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Abstract:- alternating direction explicit and alternating direction implicit methods (ADE and ADI) were used
to solve Schnackenberg model, we were found that alternating direction implicit method is much more accurate
and faster than alternating direction explicit in this kind of models.
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l. INTRODUCTION

Reaction-diffusion (RD) systems arise frequently in the study of chemical and biological phenomena
and are naturally modeled by parabolic partial differential equations (PDEs). The dynamics of RD systems has
been the subject of intense research activity over the past decades. The reason is that RD system exhibit very
rich dynamic behavior including periodic and quasi-periodic solutions [6].

Various orders are self-organized far from the chemical equilibrium. The theoretical procedures and
notions to describe the dynamics of patterns formation have been developed for the last three decades [4].
Attempts have also been made to understand morphological orders in biology [5]. Clarification of the
mechanisms of the formation of orders and the relationship among them has been one of the fundamental
problems in non-equilibrium statistical physics [3].

I.I. MATHEMATICAL MODEL
A general class of nonlinear-diffusion system is in the form
du
rre dybu+ agu+ byv+ flu,v) + g,(x)
1)
dr (
o = d, A + apu + bov — Flu,v) + g, (x)

With homogenous Dirchlet or Neumann boundary condition on a bounded domain Q , n<3, with
locally Lipschitz continuous boundary. It is well known that reaction and diffusion of chemical or biochemical
species can produce a variety of spatial patterns. This class of reaction diffusion systems includes some
significant pattern formation equations arising from the modeling of kinetics of chemical or biochemical
reactions and from the biological pattern formation theory.

Schnackenberg model:
ay, =—kb=a,=b=0f=u'vr.g =ag =h
where k, a and b are positive constants.
Then one obtains the following system of two nonlinearly coupled reaction-diffusion equations (the
Schnakenberg model),

du .

37 = dubu—ku+uiv +a tx)ed=)x
dr .

E=d:,ﬂv‘—u‘v+h, tx)el0=lxQ

ult,x) =v(t,x) =0, 20, xedQ
ul0, x) = ugylx), w0, x) = vz}, xe
Where d,.d;, a, k and b are positive constants [8]. Various finite difference algorithms or schemes
have been presented for the solution of hyperbolic-parabolic problem or its simpler derivatives, such as the
classical diffusion equation. It is well-known that many of these schemes are partially unsatisfactory due to the
formation of oscillations and numerical diffusion within the solution [1, 7].
Solution by the finite difference method, although more general, will involve stability and convergence
problems, may require special handling of boundary conditions, and may require large computer storage and
execution time. The problem of numerical dispersion for finite difference solutions is also difficult to overcome

[2].
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1. MATERIALS AND METHODS

I.1. Derivation of alternating direction explicit (ADE) for schnackenberg model:
The two dimensional Schnakenberg model is given by

du Fu Fu i
E:dl E"‘E —ku +u v+ a, {t:-r:]EI:U,JE:]XQ
‘v & (@)
- > ﬂ‘w) v+ b ¢ 0 0
ot ° ax:"'a}_.: —uwr+bh, (t.x) € (0,=) x Q

We consider a square region 0<x<I, 0<y<l and u, v are known at all points within and on the
boundary of the square region. We draw lines parallel to x, y, t-axis as x=ih, y=jk, and t=nz, i,j=0, 1, 2,...,M
and n=0, 1, 2,..., N, where h=dx, k= dy, z= dt.

