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l. INTRODUCTION
Now a days fractional Fourier transforms plays important role in signal processing, image reconstruction, pattern
recognition, acoustic signal processing, computer data protection.[2 ],[4 ],[6 ].Bhosale and Choudhary [ 3],had extended
fractional Fourier transform to the distribution of compact support. Extensions of some transforms to generalized functions
have been done time to time and their properties have been studies by various mathematicians. However, there is much
scope in extending double transforms to a certain class of generalized functions. This situation motivated us for extension of
double transforms.[1 ],[5 ].[7 ]- The two dimensional canonical cosine-cosine transform, given by the integral form is

{2DCCCT 1 (t,x)}(s,w) = T T Ke (LS)Ke, (xow) f(t,x)dtdx ... 11

Where, K (t;s) and K (x,w)are kernels

Notation and terminology of this paper is as per [8 ], [9 ].The paper is organized as follows. Section 2 gives
definition testing space and the definition of 2-D canonical cosine-cosine transform in section 3 analyticity and uniqueness
theorem are proved. Section 4 properties of kernel and modulation theorems are discussed. Lastly the conclusion is stated.

1. DEFINITION OF TESTING FUNCTION SPACE

An infinitely differentiable complex valued function ¢ on R" belongs to E(R"), if for each compactset | —s,,J cs,
where S, :{t:te R", |t|§a,a>0},sb :{XZXERn, |x|§b,b>0}
andfor 1 eR", JeR",
Vex#(t.X)= sup [DFD, 4t x)| <o

—oo<t<owo
—o<t<o

k=0,1,2,3....and 1=0,1,2,3
Thus E(R”) will denotes the space of all ¢(t, X) € E(R")with support contained in s, ands, . Note that space E is
complete, Frechet space and E denotes the dual space of E .

2.1 Definition of two Dimensional (2D) Generalized canonical cosine- cosine transform:
Let E'(RXR) denote the dual of E(RXR). Therefore the generalized canonical cosine-cosine transform of

f(t,x) € E(RXR) is defined as
{2DCCCT 1 (t, )} (s, w) =( f (t, %), K, (t.5) Kg, (x,W))
{2DCCCT f (t,X)} (s, W)

i(d)a i(d),0 % ifa)e ifa)e
= le__bﬁez(b]s eE[H] I jcos[%tjcos[%xjez(bjt .ezm f (t, x) dxdt
b 27 L

i(d)e ifa
where, K¢ (t,X) =Leg(Bjs .Z[b)t .cos(%t) when b =0

\27ib
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:\/aei(ws )mm) when b=0
ifd ifa).»
& K (x,w) =L_e2(b) .2[") .cos[ﬂxj when b =0
: 27ib b
=Jd ™ 5 (x—dw) where b=0

7E,k{KC1(t'S)KC2(X1W)}= sutp |DtleK (t,s)K, (x,w)|<oo.

2.2 Definition of 2-D Canonical sine-sine transform:
{2DCSST f (t,x)} (s, w)=

(—1)\/2;_ibﬁe;(z}ze;(g] {H{Osm( jsin(%t)e;(z}z.e;@szf(t,x)dxdt | b+#0

1. ANALYTICITY AND UNIQUENESS THEOREM FOR CANONICAL COSINE-
COSINE TRANSFORM

Theorem 3.1 :( Analyticity) Let f € E'(R") and its two dimensional canonical cosine-cosine transform be defined by,
{2DCCCT f (t,x)}(s,w)
1552 iiwwlatzlaxz
:\/L eZ(b] \/L ez(b) j eZ{ ] 2[*’) cos( jt cos( jx f (t, x) dxdt
27ib 27ib b b
then {2DCCCT f (t,x)}(s,w) isanalyticon C" ifthe a, b, sup pf =s, and S, where

S, ={t:te R", |t|sa,a>0},sb :{x:XER”, |x|sb,b>0} moreover
{2DCCCT f(t,x)}(s,w) is differentiable and
D!D,, {2DCCCT f (t, %)} (s, w) =( f (t, x), DD}, K¢, (t,5)K¢, (x,W))
Proof: Let, s:{Sy, Sp-eeoveeeeSje st € C" and wifwy, Wy, ... cowjee..ow} € C".
We first prove that, ii{2DCCCT f(t,x)}(s,w) exists,
0s; oW,
o" 0" o" 0"
as! ow! os! ow!

we prove the result n = 1, the general result following by inductlon.
For fixed s; # 0 choose two concentric circles C and C' with centre s; and radii r and r, respectively such that
O<r<r;<|sj.

{2DCCCT f(t,x)}(s,w)=<f(t,x) — K, (69K, (X, w)> ....... 31

Let Asj be a complex increment satisfying 0 < |Asj | <r. Also for fixed w; # 0.4gain choose two concentric

circles C and C1 with centre w; and radii I and I‘ll respectively such that 0< r< rl, < [wjl.

