International Journal of Engineering Research and Development
e-1SSN: 2278-067X, p-ISSN: 2278-800X, www.ijerd.com
Volume 3, Issue 7 (September 2012), PP. 56-68

Analysis of diffusion in a plane sheet and thin hollow cylinder for
some boundary conditions
Ching Chiang Hwang', Ing-Bang Huang?

!Department of Biotechnology, Mingdao University, Taiwan.
2 Department of Materials Science and Engineering, National Formosa University, Huwei, Yulin, 63201, Taiwan

Abstract—A general mathematical analysis for diffusion in a plane sheet and thin hollow cylinder is given. The analysis
relates to the flow of mass or heat in the plate sheet and thin hollow cylinder, including set up transient and decay
transient states. Under the condition where the diffusion coefficient is constant, the concentration profiles indicated in
the general equations for some cases have been demonstrated and discussed Comparing the concentration profile of the
set up transient and decay transient states for the plane sheet and thin hollow cylinder, the concentration profiles show
the same behavior. However, diffusion in the thin hollow cylinder is faster than that in the plane sheet in reaching the
steady state because of the geometry shape effect.
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. INTRODUCTION

Measurements of the diffusion coefficient and the permeation rate of hydrogen through a metal membrane have
been widely investigated because of not only a sensitive electrochemical method developed by Devanathan and Stachurski
[1] but also some mathematical solutions of the pertinent diffusion equation given by McBreen et al. [2], Kiuchi and
McLellan [3], and Yen and Shih [4]. Critical hydrogen concentration induced cracking in a plate sheet [5] has been
investigated. However, the critical hydrogen concentration of the metal pipe (hollow cylinder) has become an important
factor [6-7]. Therefore, the need to understand the concentration profile in a hollow cylinder might be urgent. Several
decades ago, Ash et al. [8] provided a means of measuring the diffusion coefficient D for a material in the form of a slab and
hollow cylinder by the time lag method. Carslaw and Jaeger [9] also gave some solutions to the problem of heat conduction
through a hollow cylinder shell with some initial and boundary conditions. Crank [10] applied the above mathematics to
diffusion in hollow cylinder shells for some special case. However, a more general mathematical solution including steady,
set up transient, and decay transient states of the concentration distribution and permeation rate of hydrogen in a hollow
cylinder shell was investigated in our earlier study [11].

The object of this work is to present a mathematical analysis of diffusion in a plane sheet and thin hollow cylinder
including set up transient and decay transient states for some boundary conditions. The concentration distribution profiles are
presented for a plane sheet and thin hollow cylinder, respectively.

1. MATHEMATICAL ANALYSIS
2.1. Set up transient in a plane sheet
Consider the case of diffusion through a plane sheet or membrane of thickness L and a constant diffusion
coefficient D, where the governing equation is described by Fick's second law as follows
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2.1.1. Case A

Let concentration at x = 0 be maintained at C, , while at x = L be maintained at zero, as shown in Fig.1 (a), the
following boundary conditions are fulfilled.

t=0,0<x<L,C=0
t>0,x=0,C=C,
t>0,x=L,C=0 @

Apply the Laplace transformation method to Eq. (1) with the initial and boundary conditions of Eq. (2) to obtain
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C o1 x)= 2 3 sin(nax) -exp(-n’z%)
C0 N7
3
Where
D
L L
2.1.2.Case B

Consider the plane sheet with zero concentration initially and the concentration at x = 0 is zero while at x = L it is
maintained at C, , as shown in Fig.1 (b), then the following boundary conditions on the two surfaces, are

=0, D<x<L C=0
=0, x=0,C=0

=0, x=LC=0C,

(4)
Apply the Laplace transformation method to Eq. (1) with the initial and boundary conditions of Eq. (4) to obtain
C < 2n+1) - X 2n+1)+ X

—= Z{erfc[#] —erfc[#]}
Co 150 2z 2z -
Where

X Dt
X =— T = —2

L L
2.1.3.Case C

Consider the plane sheet with zero concentration initially and the boundary conditions on the two surfaces at
constant concentration , as shown in Fig.1 (c), are

=0, D<x<L C=0

10, x=0.C=C,

>0, x=L.C=C,

(6)
Apply the Laplace transformation method to Eq. (1) with the initial and boundary conditions of Eq. (6) to obtain
C 2 & Cos(nr) -1 .
N =1+ —Z# .Sin(nzX) -exp(—n?z%7)
0 T n=1 (7)
Where
X Dt
X =— T= —2
L L
2.14.Case D

