼 1  ( −   ∑  i = 1  t  (   𝜇  S (   k  i ) log ⁡ (   𝜇  S (   k  i ) ) + (   𝜈  S (   k  i ) ) log ⁡ (   𝜈  S (   k  i ) ) ) ) −   𝛼 2  ( −   ∑  i = 1  n  (   𝜇  T (   k  i ) log ⁡ (   𝜇  T (   k  i ) ) + (   𝜈  T (   k  i ) ) log ⁡ (   𝜈  T (   k  i ) ) ) ) ≥ −  ( −   ∑  i = 1  n   ( (   𝛼 1 (   𝜇  S  (   k  i ) + (   𝜈  S  (   k  i ) ) ) +   𝛼 2  (   𝜇  T  (   k  i ) +  (   𝜈  T  (   k  i ) ) ) ( log ⁡  (   𝛼 1 (   𝜇  S  (   k  i ) + (   𝜈  S  (   k  i ) ) ) +   𝛼 2  (   𝜇  T  (   k  i ) +  (   𝜈  T  (   k  i ) ) ) ) ) )


  −   𝛼 2  ( −   ∑  i = 1  t  (   𝜇  S (   k  i ) log ⁡ (   𝜇  S (   k  i ) ) + (   𝜈  S (   k  i ) ) log ⁡ (   𝜈  S (   k  i ) ) ) ) −   𝛼 1  ( −   ∑  i = 1  n  (   𝜇  T (   k  i ) log ⁡ (   𝜇  T (   k  i ) ) + (   𝜈  T (   k  i ) ) log ⁡ (   𝜈  T (   k  i ) ) ) ) ≥ −  ( −   ∑  i = 1  n   ( (   𝛼 2 (   𝜇  S  (   k  i ) + (   𝜈  S (   k  i ) ) ) +   𝛼 1  (   𝜇  T  (   k  i ) +  (   𝜈  T (   k  i ) ) ) ( log ⁡  (   𝛼 2 (   𝜇  S  (   k  i ) + (   𝜈  S (   k  i ) ) ) +   𝛼 1  (   𝜇  T  (   k  i ) +  (   𝜈  T (   k  i ) ) ) ) ) )


  S H N  ( S ,   T ) ≥ o


  S H N  ( S ,   T )


  S ,   T ,   R ∈ I F S  ( X ) ,


  S H N  ( S ,   T ) = S H N  ( T ,   S )


  S H N  ( S ,   T ) = 0   i f a n d o n l y i f S = T


  S H N  ( S ,     S  c ) = 0   i f a n d o n l y i f   𝜇  S  (   k  i ) =   𝜈  S  (   k  i ) f o r a l l   k  i ∈ X


  S H N  ( S ,   S ∪ T ) = S H N ( S ∩ T , T )


  S H N  ( S ∪ T ,   S ∩ T ) = S H N  ( S ∩ T ,   S ∪ T ) = S H N  ( S , T )


  S H N ( S ,   S U T )   +   S H N ( S , S ∩ T ) = 2 S H N ( S ,   T )


  S H N  ( T ,   S ∪ T ) + S H N  ( T ,   S ∩ T ) = 2 S H N ( T , S )


  S H N ( S ∪ T ,   R ) ≤ S H N ( S , R ) + S H N ( T , R )


  )         S H N ( S ∩ T ,   R ) ≤ S H N  ( S , R ) + S H N ( T , R )


  S H N ( S ∪ T , R ) + S H N  ( S ∩ T , R ) = S H N  ( S ,   R ) + S H N ( T , R )


  S H N


  S , T ) = S H N  (   S  C ,     T  C ) ;


  S H N  ( S ,     T  C ) = S H N (   S  C , T )


  S H N  ( S , T ) + S H N  (   S  c , T ) = S H N  (   S  c ,   T  c ) + S H N  ( S ,   T  c )


  w h e r e   S  c


  S


    T  c


    𝜓 1 ,     𝜓 2 , … ,   𝜓  n


    𝜙 1 ,   𝜙 2 , … ,   𝜙  n


    𝜓  i =  {   s  i ,     𝜇    𝜓  i  (   s  i ) ,   𝜈    𝜓  i  (   s  i ) :     s  i ∈ 𝜓 } , i = 1 , 2 , … ,   n


  𝜓 = (   s 1 ,   s 2 , … ,   s  n )


