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On the Zeros of Complex Polynomials in a Given Circle 
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Abstract:- The problem of finding the number of zeros of a polynomial in a given circle is of great interest in 

the theory of the distribution of zeros of polynomials. In this paper we consider the said problem under certain 

conditions on the coefficients of the polynomial or their real and imaginary parts and prove certain results that 

generalize some well-known results on the subject. 
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I. INTRODUCTION AND STATEMENT OF RESULTS 
In the literature many results have been proved on the number of zeros of a polynomial in a given 

circle. Recently M. H. Gulzar [3] proved the following results: 
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If n is even, then P(z) has all its zeros in the disk 21 rzr  , where 
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If n is odd, then P(z) has all its zeros in the disk 
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        In this paper we shall find a bound for the number of zeros of the polynomials of Theorems A and B in a 

circle of any positive radius. In fact, we prove the following results: 
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   For different values of 2121 ,,, kk , Theorem 1 gives many other interesting results. 
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   For different values of 21 , kk , Theorem 3 gives many  interesting results. 

 

II. LEMMAS 
For  the proofs of the above results we need the following results: 
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Lemma 1 is the famous Jensen’s theorem (see page 208 of [1]). 
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Lemma 3 is due to Govil and Rahman [2]. 
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Proof of Theorem 2:  Let n be even. Consider the polynomial 
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The proof for odd n is similar and is omitted. 

That proves Theorem 2. 

Proof of Theorem 3: Suppose that n is even and the coefficient conditions hold i.e.                                  
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1

12121

1

1

2 )1()1()( 







  n

n

n

nn

n

n

n

n

n

n RakRakaRakRaRazF  

                     

01

2

01

2

012

3

12

3

123

12

3212

12

1212

2

222

22

222

3

35

2

24

1

123

)1(

)1(......

......

......

aRaRRaa

RaRaaRaa

RaaRaaRaa

RaaRaaRaka n

nn

n

nn

n

nn















































 

           
1210

1

1

2 )1()1[( 





  nn

nn

n

n

n akakRaRaRa  

                 

]sin)(cos)(

)1()1(sin)(cos)(......

sin)(cos)(sin)(

cos)(......sin)(cos)(

sin)(cos)(......sin)(

cos)(sin)(cos)(

1012012

0112123123

321232121212

1212222222

22222224

241212

aaaaa

aaaaaa

aaaaaa

aaaaaa

aaaaaa

aaakaaka

nn

nnnnnn







































 

            12110

1

1

2 )1()1([ 





  nn

nn

n

n

n akakaRaRaRa   

                     
)]2(sin

)22(cos

2

2

0112121

011212122














n

j

jnn

nn

aaaakak

aaakakaa



 

                

                                                                                   for   1R . 

For   1R , 



On the Zeros of Complex Polynomials in a Given Circle 

61 

12110

1

1

2 )1()1([)( 





  nn

n

n

n

n akakaRaRaRazF  

               
)].2(sin

)22(cos

2

2

0112121

011212122














n

j

jnn

nn

aaaakak

aaakakaa



 
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That proves the result for even n. The case when n is odd is similar and is omitted. 
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