Consider the plane sheet with zero concentration initially, and the boundary conditions at the surface x = 0 is
impermeable, i.e., the concentration gradient is zero and on the other surface x = L, the concentration is constant at Cy, as
shown in Fig.1 (d), are
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t=0 0<x<L C=0

t=0, x=0—=0
ox
t=0, x=LC=0C,
®)
Apply the Laplace transformation method to Eq. (1) with the initial and boundary conditions of Eq. (8) to obtain
cC < 2n+1)+ X 2n+1)— X
—= Z (—1)”{erfc[¥] wrfC[Q]}
Co 0 2Vr 2z ©
Where
X Dt
X =— T :—2
L L
Co C Co C
=5 <
X=0 X=L X=0 X=L
C=Co C=0 C=Co C=0
(a) (b)
Co C Co c
— <A <3
X=0 X=L X=0 X=L
C=Co C=0 C=Co C=0
(<) (d)

Fig. 1. Schematic representation of diffusion in plate sheet for cases: (a) A (b) B (c) C (d) D.

2.2. Set up transient in a hollow cylinder

Consider a long circular cylinder in which diffusion is radial everywhere. Concentration is then a function of
radius r and time t only, and the diffusion equation becomes

oC 10 ( 8Cj
— = 1rD—
ot ror or 10)
2.2.1. Case A

Consider the hollow cylinder with zero concentration initially, and the concentration at r = a is zero while at r = b it
is maintained at Co , as shown in Fig.2 (a), then the following boundary conditions on the two surfaces are
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t=la<r<b C=0
f=0, r=aC=10

>0, r=5C=Cp

(11)
The solution to this case has been derived and discussed in a previous paper [11] as
C Iy 5 Jo(aa, )3, (kaa, )Jo(aanr,:)exp[ (aa )21]
Cc. ik 2 2 . \n
CO Ink n=1 ‘]O (aan )_ ‘]0 (ka(ln ) (12)
Where
Uo(aan rA): Jo(aan rA)’(o (aay )-Yo (aan rA)‘JO(aan)
and
=l k=2 I
a a a
2.2.2.Case B

Consider the hollow cylinder with zero concentration initially, and the concentration at r = a is Co whileatr=b it
is maintained at zero, as shown in Fig.2 (b), then the following boundary conditions on the two surfaces are

t=0a<r<b C=0
t=0, r=a,C=C,

t=0,  r=5C=0

(13)
The solution to this case has been derived and discussed in a previous paper [11] as
* 2 *
C Inr » Jg(kaa (kaa f )
C_ :__I E s 02( npo2 n'B exp —(aan)zt
0 n n=1 Jg(aa, ) - J5(kaa, ) (14)
Where
UO (kaan rB ): J 0 (kaan rB ){O (aan ) — YO (kaan I’B )Jo(aan )
And
M ¥ b Di
== R‘=— =—
s b a ‘ a
2.2.3.Case C

Consider the hollow cylinder with zero concentration initially, and the boundary conditions on the two surfaces are
constant concentration Co , as shown in Fig.2 (c), are

t=0a<r«<b (=0

t=0, r=a,C=C,

t>0, r=bC=0C, (15)

The solution to this case has been derived and discussed in a previous paper [11] as
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3 —1—77% Jo(kaan)Jo(aanrg)

_ 2
Co ) )+ dy ke, ) P B) T

(16)

where

Uo(aO‘n I'c ): Jo(aan Ic ){o (aan )— Jo(aan )Yo (aan rc)
and

« T b Dt
lc=— K== 7= —

a a a

2.24.Case D

Consider the hollow cylinder with zero concentration initially, and the boundary conditions at the surface r = a is
impermeable, i.e., the concentration gradient is zero, and the other surface r = b is at constant concentration Co, as shown in
Fig.2 (d), are

t=0, a<r<bC=0

i=0, r=a=E=[]
cr

=0, r=50C=0C, 17

This is similar to the solution of the temperature distribution solved by Carslaw and Jaegar [9], the solution to this case has
been derived as

C 17 % J1(@an g (kaay I‘]O(aanrlg }ﬁ(aan)_ (@, )Yo(aaan;)]

exp[—(acy)%7]

2 2
Co n=1 J§(aay )~ 3§ (kaay) 18)
Where
* T b Dt
rD = — K =— 7T = —2
a a a

(c) (d)

Fig. 2. Schematic representation of diffusion in hollow cylinder for cases: (a) A (b) B (c) C (d) D.
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2.3. Decay transient state in a plate sheet
2.3.1. Case A

Consider the steady state for case A shown in Fig.1 (a) has been approached, and the concentration of steady state
C/Co = 1-x/L as the initial condition. The boundary condition is

t=0, 0<x<L.C/Cy=1-x/L

=0, x=0,C=0

=0, x=LC=0 (19)

Use the method of separation of variables to Eq. (1) with the initial and boundary conditions of Eq. (19) to obtain

