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Abstract:-Voronowskajain 1932 proved his result forBernstein polynomial. We have extended the
corresponding result of Voronowskaja for Lebesgueintegrable function in L;-norm by our newly
defined Generalized Polynomial.
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. INTRODUCTIONAND RESULTS
If £ (x) is a function defined on [0,1], the Bernstein polynomial B{l(x) of f is given as

B/ () = Bieo /M) Pk ()(LD)

where
Puic(0) = () x*(1 = )" *(1.2)

One question arises about the rapidity of convergence of B{l (x)to f(x). An answer to this question has

been given in different directons. One direction is that in which f(x) is supposed to be at least twice
differentiable in a point x of [0,1]. Voronowskaja [6] proved that

lim,,n | F(x) - B{l @] = —1x(1 - 0f @@L

In particular,if £ (x) # 0, difference f(x) — Bfl(x) is exactly of order n™!

A small modification of Bernstein polynomial due to Kantorovitch [4] makes it possible to
approximate Lebesgueintegrable function in L;-norm by the modified polynomials

k+1

Pl =+ D30 {f”?f(t)dt} P () (L4)

n+1

wherep,, , (x) is defined by (1.2)

By Abel’s formula(see Jensen [3])
(x+»E+y+na)y = ’;Z:o(Z) x(x +ka)y(y + (n — k)a)" T+~ (1.5)

If we put y =1 — x, we obtain (see Cheney and Sharma [2] )

N x(etka) T A=) A —x+=k)a)* 1

1=2k=0() Tanayr T (1.6)
Thus defining
n +hea) 1 (1—x) (1 —x+(n—k)a)* k1
e (s @) = () OO (1.7)

we have
k=0 qni(x;0) =1 (1.8)
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we now define a polynomial named as Generalized Polynomial

U (0 = (ot D Zio (o F@©)dt} qn (s @)(1.9)

where g, , (x; ) is defined in (1.7) and moreover when & = 0, (1.7) and (1.9) reduces to (1.2) and (1.4)
respectively.

The function
SGmx,y) = Bi_o(p) X(x + k) y(y + (n - K)a)" ! (L10)

satisfies the reduction formula

Stw,n,x,y) =xSv—1,nx,y) +naSk,n—1,x +a,y)(1.11)
from (1.5) & (1.10) we can have

xS(0,n,x,y) = (x+y)(x+y +na)* !,

by repeated use of reduction formula(1.11) and (1.5) we get

S(1,n,x,y) = ﬁzo(Z) k! a®(x + y)(x + y + na)"*1,(1.12)

S@n,x,y) = Thoo() (¢ +ka)k! amS(1,n—k,x + ka, y).(L13)
Sincek! = fowe'ttkdt and so using binomial expansion we obtain
S(1,n,x, y):fowe't(x +y)(x + ¥ + na + ta)""1dt,(1.14)

s$(2,n, x, y):fowe'tdt fowe'sds[ (x+y)(x +y+na+ta+sa)""ldt na"S(x +y+ na + ta + sa)" 2],
(1.15)

we, therefore , can show
SAn—-1L,x+al- x):fowe't(l +na + ta)"'dt, (1.16)
SAn—-2,x+al—x+ (x):fowe'ta(l + na + ta)"2dt,(1.17)

S2,n—2,x+2a,1- x)=f0we‘tdt fowe_sds[ (x +20)(1 + na + ta + sa)"2dt + (n — 2)a’S (1 + na +
ta+san—3],(1.18)

S2n—-3,x+2a,1—x+a) =f0°°e_tdt foooe_s[ (x +2a0)(1 + na + ta + sa)"3ds
+(n—3)a?S(1 + na + ta + sa)* ™. (1.19)

In this paper, we shall prove the corresponding result of approximation due to VVoronowskja [6] for
Lebesgueintegrable function in L;-norm by ourGeneralized polynomial (1.9). In fact we state our result as
follows:

Theorem:letf (x) be bounded Lebesgueintegrable function with its first derivative in [0,1] and suppose
that the second derivative f"(x) exists at a certain point x of [0,1], then for @ = a,, = 0(1/n),