  P = {  {   s  j ,     𝜇  F  (   s  j ) ,   𝜈  F  (   s  j ) :     s  j ∈ 𝜓 }


    𝜙 1 ,   𝜙 2 , … ,   𝜙  n


    z ∗ = a r g    min  z ⁡  {   𝜓  z , P }


    𝜓 1 ,     𝜓 2 ,     𝜓 3


    𝜙 1 ,   𝜙 2 ,     𝜙 3


    𝜙 1 = {  (   s 1 , 0 . 2 , 0 . 5 ) ,    (   s 2 ,   0 . 5 , 0 . 4 ) ,  (   s 3 , 0 . 2 , 0 . 4 ) }


    𝜙 2 = {  (   s 1 , 0 . 4 , 0 . 3 ) ,    (   s 2 ,   0 . 6 , 0 . 1 ) ,  (   s 3 , 0 . 5 , 0 . 2 ) }


    𝜙 3 = {  (   s 1 , 0 . 1 , 0 . 4 ) ,    (   s 2 ,   0 . 3 , 0 . 5 ) ,  (   s 3 , 0 . 7 , 0 . 1 ) }


  P


  P =   {  (   s 1 , 0 . 4 , 0 . 5 ) ,    (   s 2 ,   0 . 3 , 0 . 2 ) ,  (   s 3 , 0 . 6 , 0 . 3 )


  P


    𝜙 1 ,   𝜙 2 ,     𝜙 3


  S H N (   𝜓  i , P )


    𝜙 1


    𝜙 2


    𝜙 3


    𝛼 1 = 0 . 1 ,   𝛼 2 = 0 . 9


    𝛼 1 = 0 . 2 ,   𝛼 2 = 0 . 8


    𝛼 1 = 0 . 3 ,   𝛼 2 = 0 . 7


    𝛼 1 = 0 . 4 ,   𝛼 2 = 0 . 6


    𝛼 1 = 0 . 5 ,   𝛼 2 = 0 . 5


  P


    𝜙 2


    𝛼 1


    𝛼 2


    𝜓 2


    d  L  ( S , T ) =   ∑  i = 1  n   (    |   𝜇  S  (   r  i ) −   𝜇  T (   r  i ) | +  |   𝜈  S  (   r  i ) −   𝜈  T (   r  i ) | 2 )


  D  ( S , T ) =     ∑  i = 1  n   [     𝜇  S  (   r  i ) + 1 −   𝜈  S (   r  i ) 2    log 2 ⁡   (    [   𝜇  S  (   r  i ) + 1 −   𝜈  S  (   r  i ) ] / 2   [  (   𝜇  S  (   r  i ) + 1 −   𝜈  S  (   r  i ) ) +  ( 1 +   𝜇  T  (   r  i ) −   𝜈  T  (   r  i ) ) ] / 4 ) +   −   𝜇  S  (   r  i ) + 1 +   𝜈  S (   r  i ) 2    log 2 ⁡   (    [ −   𝜇  S  (   r  i ) + 1 +   𝜈  S  (   r  i ) ] / 2   [  (   − 𝜇  S  (   r  i ) + 1 +   𝜈  S  (   r  i ) ) +  ( 1 −   𝜇  T  (   r  i ) +   𝜈  T  (   r  i ) ) ] / 4 ) ]