C _2 %L sintax)-exp(-n?z%7)
CO T n:ln

Where

(20)
Dt
X = l T :—2
L L
2.3.2.Case B

Consider the steady state for case B shown in Fig.1 (b) has been approached, and the concentration of steady state
C/Co = x/L as the initial condition. The boundary condition is

t=0, 0<x<L.CfC,=x/L

t=0, x=0C=0

t=0, x=LC=0

(21)
Use the method of separation of variables to Eq. (1) with the initial and boundary conditions of Eq. (21) to obtain
-1
C 2= (-D" i
oo (DA Sin(nzX ) - exp(—n?72%7)
0 7T n=1 n 22)
Where
X Dt
X = — T = —2
L L
2.3.3. Cases C

Consider the steady state for cases C and D shown in Fig.1 (c)-(d) have been approached, and the concentration of
steady state as the initial conditions. The boundary condition is

120, 0<x<L.C=C

t=0, x=0C=0

t=0, x=LC=0

Use the method of separation of variables to Eq. (1) with the initial and boundary conditions of Eq. (23) to obtain

C @ 4 o _ . _ _1\2 .2
C_O_n§1—(2n—1)” Sin[(2n —1)7zX]-exp[-(2n —1)“ 7 7]

Where

(23)

(24)
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X Dt
X =— T = —2

L L
2.4. Decay transient state in a hollow cylinder
2.4.1. Case A

Consider the steady state for case A shown in Fig.2 (a) has been approached, and the concentration of steady state
as the initial condition. The boundary condition is

t<0,a<r<b,C=c, I3
In(b/a)
=0, r=aC=0

t=0,  r=5C=0

(25)
The solution to this case has been derived and discussed in a previous paper [11] as
2 **
C © Jilax (aa r )
o =7X g( Mo A Lexpl-(aa, ¥z
0 n=1 ‘JO (a.an )_ ‘JO (kaan) (26)

Where

Uo(aan r;f)z Jo(aan N ){0 (kae, )-Y, (aan N )Jo(kaan)

o T 9 Dt
a

2.4.2.Case B
Consider the steady state for case B shown in Fig.2 (b) has been approached, and the concentration of steady state
as the initial condition. The boundary condition is

tSO,a<r<b,C=C0M
In(b/a)
i=0, r=a,C=10

=0, r=50C=0

@7)
The solution to this case has been derived and discussed in a previous paper [11] as
**
C 2 Jo(aan o(kaan Molkaanrs 2
— =z > . expl-(acy ) 7
Co n=1 J§(aay)— 3§ (kaay,) (28)
Where

Uo(kaanrg* ):Jo(kaanrg* ){O(kaan)—YO(kaanrg* )]O(kaan)

And
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24.3.Case C
Consider the steady state for cases C and D shown in Fig.2 (c)-(d) have been approached, and the concentration of
steady state C=Co as the initial conditions. The boundary condition is

t<0a<r<b.C=C,

t=0, r=aC=0

t=0, r=50C=0
(29)
This is similar to the solution of the temperature distribution solved by Carslaw and Jaegar [12], the solution to this case has
been derived as

C_,¢ ‘JO(aa”)Jo(aa”rg*)exp[—(aan)zr]
Co n-1Jo(aq, )+ Jo(kac,) )
Where
Uo(aanrg* ):Jo(aanrg* )Yo(kaan)—Yo(aanrg* )Jo(kaan)
And
o T b Dt
= K=2 =

1. RESULTS AND DISCUSSION

3.1. Set up the transient in a plane sheet

For cases A, B, C and D, the concentration distribution profiles of diffusion in the plane sheet have been plotted
according to Egs. (3), (5), (7), and (9), as shown in Fig. 3 (a) - (d), respectively. For cases A and B, the concentration profiles
are transferred from nonlinear to linear as is increased. However, the concentration profiles are concave for case A but
convex for case B, respectively.

For case C, the concentration profiles are symmetrical about the central plane as T is increased. However, the
concentration profiles are unsymmetrical in less T , as shown in Fig. 3(c). For case D, the concentration profiles are
transferred from nonlinear to linear as C is increased, as shown in Fig. 3(d).

1 [
0.8
C
0.8
C, 1
0.4
0.08
0.z
0.02
008
':l [ 1 1 1 1 1 1
a 0.2 0.4 0.8 0.8 1
Fig.3 (a)
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L L
a 0.2 0.4 0.& 0.8 1

Fig.3 (b)

Fig.3 (c)

Fig.3 (d)
Fig. 3. Transient state concentration distribution through plate sheet for cases: (a) A (b) B (c) C (d) D. Numbers on curves
are values of .
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3.2. Set up transient in a hollow cylinder

For cases A, B, C and D, the concentration distribution profiles of diffusion in hollow cylinder have been plotted
according to Egs. (12), (14), (16), and (18), as shown in Fig. 4 (a) - (d), respectively. For cases A and B, the concentration
profiles are transferred from nonlinear to linear as T is increased. However, the concentration profiles are concave for case
A but convex for case B, respectively.