The explicit finite difference approximation (ADE) to shnackenberg model in two-dimensions are given by:
U[_"_r!+1 — U[_ jm U[—L"_i'! — 2U[_"_i'! + U[+L"_r! U[_"—Lr! — 2U[_ i + U[_"+Lr! z
J &t = di( J h.:J J ] T dl( J .r;:J : ] = kU jn + (Us ) Vi

+a

V. —¥. =2V Ve, AP | A B | 2
L__._r!+;t fin _ d:( i—1jmn F:'_:_._i'! l+L_|_i’!J N d:( i.j—1n RL:;?' L_J+Lﬂ) _ {U[__i'_n} 1‘{__;‘_;1 b
Multiplying both equations by &t and set i = &, then we have a rectangular region and replacing % = and

do st
= ,then we get

Ui__i',r!+1 - Ui,_i',r! =
Tl{Ui—l__i'_i"! - 2U[__i'_i'! + U[+1__i'_"r! + U[__i'—i_r! - 2U[__i'_i'! + Ul:_j'+Li’!} — kat lU[__i'_i'! +
5t (Uyjn) Vi jn + abt
and .
Vijmesr = Vi = 5 (Vicsjn = Voim +Virsjn + Vijosn — W jn + Vojusn) — 68 (Uijn) W o + 6 b
Then simplifying the system to obtain )
Ui__i'_r!+1 = {1 - 4'7"1. - kat]Ui__i'_r! + TL{UI:—LJ'_?! + UI:+1.__i'_i’! + UI:__i'—Li’!+UI:__i'+l_i’!} + &6t EUL-_J-_?!}‘V[J-_“ + adt
Vijmer = (U= 4m )W i + 1 (Vg jin + Vers i+ Wopman + Vepunn) = 68 (Ui ) W o+ 62 b
This is the alternating direction explicit formula for the Schnakenberg model

11.2. Derivation of alternating direction implicit (ADI) for schnackenberg model:

In the ADI approach, the finite difference equations are written in terms of quantities at two x levels.
However, two different finite difference approximations are used alternately, one to advance the calculations
from the plane n to a plane n+1, and the second to advance the calculations from (n+1)-plane to the (n+2)-

plane by replacing % and :T" by implicit finite difference approximation [5]. we get

U[__i'_r!+1 - U[__i'_r! =d (U[—L_i'_r!ﬂ. - 2U[_j_r!+1. + Ul'+1-._i'.i’!+ljl +d (U[_j'—i._r! - zUi_j_r! + U[__i'+Lr!
I 1

5t ¥ k2 ] — kUi jn

+ {U[,_i',r! }‘Fi_j,r! +ao

e e A T L . ;
ijn+1—Vijn i-1,jm+1 ijm+1tVizg jmsd ij-im LimtVijrim
:d:( )"‘d:( 2 )_{Ui__i'_ﬂ} VijntD

8t R K2
. I . . dyE
we set h = k, then we have a rectangular region and multiplying the equations by &t and replacing ;:r =1
g,8
and — =, then we get

k
U[__i'_r!+1 - U[__i'_r! = TL{UI:—I.__i'_i’!+IL - 2'['r[__i'_i'!+1. + UI:+IL_i'_i’!+1. + U[__i'—Li'! - 2UL'__i'_i'! + UI:__i'+Li’!} — kdt U[__i'_r!
+ 8t (U jn) Vijn+ta
1"Ti,_i',i'!+1. - II":E,j',i'! =n {Lri—l,j',rwl - 2II"TL'__i',i'!+1. + 1":E+L_i',r!+1 + II"T[__i'—j.,i'! - 21’14’,?! + Fl:,_i'+1,,i’!} — &t {Ui__i',r!}‘ll"ri,_i',r! + &t h
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% 1'{ -1.], ?‘+L+|:1_?T":]1"l M+l T"1'L+L_.+1. n+i
=rVin + A =200V 0 + 5V g0 — 6t (U ) Vijn +6t0
_TIUL 1.jm+1 + {1 - ?Tl:]Ul M+1 TUL+L_| n+li — {1 - ?Tl:]UL n T T1U1J+Lr' + ota+ 4ot {UL_. r'} 1"1 oJem

or
—-n Ui -1 jn+r T - 77"1.:]UL sl UL+L_| n+i

=01- 2"'"1:]”[__;'_?! + "'"LU[__i'+Lr! + 6t {U[__i'_r!}‘vi_j_r! + 6t {ﬂ' - |ri:U[__i'_af!}
and
- 1’,L:—L_i'_r!+1. +0- 2"'"::]II’TL'__i'_af!H. - 7":1’1[+L_i'+1_r!+1

