International Journal of Engineering Research and Development
e-1SSN: 2278-067X, p-ISSN: 2278-800X, www.ijerd.com
Volume 8, Issue 11 (October 2013), PP. 54-61

On the Zeros of Complex Polynomials in a Given Circle
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Abstract:- The problem of finding the number of zeros of a polynomial in a given circle is of great interest in
the theory of the distribution of zeros of polynomials. In this paper we consider the said problem under certain
conditions on the coefficients of the polynomial or their real and imaginary parts and prove certain results that
generalize some well-known results on the subject.
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l. INTRODUCTION AND STATEMENT OF RESULTS
In the literature many results have been proved on the number of zeros of a polynomial in a given
circle. Recently M. H. Gulzar [3] proved the following results:

Theorem A: : Let Let P(2) = z ajz‘ be a polynomial o f degree n such thatRe(a;) = «;, Im(a;) = j;
j=0
and for some positive integers A, 4 and for some real numbers K, ,K,,7,,7,,
ke, <a,,<...2a,,ja,>2.2a 210,

KBy < Brs S S Ba S B, 202 B 27,y

Then the number of zeros of P(z) in |Z| <0,0< 6 <1 does not exceed

1 M’

log —, where

|og E a'0
o

M” =la,|+|(k, —Der,| +|(k, DB, |+ 2, + B,) — (Kex, +K,B,) +|(z, —Dety]

— Ty +|(Tz _1),Bo| — 7,05 +|ao|-

Theorem B: Let Let P(z) = Zajzj be a polynomial o f degree n such that Re(a;) =a;, Im(a;) = j;
=0

and for some positive integers AU, PO and for some real numbers

K, K,, ks, Ky370,7,,74,7,;,0<k, £1,0<k, <10<k,; <10<k, <1,0<7,<10<7, <],

0<7,<10<7,<10<7,<10<7, <1,

klaz[ﬂ] <. SO(Z/HZ SC{U >, Zazzrlao
2

kzaz[g]_l < Sy, SO0, 2 >a, > 1,0,
2

kSﬂZ[E] S ------ S ﬂ2p+2 Sﬂzp 2 ...... Z ﬂZ 2’[3[80
2

Ky o e P S Pogy Z > Be 2T,

2[2]71

If nis even, then P(z) has all its zeros in the disk I} < |Z| <T,, where
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with

M =la,|+|a,| +|a| +|(k, —Der, | +|(k, —Der, | +|(k; =1 B, | +|(k, DB,
+2a,, +ay, ., + By, + Poga) — (K, +K . B,) — (Ko, 1K, B, 1)
—(r,0, + 7, 8,) — (10 + 73 8,) +|(z, =D | + |(z, —Dev, |+ |(z5 =D B, |
+|(z'4 —1),Bl|

and

M’ :|an—l| +|a1| + |ao| +|(k1 _1)an| + |(k2 _l)an—1| + |(k3 _l)ﬂn| + |(k4 _1)ﬁn—l|
+2(ay, + Ay,q + ﬁZp + Poa) — (K, + K3 8,) — (K 4K, B, 4)
—(r,a, + 7, B) — (g +758,) + |(T1 _1)ao| + |(Tz _1)a1| + |(Ts _1),Bo|

+ |(T4 _1)ﬂ1|-
If n is odd, then P(z) has all its zeros in the disk R, < |Z| <R, where
a M e
R, :—| 0,|, and R, =—-,
M la,|

and M"" and M are respectively the same as M and M', except that k;,K,,K;, K, are respectively
replaced by K,,Kk,,K,,K;.

In this paper we shall find a bound for the number of zeros of the polynomials of Theorems A and B in a
circle of any positive radius. In fact, we prove the following results:
Theorem 1: Let Let P(z) = Zajzj be a polynomial o f degree n such that Re(a;) =«a;, Im(a;) = B;

j=0

and for some positive integers A u and for some real numbers
k., k,,7,,7,;0<k, <1,0<k, <10<7, <10<7, <],

ke, <o, S...fa,,Sa,2a,,2....2q 21,0,

KBy < Brs S SBya S B2 Py 2 B 21,y

. R 1 M,
Then the number of zeros of P(z) in |Z| <—(R>0,c>1) doesnotexceed ——Ilog—
c logc ~ |a,|

M, =[a,|R™ +[ay| + R"[|let, | + |8, — k(| + @) =k, (B, + B) + a, + B,]
+R*[e, —Tl(|a0|+a0)+|ao|]+ R“[B, —12(|,80|+ﬁ0)+|ﬁ0|] for R>1

, Where

and
M, =|a,|R™ +|a,| + R"[[et,| +|B,| = ki (aa| + @) =Ko (1Bu| + Bo) + o, + B]
+Rle, + 8, —rl(|a0| +a,) —2'2(|ﬁ0| + 5) +|a0| +|,BO|] for R<1.

