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l. INTRODUCTION AND STATEMENT OF RESULTS
The following result, known as the Enestrom-Kakeya Theorem [5] , is well-known in the theory of distribution
of zeros of polynomials:

n
Theorem A: Let P(z) = Z a;z' be apolynomial of degree n such that
j=0
a,=a,;>...2a 24a,>0.
Then P(z) has all its zeros in the closed unit disk |Z| <1.

In the literature there exist several generalizations and extensions of this result. Recently, Choo and Choi [1]
proved the following results:

n
Theorem B: Let P(z) = Z a;z' be apolynomial of degree n such that
j=0
eithera, 2a, , 2...2a; 2, anda,;, 23, 3 =.... 28, = 3,,ifnisodd, or
a,>a, , >
does not vanish in

a, 23,and a,,2a, 3 2....23a; =4, ifniseven. Then P(z)

o< )

la,|+a, +]a,|+a,, +|a]|+a,—a,

n
Theorem C: Let P(z) = Zajz’ be a polynomial of degree n with Re(a;) =a; and Im(a;) = g;,
=0
j=0,1,2,...... ,n, such that
ka,z2a,,2...2a, 2 a,,

ﬂn > ﬂnj Z e = ﬂl 2 ﬂo-

Then P(z) does not vanish in
7 < i .
|an| + (k —1)|an| +ka, —ay, + B, - B,

n
Theorem D: Let P(z) = Z a; z' be a polynomial of degree n such that for some g,
i=0

and for some k >1,

kla,| = |a, 4 =.....>[a)| > [ay|.

Then P(z) does not vanish in
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a|

2l < S
kla,|+ (kla,|—[a,|) cosa + (k|a, |+ [a,[) sin & + 2sin anZ‘aj‘
=L

M. H. Gulzar [3,4] proved the following results:

n
Theorem E: Let P(z) = Zajz‘ be a polynomial of degree n such that for some k; >1, k, >1,
=0

O<7, <1, 0<7, <lgither kja, 2a, , >.... 238, 27,3, and K,a,, 2a, ; >..... 2@, = 7,a,,if
nisodd,or kia, 2a, , >....2a, 27,8, and K,a,, >a, 5 >.... 28, >7,a,, if nis even. Then
for odd n, P(z) has all its zeros in

7+ h < ﬁ ,
a, | [a|
where
K, = k1(|an| +a,)+k, (|an—l| +a,,)+ 2(|a1| +|ao|) - (|an| +|an—1|) —-7,(8 +|a1|)
—7,(a, +|ao|)'
and for even n, P(z) has all its zeros in
7420l < Ke ,
a, | [a|
where
K2 = k‘1(|an| + an) + k2 (|an—l| + an—l) + 2(|a1| +|a0|) - (|an| +|an—1|) _Tl(ao +|a0|)
—7,(a +|a1|)'

n
Theorem F: Let P(z) = Zajz‘ be a polynomial of degree n with Re(a;) =«; and Im(a,) = 5;,
=0
j=0,1,2,...... ,n, such that
ka,z2a, ;2. 2a, 21,.
Then all the zeros of P(2) lie in

n-1
ke, + 2|a0| —T(|a0| +a,) +|ﬁn| + ZZ‘ﬂj‘
j=0

2]

<

7+ (k-1%n)
a

n

n
Theorem G: Let P(z) = Z a; z' be a polynomial of degree n such that for some B,
j=0

arga; - < a S%,jzo,l, ...... n,

and forsome kK >1, 0<7 <1

kla,| = |a, 4| >..... > [a,| > 7ay|.
Then P(z) has all its zeros in
1
2|

The aim of this paper is to generalize some of the above-mentioned results. More precisely, we prove the
following results:

n-1
lz+k-1< {k|an|(c05a +sina) + 2Ja,| - 7(a,| + a,) + 2sin aZ‘aj q
=
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Theorem 1: Let P(z)= Zn:ajzj be a polynomial of degree n such that for some k, >1, k, >1,
=0
O<7, <1, 0<7, <lgither kja, 2a, , >.... 238, 27,8, and K,a,, 2a, ; >.... 2@, > 7,a,,if
nisodd,or kja, 2a, , >....2a, 27,a, and K,a,, >a, ; >.... 28, > 7,3, if nis even. Then
P(2) does not vanish in
< - |
o (an | +a,) +ky (@ | +a,0) =7, (] +8)) = 7, (8| + @p) + 2Jay| +[ay|

and in

if nis odd,

o< =
k1(|an| +a,)+Kk, (|an—1| +a,,) - 71(|ao| +3y) -1, (|al| +a)+ 2|a1| + |ao|
Remark 1: Taking k, =1, k, =1, 7, =1, 7, =1, Theorem 1 reduces to Theorem B.