=rVi i+ =200V 0 + 1V a0 — 6t (Upjn) Vi +6tbt
Advance the solution from the (n+1)™ plane to (n+2)™ plane by replacing % and :T" with explicit finite
difference approximation at (n+1)" plane then % and jT" by an implicit finite approximation at the (n+2)"
plane

M =d (Ul'-l-iﬂﬂ = 2l jnes + UE+L_i'_n+1.] +d (Ui_j—mﬂ —2U; jnez + Ui_j'+Ln+:]
Gt L "h: 1 2
kUIL_i'.i’! + {U[__i'_r!}‘ll"ri__i'_n +a

and
I'"I;,‘I'_'F.‘—:_I"FI;J:'F.‘—i_d (I"rl:—i_‘l'_'ﬂ—i_:I"PI;‘I'_'E—1+|"'I:—1_‘I'_T!—1)

Py ni

ob

ij— 17‘—“*‘1):‘—""‘1) Lm#2 { }: .
d, (- Uijn) Vijn +b
1 8F

e
and n, = .D

"'-\-l-:

Multiplying the equations by &t and replacingn, = when k = k, then we have

Ui__i',r!+: - Ui,_i',r!+1. = TL{UL'—LJ',rHl ?Ul e+l + UL+L_| i"+1.} +TL{ULJ —in+2 2U[,j,r!+: + '['ri,_i'+1.hi'!+:::I
— kSt Up;, + 6t {ULJ.-J._} Vintbta
and
1":r[__i'_r!+: - IIr:E_Ji'_i'!+1. = T:{L:r[—L_i'_ﬂﬂ. - 2I|r:r[__i'_r1+1. + Il':r[+1,_i'_i'!+1.}I 7 {ﬁ__i'—l_i’!+: - 21'1[__{_?! szt II':r[__i'+Lr1+:}I
— 6t (Uijn) Wijn+ 6t b
and this implies that
_TlUl:,j'—Li’!+: + {1 + ?TL:]ULJ n+2 TLUL_.+Lr'+‘
=nl_ 1in T 1- ?Tl:]UI.J +1m +""1.UL+LJ+ n+t T OF '::ﬂ' kUL_. r-)"‘ {UL_. r'} 1’LJr-
and
% V[.j__Lﬂ_‘_: +0- ET::]VL',_{_?H: - T:1’:r[,_i'+:l,r!+:
= T:VL'—LJ',H +1 + {1 - ET::]FI:,_{,F!+1 + L II"?[+1.h_i'_i'!+:l. — &t {Ui,_i',r!}‘vi,j,r! + &t b
Then we get two systems
_"'"lU[_j'—LrH: +0+ 77"1.:]ULJ n+2 TLUL_.+LR"+‘
=nl_ 1jm T (1- 77"1.:]ULJ +imn +7"LUL+LJ+ n+t T OF {ﬂ' |R:UL_. i"}+ I[UL_. i“} IIrL_.af'
WV joinez T (1- 27"::]1’1__i_r!+ — 1V jrines
= 7":1"1[—1,_{_31 1t - —T::]Lri_j_ﬂ+1 + 1 IIrI[+L_i'_i'!+1. — ot {U[__i'_ﬂ}‘vl:__i'_i’! + 6t b
and
_TLU[—l,_i',rHl + {1 - ETL:]UI:,J",F!+1 - TLUL'+L_i',r!+1
= ':1 - ETLJUE__{_H + TLU[__i'+Ln + &t {U[__i'_n}‘vi__i'_n + 6t {ﬂ' - kU[__i'_r!}
- 1’,L:—L_i'_r!+1. +0- 2"'"::]II’TL'__i'_af!H. - 7":1’1[+L_i'+1_r!+1