  d  ( S , T ) =   −   ∑  i = 1  n   (   (   𝜂 1   𝜇  S  (   k  i ) +   𝜂 2   𝜇  T (   k  i ) ( l o g (   𝜂 1   𝜇  S  (   k  i ) +   𝜂 2   𝜇  T  (   k  i ) )      + (   𝜂 1   𝜇  T  (   k  i ) +   𝜂 2   𝜇  S (   k  i ) ( l o g (   𝜂 1   𝜇  T  (   k  i ) +   𝜂 2   𝜇  S  (   k  i ) )    + (   𝜂 1   𝜈  S  (   k  i ) +   𝜂 2   𝜈  T (   k  i ) ( l o g (   𝜂 1   𝜈  S  (   k  i ) +   𝜂 2   𝜈  T  (   k  i ) )    + (   𝜂 1   𝜈  T  (   k  i ) +   𝜂 2   𝜈  S (   k  i ) ( l o g (   𝜂 1   𝜈  T  (   k  i ) +   𝜂 2   𝜈  S  (   k  i ) )    + (   𝜂 1   𝜋  S  (   k  i ) +   𝜂 2   𝜋  T (   k  i ) ( l o g (   𝜂 1   𝜋  S  (   k  i ) +   𝜂 2   𝜋  T  (   k  i ) )    + (   𝜂 1   𝜋  T  (   k  i ) +   𝜂 2   𝜋  S (   k  i ) ( l o g (   𝜂 1   𝜋  T  (   k  i ) +   𝜂 2   𝜋  S  (   k  i ) )    −  (   𝜇  S  (   k  i )  log ⁡   (   𝜇  S  (   k  i ) ) +   𝜈  S  (   k  i )  log ⁡   (   𝜈  S  (   k  i ) ) +   𝜋  S  (   k  i )  log ⁡   (   𝜋  S  (   k  i ) ) )    −  (   𝜇  T  (   k  i )  log ⁡   (   𝜇  T  (   k  i ) ) +   𝜈  T  (   k  i )  log ⁡   (   𝜈  T  (   k  i ) ) +   𝜋  T  (   k  i )  log ⁡   (   𝜋  T  (   k  i ) ) ) )


    𝜙 1


    𝜙 2


    𝜙 3


    d  L (   𝜙  i , P )


    d  H Y (   𝜙  i , P )


    d  R J (   𝜙  i , P )


  S H N (   𝜙  i , P )


  P


    𝜙 2


  𝜒


  𝜒


  𝜒


    𝜒 1 =  {   e  i ∈ 𝜒 : S  (   e  i ) ⊆ T  (   e  i ) }


    𝜒 2 ∈ {     b  i ∈ 𝜒 : S  (   e  i ) ⊇ T  (   e  i ) }


    e  i ∈   𝜒 1


    𝜇  S  (   e  i ) ≤   𝜇  T (   e  i )


    𝜈  S  (   e  i ) ≥   𝜈  T (   e  i )


    e  i ∈   𝜒 2


    𝜇  S  (   e  i ) ≥   𝜇  T (   e  i )


    𝜈  S  (   e  i ) ≤   𝜈  T (   e  i )


  S H N  ( S ,   S ∪ T ) =   −   ∑  i = 1  t   (  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  S ∪ T (   k  i ) )  ( l o g  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  S U T (   k  i ) ) ) +  (   𝛼 1   𝜇  S ∪ T (   k  i ) +   𝛼 2   𝜇  S (   k  i ) )  ( l o g  (   𝛼 1   𝜇  S ∪ T (   k  i ) +   𝛼 2   𝜇  S (   k  i ) ) ) +  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  S ∪ T (   k  i ) ) )  ( l o g  (   𝛼 1   𝜇  S (   k  i ) ) +   𝛼 2 (   𝜇  S ∪ T (   k  i ) ) ) ) +  (   𝛼 1   𝜈  S ∪ T (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  S ∪ T (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) ) ) −  (   𝜇  S (  k i ) log ⁡ (   𝜇  S (   k  i ) ) +  (   𝜇  S ∪ T (  k i ) log ⁡ (   𝜇  S ∪ T (   k  i ) ) ) −  ( (   𝜈  S  (  k i ) ) log ⁡ (   𝜈  S  (   k  i ) ) ) +  ( (   𝜈  S ∪ T  (  k i ) ) log ⁡ (   𝜈  S ∪ T  (   k  i ) ) ) ) )


  =                               −   ∑    𝜒 1   (  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  T (   k  i ) )  ( l o g  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  T (   k  i ) ) ) +  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  S (   k  i ) )  ( l o g  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  S (   k  i ) ) ) +  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  T (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  T (   k  i ) ) ) ) +  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) ) ) −  (   𝜇  S (  k i ) log ⁡ (   𝜇  S (   k  i ) ) +  (   𝜇  T (  k i ) log ⁡ (   𝜇  T (   k  i ) ) ) −  (  (   𝜈  S  (  k i ) )  log ⁡   (   𝜈  S  (   k  i ) ) ) +  (  (   𝜈  T  (  k i ) )  log ⁡   (   𝜈  T  (   k  i ) ) ) ) )