Remark 1: Taking R=1and C = % ,0< 6 <1, Theorem 1 reduces to Theorem A.

For different values of K, K,,7,,7,, Theorem 1 gives many other interesting results.
Theorem 2: Let Let P(z) = iajzj be a polynomial o f degree n such that Re(a;) =«a;, Im(a;) = B;

j=0

and for some positJive integers AU, PO and for some real numbers
ki, K, ks, Ky570,7,,75,7,,0<k, <10<k, <10<k; <10<k, <1,0<7, <10<7, <],
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0<7,<10<7, <1,

ka , <...ZL0,,50,,2....2a, 27,0,

n
2[5]
kzaz[g]_l <o S S0y 2 >a, > 1,0,
2
kSﬂZ[E] S ------ Sﬂ2p+2 Sﬂzp 2 ...... Zﬂ22r3,30
2
ke | S S Poga S Prga 22 Po 2T B
2
. R 1 M,
Then, for even n, the number of zeros of P(z) in in |z| <—=(R>0,c>1) does not exceed I log | | |
¢ ogc |3,

where
M, =|a,|R™™ +|ay| + R"[ler,| +|By| — k(| + ) ko (Bo] + B) + e, + 8,1

+R[a, _71(|a0|+a0)+|a0|]+ RLB, _72(|,Bo|+ﬂo)+|ﬁo|] for R>1
and

M, =|a,|R™ +|a,| + R"[ler,| +|By| — ki (| + ) ko (B + B) + e, + 8,1
+Rle, + 8, —rl(|a0|+ao)—12(|,80|+ﬁ0)+|a0|+|,80|] for R<1.

’

: . R 1 M,
If n is odd, the number of zeros of P(z) in |Z| <—(R>0,c>1) does notexceed ——log—=, where
C logc a,
M, issameas M ,exceptthat K;,K,,K;,K, are respectively replaced by K,,K;,K,,K;.
For different values of Ky, K,,7,,7,, Theorem 2 gives many interesting results.
Theorem 3: Let Let P(z) = Z a; Z'bea polynomial o f degree n such that for some positive integers A, £,
=0
and for some real numbers k;,Kk,,7,,7,, 0<k, £1,0<k, <10<7, <10<7, <1,

k, &[S S |8,,.0] <|ay,|>.....2[a,| 2 7y [ay
2
Kofa p <o <[ag,a|<[ag,|= .22 2 7, oy
2
. R 1 M,
Then for even n the number of zeros of P(z) in |Z| <—(R>0,c>1) does not exceed ——Ilog—,
c logc ~ [ay|

where for R>1,
M, =|a,|R™? +]a,,|[R™ +|a,| + R"[[a,| + A—k,)[a,| + L—k,)|a,|

+cosa(2a,, |+ 2Ja,, |- kifa,| - k,|a, |- 7,|a |- 7, |a,))
n-2
+sina(kj|a,|+k,|a, |+ 7,[a| + 7,]a| + ZZ‘aj ‘)]
j=2

and for R<1,
M, =|a,|R™? +]a,_,|[R™ +|a,| + Rlla,| + X - k,)|a,| + A —k,)[a,]
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+cosa(2a,,| + 2Ja,, |- kifa,| - k,|a, |- 7, |a,| - 7, |a,))
n-2

+sin a(Kyfa, |+ K,[a, |+ 7, |a |+ 7,[ag |+ 23" |-
=

: . R 1 M,
If n is odd, then the number of zeros of P(z) in |Z| <—(R>0,c>1) doesnot exceed ——Ilog—-,
c logc ~ |ay|
where M, issameas M, except that K, , K, are respectively replaced by K, ,K; .

For different values of kl, k2 , Theorem 3 gives many interesting results.