=nVin+ A =200V 0 + 1V g0 — 6t (Ui i) Vi + 6t

The last two systems represent Alternating Direction implicit method under the conditions
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U1,q,n+1 = Y1,g+1,n+1 =0

UM,q,n+1 = UM ,gq+1,n+1 = O-
and

\Y =V =0

1,q,n+1 1,9+1,n+1

VM ,q,n+1 = VM ,q+1,n+1 = O
The tridiagonal matrices for the system in the level n advanced to the level n+1, for both u and v can be
formulated as follows AU=B.

[t+2m) -n 0 0 o . . : o || “2an4
-n (1+2n) -n 0 0 0 O 0 0 U3g,n+1
0 -n (1+2n) -n 0 0 O 0 0 Ug q,n+1
0 0 -n 1+ 2['1) -n U5‘q+]_
0 -n
0 0 =
0 0
. . . . . . . . . Un73,q+l
0 0 0 0 0 0 - n (1+ 2I’1) -n un_z’qul
| 0 0 0 0 0 0 O -n 1+ 2r1)_ UM -1q,n+1

2

az+ry (U2,q+1,n +U2 q-1n )+ (@—2ry - Z)Uz,q,n +zu quvnVZ,q,n
2

az+ry (U3’q+1’n + U3’q_1’n) +@-2rp Z)U3,q,n +2U73,g,nV3 qn

2
az+ry (U4’q+1’n + U4'q_1’n) +(L-2rp) - Z)“4,q,n +2U74,q,nV4,q,n

2
|az+ 1 (UM-1,g+1n +UM-1,g-1n) + A= 2r2 —2)Up 1,0 +2U"M-LaNVM_1,g;n |

[@+25) -n 0 0 0 . o || Y2anu
-n Q+2m) -y 0 000 0 0 V3,q,n+1
0 -5 (+2q) -y 0 0 0 0 0 V4,q,n+1
0 0 - (+2) -q V5,q,n+1
0 0 -h
0 0 =
00
: - - : o - ' VM -3,g,n+1
0 0 0 0 0 0 - (1+2r1) - VM—Z,q,I"I+1
|0 0 0 0 000 -5 @]y
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2
1 (v2,q+1,n +V2,q-Ln) + (L= 21 ~ 2KV g~ 2U"2,g,nV2, g n

2
(V3,q+1,n +V3,g-1,n) + L 21 — 7Kz 4 n —2U"3,g,nV3 g

2
I’2(V4yq+1yn +V4yq_1yn) +(1-2r) - ZK)V4,q,n —2U74,0,0V4,g,n

2
| 2M —1,q+1n +VYM-1,g-1,n) + =20 = 2KV g g0 2 M-1g.0VM 1,,n |

And the tridiagonal matrices for the system in level n+1 advanced to level n+2 for both u and v are
given by AU=B.

[a+2n) -, 0 o0 . 0o ]| Yp2n+2
- (+2) - 0 0 0 0 0 0 Up.3n+2
0 -q (+2q) -y 0 0 0 0 0 Up,4,n+2
0 0 -1 (l+2r2) - Up,5’n+2
0 0 -N . .
0 0 . . =
0 0
: : : ' N - : Up,M-3,n+2
0 00 00 0-p M) -n |lupm_gnes
o 00 0 000 p @y,

2

P+ Upi1 241 +Up1,2n41) + (A=21 =2)Up 2 nyg —2Up 2 n +2U7p,2nVp 20
2

P+ Upsggnad +Up13ns1) + =21 - 2Up3n4g —2Up 3 +2U p3NVp3n
2

PR Upsgand +Up-1ana) + Q=20 = 2Up aneg —2Upan +2UpANVY 4
2

P4 (Upygsned +Up-15n41) + (L=2 —2Up 54y —ZUp5n +2U"pENVp 5N

2
| P2+ Upst Mt HUpLM-nt) + A =2 = 2)Up M1 n41 ~ ZUpM-12,n + 247 P.2NY pM-1n+1 |
Also for AV=B the tridiagonal is in the form