  −   ∑    𝜒 2   (  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  S (   k  i ) )  ( l o g  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  S (   k  i ) ) ) +  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  S (   k  i ) )  ( l o g  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  S (   k  i ) ) ) +  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  S (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  S (   k  i ) ) ) ) +  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) ) ) −  (   𝜇  S (  k i ) log ⁡ (   𝜇  S (   k  i ) ) +  (   𝜇  S (  k i ) log ⁡ (   𝜇  S (   k  i ) ) ) −  ( (   𝜈  S  (  k i ) ) log ⁡ (   𝜈  S  (   k  i ) ) ) +  ( (   𝜈  S  (  k i ) ) log ⁡ (   𝜈  S  (   k  i ) ) ) ) )


                          =   −   ∑  i = 1  t   (  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  T (   k  i ) )  ( l o g  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  T (   k  i ) ) ) +  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  S (   k  i ) )  ( l o g  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  S (   k  i ) ) ) +  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  T (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  T (   k  i ) ) ) ) +  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) ) ) −  (   𝜇  S (  k i ) log ⁡ (   𝜇  S (   k  i ) ) +  (   𝜇  T (  k i ) log ⁡ (   𝜇  T (   k  i ) ) ) −  ( (   𝜈  S  (  k i ) ) log ⁡ (   𝜈  S  (   k  i ) ) ) +  ( (   𝜈  T  (  k i ) ) log ⁡ (   𝜈  T  (   k  i ) ) ) ) )


  S H N  ( S ,   T )


  S H N  ( S ∩ T , T ) = S H N  ( S , T ) .


  S H N  ( S ,   S ∪ T ) = S H N ( S ,   T )


  S H N  ( S ,   S ∩ T ) =   S H N  ( S ,   T )


  S H N  ( S , S ∪ T ) + S H N  ( S ,   S ∩ T ) =   2 S H N ( S , T )


  S H N  ( S ,   R ) + S H N  ( T , R ) − S H N  ( S ∪ T , R ) =


  −   ∑  i = 1  t   (  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  R (   k  i ) )  ( l o g  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  R (   k  i ) ) ) +  (   𝛼 1   𝜇  R (   k  i ) +   𝛼 2   𝜇  S (   k  i ) )  ( l o g  (   𝛼 1   𝜇  R (   k  i ) +   𝛼 2   𝜇  S (   k  i ) ) ) +  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  R (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  R (   k  i ) ) ) ) +  (   𝛼 1   𝜈  R (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  R (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) ) ) −  (   𝜇  S (  k i ) log ⁡ (   𝜇  S (   k  i ) ) +  (   𝜇  R (  k i ) log ⁡ (   𝜇  R (   k  i ) ) ) −  ( (   𝜈  S  (  k i ) ) log ⁡ (   𝜈  S  (   k  i ) ) ) +  ( (   𝜈  R  (  k i ) ) log ⁡ (   𝜈  R  (   k  i ) ) ) ) )


  −   ∑  i = 1  t   (  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  R (   k  i ) )  ( l o g  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  R (   k  i ) ) ) +  (   𝛼 1   𝜇  R (   k  i ) +   𝛼 2   𝜇  T (   k  i ) )  ( l o g  (   𝛼 1   𝜇  R (   k  i ) +   𝛼 2   𝜇  T (   k  i ) ) ) +  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2 (   𝜈  R (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2 (   𝜈  R (   k  i ) ) ) ) +  (   𝛼 1   𝜈  R (   k  i ) ) +   𝛼 2   𝜈  T (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  R (   k  i ) ) +   𝛼 2   𝜈  T (   k  i ) ) ) ) −  (   𝜇  T (  k i ) log ⁡ (   𝜇  T (   k  i ) ) +  (   𝜇  R (  k i ) log ⁡ (   𝜇  R (   k  i ) ) ) −  ( (   𝜈  T  (  k i ) ) log ⁡ (   𝜈  T  (   k  i ) ) ) +  ( (   𝜈  R  (  k i ) ) log ⁡ (   𝜈  R  (   k  i ) ) ) ) )