Jf niseven.

n
If z is a zero of P(2) =Zajz‘ , then
j=0

a,.| |a

<

a a
Z+L_l_”__l 7 + = nd
a, a, a, a

Therefore, combining Theorem E and Theorem 1, we arrive at the following result:

+

2=

n

Corollary 1: Let P(2) =Zn:ajzj be a polynomial of degree n such that for some k, >1, k, >1,
j=0
O<7, <1, 0<7, <lgither kja, 2@, , >.... 238, 27,3, and K,a,, 2@, ; >.... 2@, > 7,a,,if
nisodd,or kia, 2a, , >....2a, 27,a, and K,a,, >a, ; >.... 28, > 7,4, if nis even. Then
for odd n, P(z) has all its zeros in
8|

k. (a,|+a,) +k,(a, .| +a,,) -7 (] +a) — 7, (8, + a,) + 2a,| +|a,]
<[4

1

< m[ Ky (|a,|+a,) + K, (a, | +a,,) + 2(a, | +[a,]) — (&, |+ 2. ) - 7.(a; +]ay])

—7,(a, + |ao|)+ |an—l|]’
and for even n, P(z) has all its zeros in

3|
k1(|an|+an)+k2(|an—1|+an_1)—Tl(|ao|+ao)_z-z(|al|+al)+2|a1|+|ao|
<[
1
< m[ k1(|an| + an) + k2 (|an—1|+a-n—1)+ 2(|a1| +|a0|) - (|an|+|an_1|)—z-1(a0 +|a0|)

—7,(a, + |a1|)+ |an—l|]'

Theorem 2: Let P(z) = Zajzj be a polynomial of degree n with Re(a;) =a; and Im(a;) = 3,
=0
j=0,1,2,...... ,n, such that
ke, 2a, ;2 ... 20, 2101,

Then P(z) does not vanish in
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a|

n-1 '
la, |+ k(| + ) = 7o |+ o) + |exo| +|Ba| +|Bo| + ZZ‘ﬂj‘
-1

Remark 2: If in Theorem 2, we have, in addition,

Loz Py Z e 22 By,

n
then Z‘ﬂi - ﬂjf‘ = S, — B, and we have the following result:
=1

2] <

n
Theorem 3: Let P(2) = Z:ajzJ be a polynomial of degree n with Re(a;) =«; and Im(a;) = g,
j=0
j=0,1,2,...... ,n, such that
ke, 2a, ;2 ... 20, 27101,

B.2B ===,

Then P(z) does not vanish in
8| |
la, |+ k(la, |+ a,) — (oo + o) +|eo| + B, = B

Remark 3: Taking 7 =1, Theorem 3 reduces to Theorem C.
Combining Theorem 2 and Theorem F, we get the following result:

2l <

n
Corollary 2: : Let P(z) = Zajz‘ be a polynomial of degree n with Re(a;) =«; and Im(a;) = j;,
=0
j=0,1,2,...... ,n, such that
ke, 2a, ;2 ... 20, 2101,
Then P(z) has all its zeros in
3|

n-1
la,| + k(o |+ a,) = T(ao |+ ag) + e | +|Ba| +|Bo| + 22‘,8]‘
i1

<lz|

1 n-1
< m[kozn + e | — 7ty | + ) +| B + ZZ‘,B,- ‘ +(k=Da, 4]
n o0

n
Theorem 4: Let P(2) = Z a;2' be a polynomial of degree n such that for some /3,
=0

and forsome k >1, 0<7 <1
kla,| = |a,4| = .....>[a)| > 7ay|.
Then P(z) does not vanish in
8|

7| < S—
k|a,|(cose +sin e +1) — 7]a,|(coser —sin & +1) +[a | + 2sin aHZ‘aj‘
i1

Remark 4: Taking 7 =1, Theorem 4 reduces to Theorem D.
Combining Theorem 4 and Theorem G, we get the following result:
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n .
Corollary 3: Let P(z) = Z a; z' be a polynomial of degree n such that for some g,
j=0

‘argaj —ﬁ‘ <a< %,jzo,l, ...... n,
and forsome kK >1, 0<7<1
kla,| = |a,4| = .....>[a)| > 7ay|.

Then P(z) has all its zeros in
2|

-1
kla,[(cosa +sina +1) — 7]a,|[(cosa — sina +1) +|a,| + 2sin anZ‘aj‘

j=1
<[4

i{k|a |(cosa +sina) + 2a,| - 7(|a,| + a, )+25ma2‘a ‘+(k Dla, @

[,

I1. LEMMA
For the proofs of the above results, we need the following lemma:

Lemma: For any two complex numbers by and b, such that [by| > [b,| and
T
‘argbj —,B‘ <a< > Jj =01 for some real £,

Iby — by < (o] —|by]) cosex + by | +|by ) sinx .

The above lemma is due to Govil and Rahman [2].