(L+amy)  -my 0 o0 .. : o || Vp2n+2
-my  (l+2my)  -my 0 0 0 0 0 0 Vp,3.n+2
0 -my (@+2m) -my 0 0 0 0 0 Vp,4ne2
0 0 -my  (l+2my) -my Vp,5.n+2
0 0 —ml .
0 0 S . =
0 0
: : - - C - - Vp,M-3n+2
0 0 0 0 0 0 -my (L+2my) -my Vp,M—-2,n+2
|0 0 0 000 0 mp el
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2
My (Vp41,2,n41 +Vp-1,2,n41) + (L=2m 2KV g 5y g +2Up 2y =207 p,2Vp 2

2

My (Vp41,3,n4L +Vp-L,3n+1) + (L= 2my - 2KV 3 pg +2Up 3 —2U" P3NV 3y
2

M (Vp+1,4.n+1 +Vp-1,4n+1) +(E=2m 2KV 4 nyg +2Up 40 —2U"p4nVp 4

l. APPLICATION (NUMERICAL EXAMPLE)

2
| MV ptM-1n41 +Vp-1M-ne1) + (L= 2Mg = 2KV p Mg nig +2Up Mgn — 20" pM-LnVp M1 |

Example: We solved the following example numerically to illustrate the efficiency of the presented methods,

suppose we have the system

du u  dtu .
—=1/4 +—= |- 2uturvr+a

at Ax? " Ayl
bt - g v ﬂ:v') ; 5
e R ) B

We the initial conditions

ulx, v, 0, v(x, v, 0)) = (exp(—x — v) . explx + v}

ul(0, ¥, £, v(0.v.£)) = (exp(—t/2 — v) ,explt/2 + ¥))

ulx, 0.8), v(x.0.t)) = (exp(—t/2 — x), exp(t /2 + x))

{u.v)) = (exp (—5 —x— y) L EXp (5 +x+ y)] is the exact solution of the problem.

Where a=b=0.1.
Then the results in more details are shown in following table and figure:

ADE-ADI
3 T . :

* ADE

b +  ADI
2.5 o exact [

*
2 - * * -
e e
N 2
g 1.5F e B
= \\\0 +
L *
*
1 \'\. o ]
Tk
\\“j_\% "
05f X o 7
¥ ¢ 1
L L 1 . 1 1 \ .
0.1 0.2 03 0.4 05 06 07 08 0.9 1
space
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Fig. 1: Comparison of ADE, ADI with Exact solution (u).

Table 1: Comparison of ADE and ADI with Exact solution (u).

X ADE ADI Exact

0.1 2.69265 2.6912344 2.6912344
0.15 2.423622 2.27384012 2.20573840
0.2 2.181472 2.01678803 1.8971263
0.25 1.963516 1.8279602 1.6823796
0.3 1.767336 1.64066 1.52614066
0.35 1.590757 1.4899208 1.401599208
0.4 1.431821 1.31680 1.254730168
0.45 1.288764 1.18920286 1.14620286
0.5 1.160001 1.0435533 1.011435533
0.55 1.044102 0.939289 0.879392894
0.6 0.939783 0.8454428 0.78454428
0.65 0.845887 0.7609726 0.697609726
0.7 0.761373 0.6849420 0.635849420
0.75 0.685302 0.6165078 0.568960165
0.8 0.616832 0.5549110 0.52549110
0.85 0.5552032 0.4994686 0.44994686
0.9 0.4997315 0.4495655 0.40495655
0.95 0.4498021 0.4046483 0.374046483
1 0.4048613 0.403642189 0.363642189

V. CONCLUSION
We saw that alternating direction implicit is more accurate than alternating direction explicit method

for solving Schnakenberg model.
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