1. LEMMAS
For the proofs of the above results we need the following results:

Lemma 1: If f(z) is analytic in |Z| < R ,but not identically zero, f(0)# 0and f(a,) =0,k =12,....., n, then

1 ror i B 0 i
ZL |og\f(Reﬁ\de—log|f(0)|_j§_;|og a,

Lemma 1 is the famous Jensen’s theorem (see page 208 of [1]).
r
Lemma 2: If f(z) is analytic and | f (Z)| <M(r)in |Z| < r, then the number of zeros of f(z) in |Z| <—,c>1
C

does not exceed
LIog M(r) :
logc | f(0)

Lemma 2 is a simple deduction from Lemma 1.

Lemma 3: Let P(z) = Z ajzj be a polynomial o f degree n with complex coefficients such that for some
=0

Vs .
real , [, ‘argaj —,B‘SaSE,OSJSn,and

‘aj‘ Z‘aH‘,O < j <n,then for any t>0,
ta; —a;,| <(ta;|-[a; 4 cosa + (tfa; | +|a; 4} sine.
Lemma 3 is due to Govil and Rahman [2].

1. PROOFS OF THEOREMS
Proof of Theorem 1: Consider the polynomial

F(z)=1-2)P(2)
=1-2)(a,z"+a, 2" +...+a,z+a,)

n+1

=-a,z

+ (IB,LH—]. _ﬂ#)zwl + (,3” _ﬂ,u—l)zﬂ T + (B, —1,8,)2+ (r, —DBy2}
For |Z| <R, we have by using the hypothesis
IF(2) <[a,|R™ +|a,| + @ —Ky)|e|R" + (@4 — ki, )R" + (@, —p  )R™ +....
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+(a, o, )R™ +(a, —a, )R* +....... + (o, — 1,04)R+ (L= 71)|ex|R
+ 1=K, Ba|R" + By — K BIR" +(Boy = Bat)R™ .
+ (B, = Br)R™ +(B, = B )R .ot (B =1, 8)R+ (L 7,)| 3R
For R>1,
IF(2) <[a,|R™ +|ay| + R"[A—Ky)|ex, | + s —kyor, + ety =ty +ne.
0, — o, — A=K B+ Bas KBy + Bos = By + e
+ By = Bun + B, — Bl +Ra, —a,  +a,  —a, , +......
+ oy — 1,0, + (- 1) |1+ RB, —BuatBua— Byt
+ B — 7,8 +(:l-_z'2)|ﬂo|]
=[a,[R"™ +[ag| + R" [l | +|B.| — ki (x| + ) — K, (Bo| + B,) + e, + 8,1
+ Ri[a/l _71(|a0| +ao)jL|050|]"‘ Rﬂ[ﬂ[u _T2(|ﬂ0| + ) +|ﬂo|]
For R<1,
IF(2)| <|a,|R™ +|ag| + R"[ex,| + |8, | — k(| + ) =Ko (18] + B) + e, + 8,1
+Rla, + B, — (| + ) =7, ( Bo| + Bo) +| x| + | Bol1-

R
Hence by Lemma 2, the number of zeros of F(z) and therefore P(z) in |Z| <—(R>0,c>1) does not exceed
C

1

Ml =|an|Rn+1 +|a0| + Rn[|an| +|ﬂn| _kl(|an| +an) _k2(|ﬂn| +ﬂn)+aﬁ, +ﬂ/4]

+ RA[O‘A _71(|a0|+a0)+|a0|]+ R#[ﬂ# _72(|,Bo|+ﬂo)+|ﬁo|] for R>1
and

M, =|a,|R™ +|a,| + R"[ex, | +|B,| =k (et | + @) =K, (1B, + B) + o, + B]

+Rlea, + 8, —rl(|a0|+a0)—72(|ﬂ0|+ﬂ0)+|a0|+|,30|] for R<1.