Let Aw; be a complex increment satisfying 0 < |ij | <r
(2DCCCT) (s; +As;,w;) - (2DCCCT) (s;,w;)

consider,
As,
2DCCCT) (s;,W; + AW, ) — (2DCCCT) (s, W,
( ) (5w + AW,) = YO 0,2 2k, 9K, (xw) >
Aw; 0s; ow;
=(f(tx), WA, (%AW, (X)) 3.2

where  WAs; (1) Aw; (x)_ L [K (t,S,,S,- sj+Asj-~~sn)—Kcl(t,s)]
J

1
A_vvj[K"Z (x,wl,wzmwj +AW, --own)—Kc2 (x,w)]—

o" o"
os] an”

K, (t,9)K,, (x,w)

For any fixed (t,x)e R" and any fixed integer.
K=(k, K,k YeN, and I=(l,L-1)eN,

52



Analyticity of Two-dimensional Generalized Canonical Cosine-Cosine Transform

DD, K, (t,5)K,, (x,w) is analytic inside and on C' and C,.
By Cauchy integral formula.
DD, WAs,Aw; (t, X)

1 1 1 1 1
ZZDtD”K (ts)K, (X W)| —| ————-——|- .
47 As; |\ z-s;—As; z-s;) (z-5))

1 1 1 1
_— - - > |dzdy
[ij (y—wj—ij y_WJJ (y=w;) ]

where, S =(Spe. e neSjty Z, Sjrdeee e eee sp) and W = (Wy......... Wit YWt oen ven e W)
k! = T
— J J II Dt Dx Kc1 (tvS)Kc2 (X,W) dZdy
—4r® L (2= = As)) (2-5))* (Y —w; —Aw;) (Y- w;)°

Butforall zeC and y € C, and (t, x) restricted to a compact subset of R",
D D,K, (t,8)K,, (x,w) is bounded by constant Q.

aw| Q
D} D, WAs; Aw, (t, X) | | z||dy
| ” (r—r) ()5 -1) (r)| o
S|Asj||Aw].| Q
4z (h=r) ()n 1) (r)
Thus as |Asj|—>0,and |AW]-|—>0, D D,WAS;Aw, (t, X) tends to zero uniformly on the compact subset of

R"therefore it follows that ‘PAs;Aw (t, X) converges in E(R") to zero. Since f e E', we conclude (3.2) tends to zero.
Therefore {2DCCCT f(t, X)} (s,w) is differentiable with respective s; and w;. But this is true for all i, j=1,2,......n .Hence
by induction method we can easily show that {2DCCCTF (t, x)} (s,w) is infinitely differentiable
{2DCCCTf (t,x)} (s,w) is analyticon C".
and D}D;, {2DCCCT f (t,X)}(s,w) = ( f (t,x), DD}, K, (t,5)K, (x,w)}.
Theorem4.2 :( Uniqueness) If{2DCCCT f(t, X)} (s, w)and {2DCCCT g(t,x)} (s,w) are 2D canonical cosine-cosine

transform and
sup pf cs,, ands, and, suppgcs,,and s,

Where s, :{t:teR”, |t|£a,a>0}and S, ={x:XER”, |x|£b,b>0}
If {2DCCCT f (t,x)} (s,w) ={2DCCCT g(t,x)} (s, W)

then, f = g in the sense of equality in D'(I)
Proof: By inversion theorem

~f-g= \/? \/% eié@tz eié@ g T e o) efé(%] i cos (% x] cos[% xj

[{2DCCCT 1 (t,x)}—{2DCCCTy(t, x)} |dsdw
Thus f=gin D'(I)

V. PROPERTIES OF KERNEL
Kernel of 2D canonical cosine- cosine transforms satisfied following properties.
) K (t s) Ke, (x,w):KCl (s,t) Ke, (w,x) if a=d
) Ke, (t.5) K, (X, w)=Kc (s,t) K (w,x) if a=d
€) Ke, (-t.s )K (x,w)=K¢ (t—s) K¢, (x,w)
4 Ke, (-t.8) Ke, (—x,w)=K¢, (t,5) K¢, (x,w)
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4.1. Modulation theorems for canonical cosine-cosine transform:
Theoremd.1.1: If {2DCCCT f (t,x)}(s,w) is canonical cosine-cosine transform of f (t,X) then

{2DCCCT cos st f (t,x) }(s,w) =

7%( b )

""" {2DCCCT £ (t,x)}(s + b, w) + € {2DCCCT £ (t,x)} (5 - b, w) |

Theorem 4.1.2: If {ZDCCCT f (t,x)}(s,w) is canonical cosine-cosine transform of  f (t,x) then

{2DCCCT sin ut f (t,%) }(s, W)

= ielz(NZbd)[ 49 {2DCSCT f (t,x)}(s+ b, w) —"***) {2DCSCT f (t,x)} (s~ pab,w) |
5 , ,

Theorem 4.1.3: If {ZDCCCT f(t } is canonical cosine-cosine transform of f (t ( ) then
-E(/}bd
{2DCCCTe™ f(t,x)}(s,w) 2

&7 ({2DCCT f (t,x)} (s + b, w) - {2DCSCT f (t,x)} (s + ab,w))

+€%9)({2DCCT * (t,x)} (s — b, ) +{2DCSCT  (t,x)} (s~ sib,w))

V. CONCLUSION
In this paper two-dimensional canonical cosine-cosine is generalized in the form the  distributional sense, analyticity and
uniqueness theorems for this transform are proved. Some properties of kernel and modulation theorems are discussed.
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