For case C, the concentration profiles are symmetrical about the central plane during the diffusion periods, as
shown in Fig. 4(c). For case D, the concentration profiles are transferred from nonlinear to linear as T is increased, as
shown in Fig. 4(d).

1
0.8
C
CS
0.6
0.4
0.2
o
0.8 0.37 058 0.53 1
-
}:—1
Fig.4 (a)
LT T T T T —
0.8 E
C
CS
0.6 g
0.4 g
0.2 ]
0. 0eDee5
a ]
1 1.m 1.2 1.03 1.08 1.08
-
s
Fig.4 (b)
1
0.8
C
C3 0.6

1 1.0l 1.02 1.03 1.04 1.08

Fig.4 (c)
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1 1.01 l.02 1.02 1.04 1.0%

Fig.4 (d)
Fig. 4. Transient state concentration distribution through cylinder wall for cases: (a) A (b) B (c) C (d) D. Numbers on
curves are values of T

3.3. Decay transient in a plane sheet

For cases A, B and C, the concentration distribution of C/Co calculated by Egs. (20), (22), and (24) are plotted
against X5 ,Xg and X at various T, as shown in Figs. 5(a)-(c), respectively. The concentration profile decreases with
increasing 7 . The concentration profiles are unsymmetrical for cases A and B. However, case C is symmetrical. The
maximum concentration is moving from the inner to the center for case A and from the outer to the center for case B, and
then becoming symmetrical as C increases, as shown in Figs. 5 (a) and (b), respectively.

Fig.5 (b)
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C 0.8

Fig.5 (c)
Fig. 5. Decay transient state concentration distribution through plate sheet for cases: (a) A (b) B (c) C. Numbers on curves
are values of T .

3.4. Decay transient in a hollow cylinder

For cases A, B and C, the concentration distribution of C/Co calculated by Eqgs. (26), (28) and (30) are plotted
against ra~, rg** and rc** at various ¢ for K = 1.05, as shown in Figs. 6(a)-(c), respectively. The concentration profile
was decreased with increasing . The concentration profiles are unsymmetrical for cases A and B. However, case C is
symmetrical. The maximum concentration is moving from the outer to the center for case A and from the inner to the center
for case B, and then becoming symmetrical as T increases, as shown in Figs. 6 (a) and (b), respectively.

0.00003

-

L]

Fig.6 (b)
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000008

Fig.6 (c)
Fig. 6. Decay transient state concentration distribution through cylinder wall for cases: (a) A (b) B (c) C. Numbers on
curves are values of T .

3.5. Comparison of Set up transient in a plane sheet and hollow cylinder

The concentration profiles for the plane sheet and thin hollow cylinder are shown in Figs. 3(a)-(d) and 4(a)-(d),
respectively. The concentration profiles show the same behavior. However, the diffusion in hollow cylinder is faster than the
plane sheet to reach the steady state due to the geometry shape effect. The concentration profiles of case C are
unsymmetrical in less T for plane sheet. However, the concentration profiles of the hollow cylinder are symmetrical about
the central plane during the diffusion periods.

3.6. Comparison of Decay transient in a plane sheet and hollow cylinder

The concentration profiles for the plane sheet and thin hollow cylinder are shown in Figs. 5(a)-(c) and 6(a)-(c),
respectively. Comparing the decreasing rate of the concentration profile, the hollow cylinder is faster than the plane sheet to
reach the steady state due to the geometry shape effect. The concentration profile of case C is unsymmetrical in less T for
the plane sheet. However, the concentration profiles of the hollow cylinder are symmetrical about the central plane.

V. CONCLUSIONS
The mathematical solutions of diffusion in a plane sheet and thin hollow cylinder (k = 1.05) for the set up transient and
decay transient states are given in Egs. (3), (5), (7), (9), (12), (14), (16), (18), (20), (22), (24), (26), (28), and (30),
respectively. Through the mathematical analysis and figure plotting, a few conclusions are drawn:

1. In the transient state, the concentration profiles show the same behavior for the plane sheet and thin hollow
cylinder. However, diffusion in the hollow cylinder is faster than that of the plane sheet to reach the steady state
due to the geometry shape effect.

2. In the decay transient state, the concentration profiles show the same behavior for the plane sheet and thin hollow
cyl inder. Comparing the decreasing rate of the concentration profile, the hollow cylinder is faster than the plane
sheet to reach the steady state due to the geometry shape effect.
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