  −   ∑  i = 1  t   (  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  R (   k  i ) )  ( l o g  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  R (   k  i ) ) ) +  (   𝛼 1   𝜇  R (   k  i ) +   𝛼 2   𝜇  T (   k  i ) )  ( l o g  (   𝛼 1   𝜇  R (   k  i ) +   𝛼 2   𝜇  T (   k  i ) ) ) +  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2 (   𝜈  R (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2 (   𝜈  R (   k  i ) ) ) ) +  (   𝛼 1   𝜈  R (   k  i ) ) +   𝛼 2   𝜈  T (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  R (   k  i ) ) +   𝛼 2   𝜈  T (   k  i ) ) ) ) −  (   𝜇  T (  k i ) log ⁡ (   𝜇  T (   k  i ) ) +  (   𝜇  R (  k i ) log ⁡ (   𝜇  R (   k  i ) ) ) −  ( (   𝜈  T  (  k i ) ) log ⁡ (   𝜈  T  (   k  i ) ) ) +  ( (   𝜈  R  (  k i ) ) log ⁡ (   𝜈  R  (   k  i ) ) ) ) )


  −   ∑  i = 1  t   (  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  R (   k  i ) )  ( l o g  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  R (   k  i ) ) ) +  (   𝛼 1   𝜇  R (   k  i ) +   𝛼 2   𝜇  T (   k  i ) )  ( l o g  (   𝛼 1   𝜇  R (   k  i ) +   𝛼 2   𝜇  T (   k  i ) ) ) +  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2 (   𝜈  R (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2 (   𝜈  R (   k  i ) ) ) ) +  (   𝛼 1   𝜈  R (   k  i ) ) +   𝛼 2   𝜈  T (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  R (   k  i ) ) +   𝛼 2   𝜈  T (   k  i ) ) ) ) −  (   𝜇  T (  k i ) log ⁡ (   𝜇  T (   k  i ) ) +  (   𝜇  R (  k i ) log ⁡ (   𝜇  R (   k  i ) ) ) −  (  (   𝜈  T  (  k i ) )  log ⁡   (   𝜈  T  (   k  i ) ) ) +  (  (   𝜈  R  (  k i ) )  log ⁡   (   𝜈  R  (   k  i ) ) ) ) )


  +   ∑  i = 1  t   (  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  S ∪ T (   k  i ) )  ( l o g  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  S U T (   k  i ) ) ) +  (   𝛼 1   𝜇  S ∪ T (   k  i ) +   𝛼 2   𝜇  S (   k  i ) )  ( l o g  (   𝛼 1   𝜇  S ∪ T (   k  i ) +   𝛼 2   𝜇  S (   k  i ) ) ) +  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  S ∪ T (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  S ∪ T (   k  i ) ) ) ) +  (   𝛼 1   𝜈  S ∪ T (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  S ∪ T (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) ) ) −  (   𝜇  S (  k i ) log ⁡ (   𝜇  S (   k  i ) ) +  (   𝜇  S ∪ T (  k i ) log ⁡ (   𝜇  S ∪ T (   k  i ) ) ) −  ( (   𝜈  S  (  k i ) ) log ⁡ (   𝜈  S  (   k  i ) ) ) +  ( (   𝜈  S ∪ T  (  k i ) ) log ⁡ (   𝜈  S ∪ T  (   k  i ) ) ) ) )


  −   ∑  i = 1  t   (  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  R (   k  i ) )  ( l o g  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  R (   k  i ) ) ) +  (   𝛼 1   𝜇  R (   k  i ) +   𝛼 2   𝜇  S (   k  i ) )  ( l o g  (   𝛼 1   𝜇  R (   k  i ) +   𝛼 2   𝜇  S (   k  i ) ) ) +  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  R (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  R (   k  i ) ) ) ) +  (   𝛼 1   𝜈  R (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  R (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) ) ) −  (   𝜇  S (  k i ) log ⁡ (   𝜇  S (   k  i ) ) +  (   𝜇  R (  k i ) log ⁡ (   𝜇  R (   k  i ) ) ) −  ( (   𝜈  S  (  k i ) ) log ⁡ (   𝜈  S  (   k  i ) ) ) +  ( (   𝜈  R  (  k i ) ) log ⁡ (   𝜈  R  (   k  i ) ) ) ) )