1 . ;
limn [U7(£,2) = f0)] = 511 = 20f () = x(1 = 0f ()]
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1. LEMMAS
In order to prove our result we need the following lemmas

Lemma 2.1: — For all value of x

. <1+noc nn — Dxa
Z i (6. 0) < 4 M

Proof:

x(x + ka)k_l(l -1 -x+n- k)a)n—k—l
Z kqn'k (x; a) - k (;Cl) (1 + na)n—l

k—1 _ _ _ n—k—1
_ nxz (n — 1) x+ka)—A-20)A-x+Mn—-k)a)

— n—1
& k-1 1+ na)

z_:(n—1>(x+,ua+a)”(1—x)(1—x+(n u—Da)r+2
& 1+ na)r1

n-1
B #{z (n ; 1) (x+pa+a)*Q—x+m—pu—1Da)*+#2
pu=0

n—2

~n-ay (" F) G pe+ @1 - x4 (- - DY

u=0

:#[5(1,71— lx+a,1—x)—(n—Das(l,n—2,x +a,1—x+ a]lby (1.14)

W[] e t(1+na+ta)" tdt — (n — 1)af e (1 + na + ta)"2dt] by (1.16)&(1.17)

nn-— l)xa f

ermm—— e t(1+ na + ta)"2dt

:W fowe_t(l + na + ta)”'ldt

n-1
::m) (1 +na)*at

nx o 4
_— e
(14+na)r—1 fo (

n(n—Dxa [© _ ta \"? ,
A rna fo et <1 + T na) (1 +na)"4dt

ta \"1 nn—-1xa o _; ta \" 2
)" dt - [let(1+=) "at

_ @ —t(
-nx e
fo 1+na 1+na
1+na
o T _1 14+na
=nx fye e« “(1+w) ' ——du-
a

nn— Dxa (* _ttne, L, 1+na
7f e« "(1+uw)y*“——du
1+na J, a

1+ o (L _ (n-1) w L _
Stuiihiod n:)nx Jy e G (1 4+ w)"tdu- n—na = e G (1 4+ u)"2du

ey N oGy (-1 g, NO—Dxa N oG, (1-Du g
a a
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_(+na)nx po _l+1 n(n—1)xa o _l+2
— e @ )udu-Tfo e @ gy

n(n Dxa e W
1+2a fo dw

_(+na)nx po _,
T 1+a f dv

_(A4na)nx nn-1)xa
1+a 1+2a

which completes the proof of the lemma 2.1.

Lemma 2.2: For all values of x
1+ na (n—-2)a

Z k(k - 1)Qn,k(x; a) <n(n-D[(x+ 2“){(1 ¥ 2a)? (1 + 3(1)2}

1+na (n—3)a
+(n - 2)az{(1+3o¢)3 - (l+4-a)3}]

Proof:
C ka)k1(1 - 1-— k n—k—1
Zk(k—l)an(x a) <n(n—1)x2( 2)(x+ a) i ( (f)ina)it(n )a)
k=1

2) (x+ka+20)""'"A-—x)A—-x+n—v—2)a)" 3

_ nn-1)x
(1+na)" 121{ 1(

-1
:%[5(2, n-2, x+2a,1-)-(n-2)a S(2, n-3, x+2a,1-x+a)]
_ n(n-1)x _ ~ _n(n—l)(n—Z)xa _ _
—7(”%)“_1[8(2, n-2, x+2a,1-x)] R [S(2, n-3, x+2a,1-x+a)]

=L —1, (2.2.1)

_ nm-x
1= ey 192 -2, X420, 1-x)]

_(fiza)l,?xl f e~tdt fowe'sds[(x +2a)(1 + na + sa + ta)" 2

+(n—2)a’s(1 + na + sa + ta)" 3]

= el Jy e7tdt [ e s ds[(x + 2a)(1 + na + sa + ta)" ]

(1+na)n—1

wf e~tdt ["e *ds[s(1 + na + sa + ta)" %]

+
(1+na)n—1

=h1+1,(222)