That proves Theorem 1.
Proof of Theorem 2: Let n be even. Consider the polynomial

F(z)=(1-2°)P(z2)=Q1-2°)a,z" +a,,2" " +.... +a,Z2+a,)
=-az"? -a,,z2"+(@,-a,,)2"+@,; —a,4)2" " + . + (3, —3,)2
+(a, —a,)z* +a,z+a,

=-a,z2"* -a_ 2" -~ (k, -Dea, 2" + (ka, —a, ,)2" —(k, —1)z""
+ (K, —ot, )" (e, , —a, )2 (s —a, )2
+ (g —1,,)2° + (1,0, — ,)2° + (o, —1,0,0) 2% + (1,20 — @) 2°
+a,z+a, +i{—(k; ~1)B,2" + (KB, = f,,)2" —(k, 1), 2"
+ (KefBos = Bra)2" +(Bos = Boa)2" " + (B = Brs)2™” +.e.
+ (s —7,8)2° + (2,8, - p))7° + (B, _Tsﬂo)z2 +(735, _ﬂo)zz-

For |Z| <R, we have by using the hypothesis
|F(z)| £|an|Rn+2 +|anfl|Rn+1 +(1- kl)|an|R” +(a, , — k&, )R" +(L- k2)|an71|R”‘1
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+(ay,, —052}1_3)R2”_l +oved (@ — 7,00)R® + (11— 7,) |, R

+ (o, —1,00)R? + (L— 7)) |R? +]ay|R + 3| + (1 —k;)| B, |R"

+ By = KB )R" + oo + (B, = B2 )R*™ + (B, = B, . )R
oot (Bogs = Pogt)R* ™ + (Brgs = Py 3)R* ™ +(Bs —7,5,)R’
+(A—7,)|B|R® + (B, — 73 8,)R* + (1—13)| B, |R?

For R>1,
IF(2) <a,|R™ +]a, 4|R™ +ap| + R"[A— Ky )|ex, | + &, Kyt + (A=K, |t 4|
+a,,-Ka,  ta, o, o, s~ .
Ty =0y, Ty =0y et 0, Ay
t Uy~ Oyt @y — o0 F 1-7,)|a)]
+(a, —t0) + (L 2'1)|050| + |ao| +(1- k3)|/3n|

+ B — KBy i + ﬂzp _ﬁ2p+2 + ﬂZp _ﬁ2p72

FU=T B+ By = 7:0) + W=7 Bo| +[aul]
=[a,|R™ +|a, 4 |R"™ +[ag| + R"[et,| +|B,] +|etos| +|Bos]
+2(a,, + Ay, + ﬂZp + Bog1) = (k1|an| + k3|ﬁn |)
- (kz|an—1| + k4|ﬂn—l|) —(r,00 +7,8,) — (r,00 +735,)
+(@1-7, )|0‘1| +(1- z'1)|050| +(1- 73)|ﬂ1|(1_ T4)|ﬂo| + |a1|]-
For R<1,
IF(2) <[a,|R™ +|a, 4 |R™ +|ag| + Ry | +|B,| +|ens] +[ B4l
+2(ay, + Ay, + ﬂZp + Bova) — (k1|an| + k3|ﬂn |)
- (k2|an—l| + k4|ﬁn—l|) —(r,0, +7,B,) — (r,00 + 7, ,)
+(1- 72)|a1| +(1- 71)|a0| +(1- 73)|ﬁ1|(1_ T4)|160| + |a1|]-

R
Hence , by Lemma 2, the number of zeros of F(z) and therefore P(z) in |Z| <—(R>0,c>1) does not
C

1 M
exceed ———log—2, where for R>1,

logc a,
M, =|a,|R™? +|a, 4|R™ +|ao| + R" [l | +|Ba| +|tns| +| B0
+2(a,, + & +ﬁ2p + Bosa) — (k1|0£n| + k3|ﬁn |)
— (Kolary | + Ko Bos)) = (700 +7,8) = (zr000 +735,)

+(@1- 7, )|a1| +(1- T1)|(l0| +(1- 73)|/31|(1_ 2'4)|ﬂ0| + |a1|]’
and for R<1,
M, =[a,[R™? +|a, 4 |R™ +|a,| + R, | +|B.| +|ena| +[ B4
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+2(ay, + Qy,q + ,sz + Bova) — (kl|an| + k3|ﬂn |)

- (k2|an—l| + k4|ﬁn71|) —(r,0, +7,B,) — (r,04 + 7, 5,)

+(1- T2)|051| +(1- 71)|a0| +(1- 73)|ﬂ1|(1_ T4)|130| + |a1|]-
The proof for odd n is similar and is omitted.

That proves Theorem 2.
Proof of Theorem 3: Suppose that n is even and the coefficient conditions hold i.e.