  −   ∑  I = 1  n   (  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  R (   k  i ) )  ( l o g  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  R (   k  i ) ) ) +  (   𝛼 1   𝜇  R (   k  i ) +   𝛼 2   𝜇  T (   k  i ) )  ( l o g  (   𝛼 1   𝜇  R (   k  i ) +   𝛼 2   𝜇  T (   k  i ) ) ) +  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2 (   𝜈  R (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2 (   𝜈  R (   k  i ) ) ) ) +  (   𝛼 1   𝜈  R (   k  i ) ) +   𝛼 2   𝜈  T (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  R (   k  i ) ) +   𝛼 2   𝜈  T (   k  i ) ) ) ) −  (   𝜇  T (  k i ) log ⁡ (   𝜇  T (   k  i ) ) +  (   𝜇  R (  k i ) log ⁡ (   𝜇  R (   k  i ) ) ) −  (  (   𝜈  T  (  k i ) )  log ⁡   (   𝜈  T  (   k  i ) ) ) +  (  (   𝜈  R  (  k i ) )  log ⁡   (   𝜈  R  (   k  i ) ) ) ) )


  −   ∑  I = 1  n   (  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  R (   k  i ) )  ( l o g  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  R (   k  i ) ) ) +  (   𝛼 1   𝜇  R (   k  i ) +   𝛼 2   𝜇  T (   k  i ) )  ( l o g  (   𝛼 1   𝜇  R (   k  i ) +   𝛼 2   𝜇  T (   k  i ) ) ) +  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2 (   𝜈  R (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2 (   𝜈  R (   k  i ) ) ) ) +  (   𝛼 1   𝜈  R (   k  i ) ) +   𝛼 2   𝜈  T (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  R (   k  i ) ) +   𝛼 2   𝜈  T (   k  i ) ) ) ) −  (   𝜇  T (  k i ) log ⁡ (   𝜇  T (   k  i ) ) +  (   𝜇  R (  k i ) log ⁡ (   𝜇  R (   k  i ) ) ) −  (  (   𝜈  T  (  k i ) )  log ⁡   (   𝜈  T  (   k  i ) ) ) +  (  (   𝜈  R  (  k i ) )  log ⁡   (   𝜈  R  (   k  i ) ) ) ) )


  +     ∑    X 1   (  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  T (   k  i ) )  ( l o g  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  T (   k  i ) ) ) +  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  S (   k  i ) )  ( l o g  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  S (   k  i ) ) ) +  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  T (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  T (   k  i ) ) ) ) +  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) ) ) −  (   𝜇  S (  k i ) log ⁡ (   𝜇  S (   k  i ) ) +  (   𝜇  T (  k i ) log ⁡ (   𝜇  T (   k  i ) ) ) −  (  (   𝜈  S  (  k i ) )  log ⁡   (   𝜈  S  (   k  i ) ) ) +  (  (   𝜈  T  (  k i ) )  log ⁡   (   𝜈  T  (   k  i ) ) ) ) )


  +     ∑    X 1   (  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  T (   k  i ) )  ( l o g  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  T (   k  i ) ) ) +  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  S (   k  i ) )  ( l o g  (   𝛼 1   𝜇  T (   k  i ) +   𝛼 2   𝜇  S (   k  i ) ) ) +  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  T (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  T (   k  i ) ) ) ) +  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  T (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) ) ) −  (   𝜇  S (  k i ) log ⁡ (   𝜇  S (   k  i ) ) +  (   𝜇  T (  k i ) log ⁡ (   𝜇  T (   k  i ) ) ) −  (  (   𝜈  S  (  k i ) )  log ⁡   (   𝜈  S  (   k  i ) ) ) +  (  (   𝜈  T  (  k i ) )  log ⁡   (   𝜈  T  (   k  i ) ) ) ) )


  +     ∑    X 2   (  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  S (   k  i ) )  ( l o g  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  S (   k  i ) ) ) +  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  S (   k  i ) )  ( l o g  (   𝛼 1   𝜇  S (   k  i ) +   𝛼 2   𝜇  S (   k  i ) ) ) +  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  S (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2 (   𝜈  S (   k  i ) ) ) ) +  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) )  ( l o g  (   𝛼 1   𝜈  S (   k  i ) ) +   𝛼 2   𝜈  S (   k  i ) ) ) ) −  (   𝜇  S (  k i ) log ⁡ (   𝜇  S (   k  i ) ) +  (   𝜇  S (  k i ) log ⁡ (   𝜇  S (   k  i ) ) ) −  ( (   𝜈  S  (  k i ) ) log ⁡ (   𝜈  S  (   k  i ) ) ) +  ( (   𝜈  S  (  k i ) ) log ⁡ (   𝜈  S  (   k  i ) ) ) ) )


  


  S H N  ( S , S ∪ T ) ≤ S H N  ( S , R ) + S H N ( T , R )