1 _ _
11 %f e tdtf e Sds[(x + 2a)(1 + na + sa + ta)" 2]
S e [ et [ e~ ds[(x + 2a) ( —m:nf) (1 + na)" 2]

(1 +na )1

n—2
S 1)xf ‘tdtf e Sds[(x + 2a) (1 + S‘Hm) 1

1+na

n(n Dx(x+2a) —t © (n_z)(m"::)
< Jy etde [ e 5e T+na ' ds
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(n—2)ta (n—2)sa

ni(n Dx(x+2a) foo —tH( 1+na )dt fw s+ 1+na )ds
1+na
n(n 1)x(x+2a)f e t(i:f!:)dtf e S(lile:)ds
1+na

n(n 1)x(x+2a)f —ug 1+na foo -vg 14+na
1+na 1+2a 0 1+2a

_n(n-Dx(x+2a) L o
a2y (L +na) J, etdu [, e™dv

_n(n—-Dx(x+2a)
—W (1 + na)( 223)

_n (n—l)(n—Z)xoz2

o 4 o _ L,
127 Timay T Jy e7tdt [ e~ ds[s(1 +na + sa + ta)" ]

_n(n-1)(n-2)xa? —t _s sa+ta\" 3 n—3
= dmma o Jy etdt [ se (1+—1+m) (1 +na)"3ds

— — 2 © oy Satta
LD Bxa” (11(;)22)7(“ J etdt [ se=e" P Gm)ds

_n(n—l)(n—Z)xa 1+3a 1+3a

Lna)? f e t(1+na)dtf se S(1+na)ds

_n(n—l)(n—Z)xaz) o _ o _
R vey G ) J, etdu [ e™"dv
_n@m-1)n-2)xa?)
T 1a® 1+ na)(2.24)

from (2.2.2) ,(2.2.3) & (2.2.4) we have

(x+2a) (n—2)oz2
(1+2a)? * (1+3a)3

L <(1 +na)n(n — Dx{ (2.2.5)

Now we evaluate

_nn-1)(n—-2)xa
2= (14na)n—1

[S(2, n-3, x+2a,1-x+a)]

_n n-1)(n-2)xa

(l+na)—1 fow e"tdt fow e Sds[(x + 2a)(1 + na + sa + ta)" 3

+(n—3)a’s(1 +na +sa + ta)**] by (1.19)

n(n 1 (n-2)xa —t s -
(14na)n—1 f dtf e%ds (x+2a)(1 + na + sa + ta)

LEDOD @ 3)rad f _tdtf eSdss(1+na+ sa +ta)*™*

(1+na)n—1
:12_1 + 122(226)
n(n—1)(n - 2)xa [~ * sa + ta\" 3
L= ( )( - ) J e—tdtj e Sds (x + 2a) <1 + 7) 1+ na,)n—3
(1 +nayn 0 0 1+na
<n(n 1)(n— 2)x(x+2a)af _tdtf e_se(n_?’)(ia;qzx)ds

- (1+na)?
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_nn-1)(n—-2)x(x+2a)a o _t(ﬁ) 0 _S(ﬂ)
= Lna)? fo e ‘tna’dt fO se “\i+na’ds

nn-1)(n-2)x(x+2a)a o _ 1+na po  _ 1+na
_n-1)(n-2) g ) f e~%du f v v
(1+na) 0 1+3a “0 1+3a

n(n D(n-2)x(x+2a)a —u —v
T30y Jy etdu [ e vdv

:n(n—l)(n—Z)xgx+2a)a (227)
(143a)

n(n 1H(n-2)(n— 3)xa

- - -4
I, Ly f tdtf seS (1 +na+ sa+ta)" *ds

n(n 1(n—-2)(n— 3)xa —t _s sa+ta n—3
Ly Jy e7tde [, se (1 + ) ds(1 + na)

sa+ta

—_ — _ 3 o0 o0
LD =2)(n=3)xa ) e‘tdtf0 se—Se DRI ds

- (1+na)3

_nm-1)n-2)(n-3)xa3 o —t( +4“) (1"'4“)