Ky[an| < e <Jag,,] <[ag, |2 e =8, 2 78y |

Kyla, 4| <..... <|a
Consider the polynomial
F(z)=(1-2°)P(z2)=Q1-2°)a,z" +a,,2" " +.... +a,Z2+Q,)

=-az"? -a,,z2"+(@, -a,,)2"+@,,; —a,5)2" " + .. + (2, —3,)2

srt| S[20,| 2 2 [25) 2 7,2 |

+(a, —a,)z* +a,z+a,
=-a,z"% -a, 2" - (k, -Da,z" + (k,a, —a,,)z" —(k, —Da,z"*
-1 -2 -3
+(k,a,,—a,5)2" +(@,,—a,,)2"  +(@,5—-8,5)Z" " +......
+ (8502 —8y,)2

+(ay,4 —azlha,)zz”*1 +.o (2, —7,8,)2° + (7,8, —a,)2°

2y (@, - azﬂ,fz)zb1 to + (az,prl - az;zfl)zzwl

+(a, —r,a,)2° + (1,8, —a,)2° +a,z +a,
For |Z| <R, we have by using the hypothesis and Lemma 3
IF(2) <[a,|R™? +]a,4|R™ + @—k,)|a,|R" +|a,, —k,a,|R" + 1 —k,)[a,,[R"™
+la, s — K 3,4 |R"™ +]a, 4 —a,,|R"? +|a, s —a, R +......
+ |a2,1 - a2,1+2|

a1 =y, 5| R¥™ + ...+ [ag — 7,8 R® + (1 7,)[a, R®

24+2 22 2u+1
R** +a,, —a,, ,|R*...... +[a, 1 —a,,a[R

+la, = 7,84|R* + (L —7y)|ao|R? + oy |R + [ay|
<|a,|R™?* +|a, ;|[R™ +|a,| + R"[A—k,)|a,| + A—k,)[a, |
+(a, .|~ k[a,]) cosa + (a, |+ ki|a, ) sine + (a, 4| - [a,_,|) cosa
+(a,a| +]a, ) sina +.....4 (8, | — [y, cosa + (|a,,] + |a,,..[) sina

+ (|2, | ~|ay, ) cosa + (@, | +|ay, o) sina + ...+ (@, 4| - [a,.]) cosa

+ (84| + [, sinar + (2, 4| ~[ay, 5)) cosa + ([, 4| +[a,, 5 sin
+. (8] = 7,]ay)) cosa + (8] + 7, [ay ) sina + (L—7,)|a, |+ (1 7,)|ay|
+(|a,| — 7,|a,|) cosa + (|a,| + 7y|a,|) sin & +|ay]

=[a,|R™ +|a,;|R™ +[a,| + R"[Ja,| + A —ky)|a,| + A —k,)[a,_|

+cosa(2la,, |+ 2a,, |- kifa,| -k, |a, 4| - 7,[a,] - 7,]a, )
n-2
+sina(k,|a,| + Ky|a, |+ 7,[a,] + 7,[a,| + 23" |a])]
=2

for R>1.
For R<1,
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F@)|<[a,[R™ +]a, oJR™ +|a,| + Rla,| + A—k))|a,| + 1k, )a,

+cosa(2a,,| + 2Ja,, |- kifa,| - k,|a, |- 7 a| - 7, |a,))

n-2
+sina(k,[a,|+K,|a, .|+ 7,]a; |+ 7y)a, | + ZZ‘aj ‘)].
j=2
Hence , by Lemma 2, the number of zeros of F(z) and therefore P(z) in |Z| S%(R >0,c>1) does not

exceed 1 log My , where for R>1,
logc " |a,
M, =[a,|R™? +]a,_,|[R™ +|a,| + R"[[a,| + A—k,)[a,| + L—k,)|a,4|
- k1|an| - I(2|an71| - 2'2|a1| - z'1|ao |)

+cosa(2la,, |+ 2ay,,

n-2
+sina(k,|a,| + K, |a, |+ 7,[a,] + 7i[a,| + 2 | ])]
j=2
and for R<1,
M, =[a,|R™? +]a,_o|[R™ +|a,| + Rlla,| + A —k,)|a,| + A —k,)[a,|

+cosa(2a,, |+ 2la,, |- kija,| — k,|a,] - 7,]ay| - 7,[a)

n-2
+sina(k,fa,| + K, |a, |+ 7,]a;] + 7i]a,| + 2> |a; DI
j=2
That proves the result for even n. The case when n is odd is similar and is omitted.
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