I1l. PROOFS OF THE THEOREMS
Proof of Theorem 1: Let n be odd. Consider the polynomial

F(2) = (1-2*)P(2)
=1-2*)@,z"+a, 2" +....+az+a,)
=-a,2"" -a,,2" +(a,-a,,)2"+(@,, —a,,)2" " +......
+(a,—a)z° +(a, —a,)2* +a,2 +a,
=a,+q(2),
where
q(2)=-a,z2"* -a, 2" +(a,-a,,)z"+(a,, —a,5)2" " +....
+(a,—a,)2° +(a, —a,)z° +a,z
=-a,2"% -a, 2" +(ka, -a,,)2" —(k, -Da,z" +(k,a,, —a,5)z""
—(k, -Da, 2" +.... +(a; —7,8,)2% + (r, - Da, 2% + (a, — 7,8,)2°
+(r, -Da,z* +a,2
For|Z| <1,
a(2)| <|a,| +|a,| + k@, —a,, +(k —Dla,|+k,a,, —a, 5 + (K, —Dla,|+.....
T8~ +(1_71)|a1| T8, 7,8, +(]-_Tz)|ao| |a1|
=k (|a,| +a,) +k,(a, 4| +a,1) — 7 (a] +a,) — 7, (8| +a,) + 2a,] +|a|
=M,.

72



On The Zero-Free Regions for Polynomials

Since q(z) is analytic for |z| < 1 and q(0)=0, it follows , by Rouche’s theorem, that
|a(2)] <M, || for |z <1.
Hence, it follows that, for |Z| <1,
IF(2)] =[a, +a(2)

2 |ao| - |Q(Z)|
> [ao|~ M, 7]
>0
if
|z|<M.
Ml

It is easy to see that M1 > |a0| and the proof is complete if n is odd.

The proof for even n is similar.
Proof of Theorem 2: Consider the polynomial

F(z)=@Q-2)P(2)
=(1-2)@,z"+a,, 2" +....482+3,)
=-a,2""+(a,-a,,)2"+(@,, —a,,)2" " +......
+(a, —a,)2° + (a8, —a,)z+a,

=-a, 2" +(a, —a, )" +(a,, —a, )" +ola, — )2
n
+( —a)z+ 4 +i2(ﬂj _ﬁj—l)zj
=

=28, +0(2),
where
q(z) =-a,2"" + (@, — @, )2" + (o, — 4, ,)2"" . + (@, — )%,

+(a1_a0)z+i2(ﬂj _:Bj-l)zj
=i
=-a, 2"+ ke, —a, )" - (k-Da, 2" +(a, , —a, ,)2""

+ oo+ (a, — ) 2% + (o —2'0!0)2+(T—1)0!02+izn:(ﬂj —ﬂj_l)zj

For|Z| <1,

+a, —tay + (L= 1)|a |+ i(‘ﬂj‘+‘ﬂjl‘)

n-1
=|an|+k(|an|+an)—|an|—r(|a0|+a0)+|a0|+|ﬁ0|+|ﬂn|+22‘ﬂj‘
-1

=M )
Since q(z) is analytic for |Z| <1 and q(0)=0, it follows , by Rouche’s theorem, that
|a(2)| < M,|z] for [z] <1.

Hence, it follows that, for |Z| <1,
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F(@)| =]a, +a(2),

2 |a0| —|q(z)|
> [a,|~M,|z|
>0
if
|z|<M.

2
It is easy to see that M ) 2 |a0| and the proof is complete

Proof of Theorem 4: Consider the polynomial
F(z)=@Q-2)P(2)
=(1-2)(a,z" +a,, 2" +....+az+a,)
=-a,2"" +(a, —a,,)2"+(@,, —a,,)2" " +......
+(a,—a,)z* +(a, —a,)z+a,

=a, +4(2),

where

q(z)=-a,2"" +(a, —-a,,)2" +(@,, —a, ,)2" " +... +(a, —a,)2°

+(a, —a,)z
= _a‘nZnJrl + (kan - an—l)Zn - (k _1)anzn + (an—l _an72)2n71
+o + (8, —,)2° + (8, —1@,) 2+ (1 —Da,z.

For|z| <1, we have , by using the lemma,

a(2)| < |a,| +|ka, —a, |+ (k-D|a,|+|a,, —a, | +.....+|a, —a|

+la, — 7|+ (L—7)[ay|
<|a,|+ (k|a,|-[a, 1)) cosar + (K|a,| +|a, 1) sin & + (k —D)[a,|
+ (|, 4| —|as ) cosa + (a, 4| +]a, o) sina +......
+(ja,| —[a,) cosa + (|a, | +[a, ) sin & + (ja,| — 7fa,|) cosex
+ (jay|+ 7]a) sina + (1—7)[ay |
=k|a,|(cosa +sin & +1) — 7|a,|(cos & — sin a +1) +|a, | + 2sin ani‘aj‘
j=1
=M, |
Since q(z) is analytic for |Z| <1 and q(0)=0, it follows , by Rouche’s theorem, that
|a(2)] < My|Z] for |7 <1.
Hence, it follows that, for |Z| <1,
IF(2) =|a, +a(2)

2 |a0| —|q(z)|
> [a,|— M,
>0
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2 <

a|

M3

It is easy to see that M3 > |a0| and the proof is complete

[1].

[2].
[3].

[4].
[5].
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