= e fO 1+na dtf se “\l+na’ds
_n(n—l)(n—Z)(n—B)an o _y l+na ro 1+nay _y 1+na
- (1+na)3 fO e du 1+4a fO (1+4a) 1+4a

n(n 1H(n-2)(n— 3)xa —u v
a0y Jy e™tdu [ ve™dv

_n (n—l)(n—Z)(n—3)x0{3
- (1+4a)3 (2.2.8)

from (2.2.6), (2.2.7)&(2.2.8) , we have

(x+2a) (n=3)a3
[ZSn(n - 1)(71 - 2)x{(1+3a)2 (1+4_a)3}
thereforesubstituting the values of I, &I, in (2.2.1), we get

(x+2a) (‘n—3)oz3
(1+3a)? (1+4a)3}

(x+2a) 2
<1 +na)n(n — 1)x{(f+2;)2 ?11+32:;3 }—nn—1)(n - 2)x{

_ _ (1+na) (n-2)a 2 (1+na) n-3)a
=n(n — Dx[(x + 2 ){(1+2a)2 (1+3a)2}+( —2)a {(1+3a)2 (1+4a)3}

which completes the proof of lemma 2.2.

Lemma 2.3: - For all values of x € |0,1]| and for « = a,, = 0(1/n), we have

n ((k+1)/(+1)

n+1) Z j (t—x)%dt pqui(a) <x(1—x)/n
=0 \ k/(+1)

Proof :
n ((+1)/(n+1)

ar0Y L[ -0 paa
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I~

2kx+x  k*+k 1

— 2 _
ntl Tmr? 3+ 12

1qn1 (; @)

1 [20+na)nx 2n(n— Dx?a x
=Y T a | 1ra 1+ 2a n+1

nn-1) 14+na) Mm-2a
0z 2O S ~ d T30

1+ na n—3 } 2(1 + na)nx

+ (=2t {(1 Y307 (1+403) " i+ D21 +a)

_ 2n(n—1)xa 1
(n+1)2(1+a)+3(n+1)2by lemma 2.1 & lemma 2.2
_ _x(l—x) N 2(1+na)n _ _
B n+1 I(n+1)2(1+a)x(1 x)

2n(n—1a _ 2(1+na)n2x(1—x)a
(n+1)2(1+a)x(1 ) (n+1)2(14+2a)?

_ZnZ(n—l)x(l—x)oz2 n(n-1)(n—2)a? _ £_2(1+na)n2x2(1+30{+3a2)
(n+1)2(1+3a)? +(n+1)2(1+3a)3x(1 X) +n+1 n+1)2(1+a)(1+2a)?

2(14+na)nxa ZnZ(n—l)xza(1+5a+7az) 4n(n—1)xa? nn—-1)(n-2)a

T (n+D2(1+2a)? n+1)2(1+2a)(1+3a)? n+1)2(1+3a)2 (n+1)2(1+3a)3

nn-1)(n-2)xa3 | n(n-1)(1+na)x%a _ n(n-1)(n—2)(n—3)xa3 1

2
x°(1+2a) + (n+1)2(143a)3 (n+1)(14+2a)? (n+1)2(14+4a)3 3(n+1)2

x(1—x) 1
<———=fora=0, =0 (H) and for large n

which completes the proof of Lemma 2.3.

1. PROOF OF THE THEOREM

Proof :
We write (in view of Taylor’s Theorem)

fO=fC)+E—0f )+ (- x)z[éf"(X) +n(t—x)] 3.1

where n(h) is bounded |n(h)| < H for all h and converges to zero with h.
Multiplying eqn. (3.1) by (n+ 1)q,x(x;@) and integrating it from k/(n+1) to (k+1)/(n+1), then on
summing ,we get

n (k+1)/(n+1)

CREVD I IAOT T3 Tt
k=0 \_ k/(m+1)

n (GHD/@m+1)

—ar0Y [ st
k=0 \ k/(m+1)
(k+1)/(n+1)

n

+r D [ f- O (de @)
k=0 \ k/(m+1)

n (k+1)/(n+1)

1
ssmenY [ -0 g
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n ((k+1)/(n+1)

+(n+1) Z f (t — x)*n(t — x)dt ¢ gn i (x; @)

k=0 \ k/(n+1)

= I3 +1, + I+ (say) 3.2)

Now first we evaluate I5:
k+1

Iy =(n+1) Xk {f"k?f(X)dt} g (x; @) = f(x)(3.3)

n+1

and then

n (Ue+1)/(n+1)

W= [ f-f (de g

k=0 \ k/(n+1)

n

-y (22(1’2—11) ~ %) f (5 @)
k=0

< (1—ZX)f'(x)fora =a, =0(1/n)(3.4)

2n

Now we evaluate Is:

n (k+1)/(n+1)
1
Is =5+ 1>Z f (t = 2)*f"(X)dt ¢ G e (x; @)
k=0 \_ k/(m+1)

<x(1-x)f"(x)/2n (by lemma 2.3) (3.5)

and then in the last we evaluate I :

n ((k+1)/(@+1)

b= (n+1) Z J (t — x)*n(t — x)dt § gn i (x; @)
k=0 \ k/(m+1)

Let €> 0 be arbitrary § > 0 such that |[n(h)| < efor |h| < § .
Thus breaking up the sum Ig into two parts corresponding to those values of t for which | t - x |[<3, and those for

which |t — x| = & and since in the given range of t, |§ — x| ~|t — x| , we have

k+1
n+1

| <€ Z (n+ Dgp i (x; )| J- (t —x)2dt |
(ks 14
n n+1

k+1
n+1

+H Z (n+ gy (x; )| J- dt |

|()-=x[=s -
=lg1t+ls, (say)

lle1l <= [{x(1 =)}, for a = a, =o(1/n)
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[
| n+1

\
|
Igo,=n+1)H Z J. dt } Tk (X @)

()12 (55

=@HD ) qua)

|G+

Butif § =n=f ,0<p <1/2 (see also Kantorovitch [4]),
then fora = a, = 0(1/n)

n+1

Z|(£)—x|zn*ﬁ Gn . (x; @) < Cn~Vfor v>0, the constant C= C(B,v).

whencelg , < ne? < e/n for all n sufficiently large and therefore it follows

I < €/n, for all sufficiently large n (3.6)

Hence from (3.2), (3.3), (3.4), (3.5) and (3.6), we have

n (Ue+1)/(+1)

CREVD I IAOT T3 Tt
k=0 \ k/(m+1)

= f(x) + [{(1 = 2)f ' (x) + x(1 = x)f"(x)}/2n] + (e/n)
and therefore, finally we get

: a 1 , .
limn [U7(f,2) = f&)] = S[(1 = 201 @) = x(1 = Df @]
wheree » 0asn — ©
which completes the proof of the theorem.

V. CONCLUSIONS
The result of Voronowskaja has been extended for Lebesgueintegrable function in L;-norm by our newly

defined Generalized Polynomials UT{ (x) .

REFERENCES

[1]. A. Habib, “On the degree of approximation of functions by certain new Bernstein typePolynomials,”
Indian J. pure Math., vol. 7, pp. 882-888, 1981.

[2]. E. Cheney and A. Sharma,”On a generalization of Bernstein polynomials,” Rev. Mat. Univ. Parma, vol. 2,
pp. 77-84, 1964.

[3]. 1. Jensen, “Sur uneidentité Abel et surd’autressformulesamalogues,” Acta Math. , vol. 26, pp.307-318,
1902.

[4]. L. Kantorovitch, “Sur certainsdéveloppmentssuivantléspolynomesdé la forms,” Bernstein LII. C.R. Acad.
Sci. URSS, vol. 20, pp. 563-68,595-600, 1930.

[5].  G. Lorentz, Bernstein Polynomials, University of Toronto Press, Toronto, 1955.

[6]. E. Voronowskaja,” Determination de la formeasymtotiqued’approximation d ésfonctionléspdlynomes de
M Bernstein”. C.R. Acad. Sci. URSS, vol. 22, pp. 79-85, 1932.

26



